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PREFACE 


This book is suitable for an introductory course in planetary physics. 
The subject matter is essentially the part of planetary physics that is dominated 
by solid matter containing as important constituents the common heavy 
elements: iron, silicon, magnesium, and others. By this definition the parts 
of the solar system with which we are concerned are the terrestrial planets: 
Mercury, Venus, Earth, Mars, plus the asteroids, meteorites, and so on. 
However, we can never draw sharp boundaries on a matter of this sort. 
For example, when we discuss the orbital dynamics that are the consequence 
of the gravitational interaction between matter, the principal way such cold 
solid matter can interact at a distance, we will also discuss the dynamics 
of lighter or more gaseous parts of the solar system, such as the major 
planets, the comets, and the sun. 

Because these colder, more solid parts are less observable than the gaseous 
parts, and because the theory of the physics of the solid state is less well 
developed, this part of planetary physics is necessarily very much dependent 
on, and perhaps even dominated by, the study of the most accessible planet: 
the earth. 

The book’s contents can be divided roughly into five parts. The first part is 
planetary interiors, with emphasis on those aspects of the earth’s interior 
that are conducive to our understanding of the planet as a whole and of how 
planets in general behave. This part comprises Chapter 1, on data pertaining 
to the earth’s interior; Chapter 2, on the mechanical and thermal aspects of 
planetary structure, of more general application; and Chapter 3, on the 
electromagnetism of a planetary interior, an aspect in which the earth appears 
to be peculiarly active. The second part concerns the dynamics of the solar 
system: Chapter 4, on the earth-moon system, most accessible to observation 
as well as of parochial interest; and Chapter 5, on the planetary system. The 
emphasis is on long-term evolution, in connection with which we are par- 
ticularly interested in any interactions between bodies which lead to an 
unidirectional energy change. The third part focuses on other types of obser- 
vations of planets: Chapter 6 on observations of the planetary surfaces, 
mostly by passive means of the various parts of the electromagnetic 
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spectrum—radio emission, infrared, etc.—and photographic observations, 
but also by active means (radar); and Chapter 7 on the interpretation of the 
observations of the moon and Mars, the two bodies on which enough detail 
has been acquired to construct some geological theory. The fourth part 
discusses meteorites and their chemistry, the study of the only solid pieces 
of the solar system that come to us from outside the earth; this subject has 
undergone a very rich development in the past few years. The final part 
attempts to assemble the evidences and hypotheses toward an understanding 
of the origin and evolution of the planets. 

A book that covers so much material is necessarily to some extent de- 
scriptive. We will attempt to limit this description to those facts that are more 
important in shaping our analysis and understanding of the planets, and to 
aspects of each subject which are conducive to practice in applying funda- 
mental physics to the problems of planetary structure and evolution. To 
this same end, a list of problems has been added to each chapter. 

The principal omissions of this book are descriptions of experimental or 
observational techniques and of historical developments. To compensate to 
some extent for these omissions, as well as to supplement the developments 
presented, an extensive bibliography has been included. This bibliography is 
by no means complete. For the sake of brevity, in many cases, significant 
papers have been omitted in favor of more recent works, since the former 
are referenced in the latter. In order to avoid disturbing the numbering, I 
have assembled the bibliography in five alphabetic segments: 1-454, 455-515, 
516-539, 540-545, 546-586. 

A good understanding of any subject area requires reading the more 
detailed papers in the journals. The leading publication in planetary physics 
is the Journal of Geophysical Research; original papers also appear frequently 
in Icarus, the Astronomical Journal, Geochimica et Cosmochimica Acta, 
Science, the Philosophical Transactions and the Proceedings of the Royal 
Society of London, the Geophysical Journal and the Monthly Notices of the 
Royal Astronomical Society, the Astrophysical Journal, and Nature. Helpful 
reviews appear in Science, Reviews of Geophysics, Space Science Reviews, 
Physics and Chemistry of the Earth, and Scientific American. 

The book most comparable with this text in subject matter is The Solar 
System, edited by G. P. Kuiper and B. M. Middlehurst, particularly volumes 
2-4: The Earth as a Planet (somewhat obsolete); Planets and Satellites [232]; 
and The Moon, Meteorites, and Comets. There is a fair amount of overlap 
with Introduction to Space Science [174], edited by W. N. Hess; Solar System 
Astrophysics [43], by J. C. Brandt and P. W. Hodge; The Earth [199], by 
H. Jeffreys; and The Planets [405], by H. C. Urey. 

Additional important references are handbooks which provide numerical 
data. The three used most in this book are the Handbook of Physical Constants 
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[74], edited by S. P. Clark, Jr., for geophysical and geochemical data; 
Astrophysical Quantities [4], by C. W. Allen, for astronomicai data; and 
Landolt-Bérnstein: Numerical Data and Functional Relationships [484], 
Group VI, Volume 1, for both types. 

Considerable numerical data are given in this book. Since the organization 
of the book is to introduce data in the first context, a list of tables and figures 
follows the table of contents to facilitate use of the book as a reference. 

Although some of the insufficiencies in explanation of planetary phenomena 
in this book are a consequence of the author’s imperfect understanding, in 
most cases they reflect the current state of comprehension of the physics of 
the earth and the planets. It is hoped therefore that the book will help direct 
some students toward interesting and challenging problems. 
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Chapter 1 ~ SPAT: COMLEGE 
FRAMINGHAM, MASS. 


DATA PERTAINING TO 
THE EARTH’S INTERIOR 


The main parts of the earth are given in Table 1.1. The distinction of the 
atmosphere and hydrosphere from the crust is, of course, that they are fluid. 
Between the crust and the mantle the main distinction is a sharp discontinuity 
in density of about 0.5 gm/cm?. The mantle is distinguished from the core by 
another sharp discontinuity in density of about 4.5 gm/cm*. In addition, the 
mantle-core boundary is a transition from solid back to the liquid state again. 
Table 1.1 should make it manifest that a theory of the planet earth essentially 
will be a theory of the mantle and the core, since together they constitute 
99.6 percent of the total mass of the earth. They are as yet inaccessible to 
direct observation, however, and hence deductions concerning the mantle 
and the core inevitably are shaped by the intervening thin crust. The crust 
in itself is an interesting and vital subject of scientific study, whose interest 
of course is enhanced by its close relationship to mankind. It appears, how- 
ever, to be the result of a complicated history that is peculiar to the earth. 
Hence discussion of the crust will concern what it tells us about the mantle, 
which is the part of the earth we could expect to have features more in 
common with the terrestrial planets in general. 


TABLE 1.1: MAIN PARTS OF THE EARTH 


Mean Radii 
Mean 
Inner Outer Density Mass Portion of 
(km) (km) (gm/cm*) (metric tons) Total Mass 


Atmosphere 6371 — — 52.2 10% 0.000001 
Hydrosphere 6369 = 6371 1.0 12.9% 108 0.0002 
Crust 6352 6369 2.8 pie se NO 0.004 
Mantle 3473 6352 4.5 A 0.672 
Outer core 1251 3473 10.9 1.83 x 1072 0.306 
Inner core 0 1251 1233 10" 0.018 


2 Data Pertaining to the Earth’s Interior 


The structure of the earth as set forth in Table 1.1 was deduced mainly by 
seismic techniques (with the help of some geodetic boundary conditions), 
as described in Section 2.2. It seems more appropriate, however, to first take 
up some subjects which are more descriptive and experimental in nature, and 
which essentially provide the context that has shaped our theories about the 
earth. 


1.1 Geochemistry and Petrology 


The first question we could ask about any object of study is “What is it 
made of?” Both geochemistry and petrology deal with the chemistry of the 
substance of the earth. Geochemistry is more global in its concern; the 
geochemist typically is interested in the distribution of the chemical elements 
in the earth and such questions as the loss of chemicals by the earth relative 
to other bodies. Petrology concerns the physics and chemistry of the rocks— 
the relationships among the minerals that form rocks, the manner in which 
rocks are formed by melting and recrystallization, and so on. We are interested 
in these subjects for two principal reasons: (1) to estimate the overall chemical 
content of the solar system, both in the past and in the present as an important 
indicator of the origin and evolution of the solar system; and (2) to determine 
the constituents of the mantle in order to estimate its physical properties. 


Rocks and the Geochemical Cycle 


The material which is the subject of these studies is a consequence of a 
rather complicated geochemical cycle which has formed the earth’s crust 
[265]. The main parts of this cycle are shown in Figure 1.1. The bulk of the 
crust (about 94 percent of it) consists of rocks which apparently are the 
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Figure 1.1: The geochemical cycle. 
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result of crystallization from a molten material. Such rocks are called igneous 
rocks. Molten rocks within the earth, not exposed to the atmosphere, are 
referred to as magmas. A magma that comes out of the earth and is exposed 
to the atmosphere is a /ava. The logical starting point therefore for Figure 1.1 
is at the bottom with a molten magma which solidifies to form an igneous 
rock. This igneous rock at the next stage is subject to erosion by the weather 
and carried away by streams and deposited as sediments. Such sediments 
constitute about 6 percent of the mass of the crust. These sedimentary rocks 
may be overlaid by other rocks and carried down so that they are raised to a 
temperature at which they are again melted, in which case they would become 
igneous rocks again. They may be subjected to such severe pressure and 
temperature without melting that their form is drastically changed; they are 
in fact metamorphized, and hence are known as metamorphic rocks, which 
are estimated to constitute less than 1 percent of the mass of the crust. The 
cycle can be completed by further melting metamorphic rocks, of course, 
and, as indicated by Figure 1.1, there are all sorts of possible short cuts 
across the diagram, inside the main ideal cycle shown in the solid lines. 
Indeed, it is still a matter of debate whether some common igneous rocks 
such as the granites come directly from a melt or whether the degree of 
differentiation they show must necessarily indicate the intervention of a 
sedimentary process. In any case it seems clear that if we are interested in the 
crust mainly as a key to the mantle, then the processes important in the 
geochemical cycle are the formation of magmas and the crystallization of 
magmas to form igneous rocks. The estimates of the proportions attributed 
to different materials in the crust—94 percent igneous, 6 percent sedi- 
mentary—come first from estimates of the thickness of sedimentary beds in 
geology, and second from seismological estimates of the depth of the 
Mohorovicic discontinuity, usually referred to as the Moho, which is the 
boundary between the crust and the mantle. Of these two figures, the thickness 
of the sedimentary beds is the more uncertain; an auxiliary estimate thereof 
can be obtained from the salt content of the sea (see problem 1.1). This 
calculation, based on a single element, sodium, has since been extended to a 
general geochemical balance calculation involving sixty-five elements in 
seven types of location [479]. 

The most important process for deducing the composition of the mantle 
from materials found in the crust is fractionation, whereby in the cooling of a 
magma, different components crystallize out at different times, and hence 
at different locations. A consequence of this process of fractionation is a 
strong vertical segregation of materials in the earth. By materials is meant 
both the elements and, at a more complex stage, the chemical compounds, 
known as minerals, into which the elements are combined. The study of the 
fractionation process is complex, both theoretically and experimentally. The 


4 Data Pertaining to the Earth’s Interior 


more important minerals are all quite complicated crystal structures, too 
complicated to be the subject of any precise theory; furthermore, impurities 
play an important role. The relationships between different phases of the 
mineral systems are difficult to observe experimentally because of the very 
slow rates of reaction and the inability to attain the pressures and tempera- 
tures at which some important processes will take place. Consequently a 
large part of the subject is necessarily descriptive in nature [265, 402]. 


Minerals 


The principal type of chemical compound with which we are concerned is 
the mineral. Occasionally the mineral has a quite irregular structure, without 
any grainy character, which is essentially that of a glass. Such structures are 
usually the consequence of very rapid cooling and often are associated with 
the material produced by a volcano. The normal form of minerals is that of a 
conglomeration of ionic and covalent crystals in the form of grains. Within 
the grain the crystal structure is defined rather clearly and between grains 
there is an irregularity of structure. The size of the grains is determined by 
such factors as the proportion of impurities and the rate of cooling. An ionic 
crystal is one in which the bonding between the atoms composing it is an 
electrostatic interaction of oppositely charged ions. This ionization is 
obtained by the transfer of electrons of one type to atoms of a second type; 
these ions then arrange themselves so that the coulomb attractions of ions of 
opposite sign are stronger than the coulomb repulsion between ions of the 
same sign. Probably the simplest example of an ionic crystal is sodium 
chloride; however, the ones that are important in mineralogy are a good deal 
more complex. In covalent crystals, the electrons are shared rather than 
transferred; a simple example is the diamond. Ionic and covalent crystals 
are distinguished from metallic crystals by the absence of electrons free to 
move about in the structure. All of these types of bonding are distinguished 
from molecular bonding in that there is a detachment of electrons from atoms 
which results in a much stronger tie than if there is merely a weak electro- 
static interaction between irregularities of the fields of neighboring atoms. 
The binding energies involved are 200 kcal/mole for the ionic and covalent 
bonding, as distinguished from 50 kcal/mole for metallic bonding and 5 kcal/ 
mole for molecular bonding. (See, e.g. Table 9.7.) 

Mineralogy is complicated somewhat by the considerable variety of the 
chemistry of various minerals. This variety arises because the ions that have 
the same charge and a similar radius can replace each other very easily in a 
crystal structure. Consequently the distinction between one mineral and 
another is rather arbitrary; it depends on the difference in percentage content 
of two metals such as, say, iron and magnesium, which can replace each 
other easily. Hence there exist series of minerals of different names, in which 
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the distinction between one and the next is arbitrary to a good extent. Also 
there are different names for minerals which have exactly the same chemical 
content, but which differ in their phase: the arrangement of the atoms in the 
crystal structure; or even perhaps in their fabric: the nature of the grain 
structure, the size of the grains, and so on. 

The one thing, however, that is basic to mineralogy is the silicate tetra- 
hedron—the arrangement characterized by the symbols SiO,—in which a 
single silicate atom is bound to four oxygen atoms arranged in the form of a 
tetrahedron (see Figure 1.2). There are several geometrical arrangements for 
this tetrahedron. That shown in Figure 1.2 is that for f-quartz, the low- 
pressure, high-temperature form of silica. It can be characterized as a cube 
with the oxygen atoms occupying opposite corners and the silicon atom at 
the center. 

Since silicon has a valence of +4 while oxygen has a valence of —2, this 
arrangement leaves a valence count of (4 x 2) — 4 = 4 to be taken up by 
some other atoms. The distinction between different minerals is essentially 
in the manner in which these other bonds are occupied, and probably the 
most fundamental property by which we can classify minerals is the ratio of 
oxygen to metallic atoms in the mineral. Four ratios are common: 2:1, 8:5, 
3:2, and 4:3. 

The highest oxygen-metal ratio is 2:1, belonging to the simplest of the 
common minerals: silica, which has the formula SiO,. Silica comprises 
several different minerals, the distinction between which is based on the 
arrangement of the atoms in the crystal lattice. The most familiar of these is 
quartz; others are tridymite, cristobalite, coesite, and stishovite. The latter 
ones in this list are rare; they are important, however, as indicators of the 
conditions of formation of the material. For example, they have been taken 
to be conclusive evidence that certain craters were caused by meteorites 
rather than by volcanoes, because coesite requires a pressure of 38 kb to form 
and stishovite requires a pressure of 130 kb (1 kb is 10% dynes/cm? or 987 
atmospheres). 

Decreasing the oxygen-metal ratio to 8:5, we come to a series of minerals 
called feldspars which are very important in the crust. The general formula 
for a feldspar can be characterized as M,AISi,O,, where M, symbolizes two 
metal atoms, one of which may be potassium, K; sodium, Na; or calcium, 
Ca; and the other may be aluminum, Al, or silicon, Si. The principal series of 
minerals in which these metals replace each other can best be diagrammed by 
a triangle as shown on Figure 1.3. Plagioclase with an albite content of 70 
to 90 percent is often referred to as oligoclase. 

Next, the oxygen-metal ratio of 3:2 characterizes pyroxene. The general 
formula for pyroxene is M,Si,O,. The metals that may fill the two M 
positions are commonly calcium, Ca; magnesium, Mg; or iron, Fe; less 
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KAISi30g 
(potash) 
Orthoclase 
series 
NaAlSi30g /Oligoclase CaAl,Si20g 
Albite Anorthite 
(soda) (lime) 


Plagioclase series 


Figure 1.2: The silicate tetra- Figure 1.3: The feldspar series. 
hedron (regular tetrahedron 
inscribed in cube). 


commonly potassium, K; aluminum, Al; titanium, Ti; or sodium, Na. The 
principal series of pyroxenes are best diagrammed by a square as shown in 
Figure 1.4. The most common end members of this square are diopside 
and enstatite. The arrangement of the silicate tetrahedrons in pyroxene 
is essentially in long strings, as shown in Figure 1.5. This structure tends 
to give a certain degree of anisotropy to physical properties of pyrox- 
enes. The skewed arrangement in Figure 1.5 is a clinopyroxene; a rectilinear 
arrangement, called orthopyroxene, is more common in the enstatite-ferrosilite 
series. 

Also characterized by an oxygen-metal ratio of 3:2 is a relatively rare 
mineral which we mention because of its possible importance in the mantle: 
garnet, M3A1,Siz3O42, in which the M is usually calcium, Ca; or magnesium, 
Mg. 

At an oxygen-metal ratio of 4:3 we have the series of minerals known as 
olivine, which have the general formula M,SiO,. The two metal spaces may 
be occupied by either magnesium or iron. The series of olivines are charac- 
terized by a single sequence from Mg,SiO,, known as forsterite, which 
is the most common, to Fe,SiO,, fayalite, the least common. At the 4:3 
ratio the amount of oxygen is so decreased that each oxygen atom is bound to 
only one silicon atom, so that the silicon tetrahedrons are all separated, each 
tetrahedron being linked only to the metallic atoms. The normal arrangement 


Diopside CaMgSi20, 


MgSiO3__Enstatite 
Bronzite 
Pigeonite Hypersthene 


Hedenbergite CaFeSi,0, FeSiO; Ferrosilite 


Figure 1.4: The pyroxene series. 
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CP 


/ 


Figure 1.5: The structure of diopside, a pyroxene. The Ca, Mg atoms fall between (SiOg) «0 
chains in the 6 as well as the a direction. From Landolt-Bérnstein [484, vol. 1, part 4, 
p- 76]. 


of the oxygen atoms is in hexagonal densest spherical packing in which each 
oxygen atom is equidistant to six other oxygen atoms, as shown in Figure 
1.6. Another arrangement which has been attained in the laboratory for 
some olivines is spinel, in which the oxygens are in densest possible spherical 
packing with both octahedral and tetrahedral spherical links to the metallic 
atoms as shown in Figure 1.7. 

The foregoing briefly described five series of minerals are those that are 
both fairly common and of importance with reference to the composition of 
the mantle. Other series of silicates are amphibole (Mg_19SigQ22(OH)2), mica 
(M4_5Si30;9(OH).2), and feldspathoid (like feldspar: less Si, more Na, K). 
The most important nonsilicates are metal oxides such as those of iron and 
titanium [90, 402]. 


Rocks 


Rocks are combinations of minerals. They are classified first according to 
their mineral content and second according to their fabric: the nature of the 
grain structure, which is very dependent on the conditions of formation. 
There are two principal categories of fabric: first, the volcanic, characterized 
by a very fine grain structure or lack of a grain structure and often rather 
porous, including many voids; and second, the plutonic, characterized by a 
coarse grain structure, and generally of very low porosity. Asthe namesimply, 
the volcanic fabric is associated with rocks that have cooled quickly, often 
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Figure 1.6: The structure of olivine. Olivine structure parallel to (100) plane. Si atoms are 
at the centers of the tetrahedra and are not shown. Small open circles, O, are Mg atoms at 
x = 0; small solid circles, @, are Mg atoms at x = 3; and <x is the center of symmetry. 
The a axis is normal to the plane of the paper. From Deer et al. [90, p. 2]. 


in association with volcanic outthrows or lava flows, whereas the plutonic 
fabric is associated with rocks that have cooled slowly in intrusions that 


Figure 1.7: Perspective view of 
the structure of spinel. Large 
spheres represent oxygen, small 
black spheres represent fourfold 
coordination positions, and cross- 
hatched spheres sixfold positions. 
From Deer et al. [90, p. 425]. 


remain buried within the earth. Table 1.2 is 
an arrangement of the principal rocks in 
accordance to fabric and density, with the 
density increasing in descending order. The 
first column gives the principal mineral con- 
tents of the rocks on each line. Note that 
the increase in density is associated with a 
decrease in oxygen-metal ratio, which is not 
surprising in view of the lower atomic mass 
and higher ionic radius of oxygen compared 
to the metals. The main series in Table 1.2 is 
the plutonic rocks, granite, diorite, gabbro, 
peridotite, and dunite. The other rocks, peg- 
matite and eclogite, appearing above and 
below this main series, are not commonly 
found. Pegmatite is important, however, 
because it usually contains uranium and 
thorium as well as other elements that have 


unusual ion radii such that they do not readily substitute for other elements 
in common mineral structures. In a crystallizing magma these elements 
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TABLE 1.2: IGNEOUS ROCKS 


Principal Density 
Mineral Content (gm/cm?) Plutonic Rock Volcanic Rock 
Quartz, feldspar (Pegmatite) 
2.6 
Quartz, feldspar Granite Rhyolite 
Feldspar, amphibole Diorite Andesite 
2.9 
Feldspar, pyroxene Gabbro Diabase, basalt 
3.2 
Pyroxene, olivine Peridotite 
Olivine Dunite 
3.3 
Pyroxene, garnet (Eclogite) 
3.5 


apparently get left out until the very end, and hence work their way to the 
top of the crust. Eclogite is included in Table 1.2 because it is very dense 
and obtainable by phase transitions from basalt, and hence a possible 
material of which the mantle is made; dunite may not be quite dense enough. 
A rock that does not fall neatly in the classification of Table 1.2 is ser- 
pentenite. It is mainly a combination of olivine and pyroxene with water, 
the importance of which is that water appreciably lowers the melting 
temperature. 

Another way in which the rocks in Table 1.2 are categorized is according 
to their chemical nature as a range from acidic for granite or rhyolite to 
basic for basalt or gabbro to ultrabasic for the rocks below gabbro. Granite 
and rhyolite sometimes are referred to as sial and gabbro and basalt are 
sometimes referred to as sima, the names being based upon the principal 
metal constituents [37, 402]. The yet more basic rocks, peridotite, dunite, 
and eclogite, are commonly termed ultramafic [586]. 

The materials that appear to be derived most directly from the mantle, 
and hence indicating its composition, are the ultramafic rocks and coarsely 
crystalline nodules of olivine, pyroxene, and garnet found in volcanic 
extrusions. The composition of the upper mantle is generally estimated to be 
about two-thirds olivine and one-third pyroxene plus perhaps garnet. This 
olivine-pyroxene mixture is sometimes called pyrolite. Such a rock would 
have a density of 3.31 gm/cm® at the earth’s surface [75, 542]. 


Phase Relationships 


The formation in nature of rocks such as those in Table 1.2 is still an 
imperfectly understood process. A magma-crystal mixture is a complicated 
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assemblage and the present level of understanding of such mixtures is derived 
from laboratory experiments with mixtures of minerals that are much simpler, 
having fewer components than natural rocks. Hence for natural rocks there 
are only a few general conclusions that can be applied. The situation in a 
molten mineral mixture generally is expressed by a phase diagram, an 
example of which is given in Figure 1.8, which pertains to a mixture of three 
of the minerals described earlier in this section: forsterite, one of the end 
members of olivine; anorthite, a feldspar; and diopside, a pyroxene. 

The proportion of each of these components in any given melt is expressed 
by a point in the phase diagram where the amount of each component is 
proportionate to the distance from the side opposite the vertex with the name 
of that component. Also associated with each of these points is a melting 
temperature. If the temperature of the mixture is lowered below the melting 
point, then one or more of the components of the system will solidify out of 
the melt and hence the proportionate content will change and the assemblage 
will move in the diagram. This movement will take place, in a cooling 


Y 


Diopside (CaMgSiz0¢) 


G 


Forsterite 


Forsterite (Mg,SiO,) 1475° 1444° _— Anorthite 
1890° (CaAl,Siz0g) 
1553° 


Figure 1.8: Example of a phase diagram of a mineral mixture. From Turner & Verhoogen 
{402, p. 130]. 
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mixture, in a direction that corresponds to a lower melting temperature in 
the diagram since matter that is at a higher melting temperature will have 
solidified out. For all melts except those lying within the triangle XDZ 
within the diagram, the cooling crystallization will begin with one of the 
phases of the three members, depending on their location in the diagram. 
It will move from this point with one component crystallizing until it has hit 
one of the lines AE, BE, and DE. At this point the mixture will move along 
this line with two components separating out. Finally at point E all three 
components will crystallize. An example is shown of a melt that started at 
point G where the forsterite would start to crystallize at about 1550°C; by 
the time it had hit point H the temperature would have dropped to about 
1330°C, then forsterite and diopside would crystallize until point E when the 
temperature hit 1270°C. At this point all three components would crystallize. 
However, it is not always so simple. In the example shown on the diagram, 
within the triangle X DZ a different behavior would occur—one which to 
diagram fully would require a third dimension out of the paper. For example, 
for a liquid starting with a composition at point P, forsterite would crystallize 
until a point Q was hit. As the temperature dropped below that of Q, we 
would have forsterite separating simultaneously with a spinel (Figure 1.7), 
MgOAI,O;. We would then leave the plane of the diagram and have a 
four-part composition of the melt: diopside, anorthite, forsterite, silica. This 
would then move down to point D where there would be no further crystal- 
lization of spinel and the mixture would return to the plane of the paper and 
go on to the same point E with the minimum temperature point of the 
diagram. Such a minimum temperature is referred to as a eutectic. The 
behavior of the mixture in the triangle X DZ is apparently explicable in terms 
of an equation in which a combination of anorthite and olivine produces a 
combination of diopside, enstatite, and spinel. When the process described 
by the equation takes place from left to right there is a reduction in volume 
of about 7 percent. Such alternative crystallizations that result in a lower 
specific volume, or, in other words, higher density, are usually favored more 
in mixtures of higher temperature or pressure. Hence in real rocks we should 
expect that denser, more closely packed structures such as the spinel would be 
associated with crystallization at greater depths where the pressures were 
higher. Another general rule indicated by Figure 1.8 is that the melting point 
of a mixture is normally lower than that of the end members of the series. 
Pure substances melt at temperatures which often are hundreds of degrees 
higher than the melting point of a mixture of the substances. For example, 
the minimum on the axis XZ of Figure 1.8 is 1444°C, 100 degrees lower than 
the melting point of either end member of which the mixture is composed. 

Another factor that lowers melting points significantly is the presence of 
water in the melt. In natural melts the water content may vary from | to 
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8 percent. Lavas are observed to have temperatures ranging from 1100°C to 
700°C, all of which are considerably lower than the minimum point of 
Figure 1.8, which is a mixture of pure minerals. This difference between 
melting temperatures of natural as compared with artificial magmas is due 
primarily to water, but other impurities, of course, also have an effect 
[37, 402]. 


Fractionation 


A real magma very rarely follows as simple a path as that described by 
Figure 1.8, and it never attains a eutectic point such as E where all com- 
ponents solidify at one melting temperature. Consequently, in a real magma 
there can be expected to be disequilibrium conditions in that earlier crystal- 
lizing members will sink through the magma to a place of higher temperature 
and will react again with the components at that level, and there will be 
considerable vertical segregation. Another phenomena that can occur is 
known as incongruent melting, in which a solid changes into a different solid 
phase and a liquid. The classical discussion of the problem is by Bowen [37], 
who idealized the fractionation and crystallization of magma by two series of 
reactions: a continuous reaction series whereby an early form of crystals 
changed uninterruptedly in composition by reaction with the melt; and a 
discontinuous reaction series, whereby an early formed phase reacted with 
the melt giving a new phase with a different crystal structure and a different 
composition. These series are sketched in Figure 1.9. The discontinuous 
reaction series is the one of greatest interest to us in attempting to understand 
the composition of the mantle—it would explain the separation of the crust 
from the mantle, and would lead us to expect that as we progressed from the 
surface downward through the crust and toward the mantle there would be 
a progression from the light high-oxygen content rocks, such as granite, 
toward the heavier, more basic metallic rocks, such as dunite [37, 402]. 


Discontinuous Continuous 
reaction series reaction series 
Olivine Ca-rich plagioclase 
Pyroxene 

Feldspars 

(Amphiboles) P 

‘ . 
(Micas) Na-rich plagioclase 
Quartz 
Pegmatite 


Figure 1.9: Reaction series. From Bowen [37, p. 60]. 
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Geochemical Considerations 


The essentially petrological discussion presented so far suggests an explana- 
tion for the separation of the major components between the mantle and the 
crust. We still are concerned, however, about the core-mantle separation for 
explaining the relative densities of these two parts. We are concerned also 
about three elements of relatively low abundance—potassium, K; uranium, 
U; and thorium, Th—because these are the three naturally radioactive 
elements which in geological time could have generated sufficient heat to 
melt a portion of the earth. In regard to these questions we turn to more 
geochemical arguments. The data that we wish to explain are summarized by 
Table 1.3, taken from Ahrens [2]. 

In Table 1.3 we have listed oxides rather than pure elements, because they 
are essentially the minimal building blocks of which minerals are constructed. 
The outer parts of the earth appear to be thoroughly oxidized on the basis of 
not only mineralogical analyses but also analyses of volcanic gases, in which 
the H,O/H, ratio is about 130 and the CO,/CO ratio about 30. The “‘total 
nonvolatile” percentages are averages for chondritic meteorites, which are 
quite undifferentiated in character and which have a mean density close to 
that which the material of the earth would have at zero pressure. The “‘crust”’ 
percentages are the means of average compositions of basalt and granite. 
The petrological explanation pertains to the bulk components which are 
essentially the first four items in the table: the iron, oxygen, magnesium, and 
silicon compounds. The behavior for the other elements we should expect 
to be based on the fact that most of the material in the earth has the structure 
of an ionic crystal in which the primary property of an atom is its charge and 


TABLE 1.3: CHEMICAL ELEMENTS IN THE 
EARTH 


Element Total Nonvolatiles Crust 


SiO, 0.380 0.587 


MgO 0.238 0.049 
FeO 0.124 0.052 
Fe 0.118 0.000 
FeS 0.057 0.000 
Al,03 0.025 0.150 
CaO 0.020 0.067 
Ni 0.013 0.000 
Na,O 0.010 0.031 
K,O 0.002 0.023 


Fe,0, 0.000 0.023 
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the secondary property is the rate at which its field drops off with distance 
from the atom—a property that customarily is expressed in terms of the ionic 
radius in angstroms. If the distribution of a minor element is determined by 
its capability to replace other elements in the crystal lattice, we should expect 
that the elements that have the same charge and a similar radius to iron or 
magnesium would be greatly depleted in the crust relative to the mantle, and 
that elements of a greatly different charge or radius would be appreciably 
enriched in the crust relative to the mantle. Figure 1.10 gives the results of 
such an estimate made by Taylor [393]. If the hypothesis is valid, it must 
apply to these trace elements, and Figure 1.10 indicates that it does. It is 
thus a demonstration of one of the benefits of the greatly refined chemical 
techniques (such as neutron-activation analysis [538]) which enable the 
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Figure 1.10: Enrichment of oxyphile elements in the crust relative to the mantle. From 
Taylor [393, p. 1995]. , 
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detection of very small quantities of trace elements. Most important, Figure 
1.10 indicates a great enrichment of therium, uranium, and potassium in the 
crust relative to the mantle. The elements enriched in the crust, as indicated 
by Figure 1.10, generally are categorized as oxyphile or lithophile, whereas 
those that are depleted are characterized as siderophile, that is, they have an 
affinity to iron. Two other categories (not shown on the diagram) in which 
chemical elements are placed in addition to these are chalcophile, having an 
affinity to sulfur, and atmophile, comprising all the gaseous elements. 
Sulfur and the chalcophile elements, which include copper, zinc, silver, and 
lead, are also greatly depleted in the crust relative to meteoritic abundances 
[2, 265, 393]. Elements in the same category have similar chemical properties, 
as indicated by their grouping in the periodic table, Table 1.4. 


Conclusions 


Geochemistry and petrology, which we have outlined here, do suggest 
explanations as to why certain chemical reactions have occurred which in 
turn explain the distribution of elements in the earth’s crust relative to the 
mantle on the one hand and the meteoritic abundances on the other. They do 
not explain, however, how the material of the earth moved to a location such 
that these reactions could take place. To explain such a drastic segregation 
as appears to be indicated for some elements, and to explain the great 
density difference between the mantle and the core and the loss of volatile 
compounds in the earth with regard to the sun, we require a fairly large-scale 
and drastic overturning of the material in the earth. The fact that remains in 
doubt is the time scale of such overturning: whether it is relatively short 
and early in the earth’s history, or whether it is a process that has occurred 
throughout geologic time: an atom moving at | cm/yr will go from the 
center of the earth to the surface of the earth in less than a billion years. 


1.2 High Pressure and Temperature Effects 


The chemistry of the earth was discussed in Section 1.1 to obtain an idea 
of its physical properties as expressed by phenomenological parameters which 
are used in the differential equations expressing mechanical, thermal, 
electromagnetic, and other relationships in the earth. However, nearly all 
of these phenomenological parameters vary with temperature and pressure. 
As summarized in Table 1.5, about the only important parameters that are 
not significantly temperature and pressure dependent are those related to 
radioactivity—the decay constant, 4, and the rate of heat generation per 
cubic centimeter, A. 

The simplest way to build a model of a planet is to measure in the laboratory 
the properties of the likely materials of the earth over the range of tempera- 
tures and pressures that exist within the earth. These pressures, calculated 
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TABLE 1.5: TEMPERATURE AND PRESSURE-DEPENDENT PROPERTIES OF TERRES- 
TRIAL MATERIALS 


Symbol Property Units Quantities Related 

p Density gm/cm? Mass, volume 

k Bulk modulus dyne/cm? Density, pressure 

a Volume coefficient of sl Ce Density, temperature 

thermal expansion 

B Rigidity dyne/cm? Deformation, shear 
stress 

n Viscosity dyne-sec/cm? Rate of deformation, 
shear stress 

1/Q Dissipation factor — Energy dissipated, total 
energy per cycle 

D Diffusion coefficient cm?/sec Rate of diffusion, con- 
centration gradient 

Ty Melting temperature Le Solid-liquid transition 

AH Latent heat of fusion cal/gm Heat, melting 

K Thermal conductivity calcm™!sec"!°C-!___ Heat flow, temperature 

c Specific heat calle C= Change in temperature, 
heat 

o Electrical conductivity ohm? Current, electrical 

; potential 
pb Magnetic permeability — Flux density, magnetic 


field intensity 


as described in Section 2.5, rise to more than 3000 kb (3 x 10% atm, or 
3 x 10!? dynes/cm?), and the temperatures probably rise to several thousand 
degrees Kelvin. Theoretically, by applying a hydraulic force to a limited area, 
there is no limit to the static pressure that can be attained. For practical 
laboratory apparatus there is a very severe limit due to the strength of the 
available containing material at reasonable costs. At present, for low 
temperatures of, say, 300°C or less, the maximum pressure attainable is 
300 kb and the maximum attainable at more elevated temperatures, say 
2000°C, is about 150 kb. These pressures correspond to depths in the earth 
of about 800 and 450 km respectively—about 10 percent of the distance to 
the center. Furthermore, at these maximum pressures, meaningful measure- 
ments of many of the properties listed in Table 1.5 cannot be made—the 
maximum effective pressure for some measurements may be as low as 30 kb. 
The pressures within the earth up to the maximum of 3500 kb can be 
attained by shock techniques for durations on the order of microseconds. 
Such techniques have, of course, even greater measurement difficulties and 
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also emphasize even more that some of the important properties of the earth, 
such as phase transitions, or some of the more empirical parameters, such 
as the viscosity, may be very much time dependent. Familiar examples are 
the properties of substances such as pitch or “‘Silly Putty.” 

Consequently, the approach that must be adopted is to measure as far as 
possible in the laboratory the properties at high temperature and pressure, 
and then to extrapolate beyond these measurements with such physical 
theories as may be available—approximate quantum mechanical or thermo- 
dynamic or semiempirical. Another device that can be used in conjunction 
with theoretical treatments is that of scaled experiments—to extrapolate 
from experimental information about materials different from those in the 
earth to the earth materials. Finally, for application at the very high pressures 
that prevail in the core of the earth, we may be able to extrapolate downward 
from theories applicable to the interiors of stars in which, under the very high 
pressures, solids become essentially the same in their behavior as electron 
gases. In this section, we shall discuss briefly the techniques of high-pressure 
measurements, both static and dynamic, and the results obtained from these 
measurements with emphasis on phase transitions. We shall also discuss 
briefly the solid-state theory applicable to the extrapolation from these 
measurements, but shall leave further discussion of most of the properties 
given in Table 1.5 to the subsequent sections in which the applications of 
these properties are developed. 


Static High-Pressure Experiments 


The simplest way to apply high pressure to a piece of material would be 
to place the specimen in a narrow tube of fluid, and to pump the fluid up to 
a high pressure with a piston acting at a lower pressure over a much larger 
area. In other words, to apply the familiar rule that fluids will transmit force 
keeping pressure X area constant. The drawback of such a system is that, 
at pressures of more than 25 kb, even gases will freeze in the lines. Hence in 
the later stages of a high-pressure device, where such pressures are exceeded, 
the pressures must be transmitted by solid material in a form such as a tapered 
piston brought to bear against an anvil. To attain the maximum pressure, 
the face of the anvil must be made of the hardest possible material, tungsten 
carbide or diamond, and must be carefully forged and machined. As a 
consequence, the dimensions available are quite small, about 4 mm across. 
Such a device, capable of attaining 200 kb pressure at room temperature, 
was developed as early as 1930 by Bridgman [44]. To attain higher tempera- 
tures, however, the Bridgman device required that the piston and anvil as 
well as the specimen be heated; as a consequence, when operated at 1000°C 
it could not attain more than 20 kb. The next step was the development of 
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small furnaces which could be included with the specimen so that high 
temperatures could be attained without excessive heating of the pressure- 
transmitting anvils and pistons. One particularly successful device was 
essentially an arrangement of four tetrahedral pistons which were brought 
together. This permitted sufficient access to the sample to introduce a 
graphite ring which heated upon the passage of electric current. In this 
manner, pressures of 150 kb at 2000°C have been attained. In addition to 
the problem of attaining the desired temperatures and pressures, there is, of 
course, the problem of introducing thermocouples and other devices required 
to make the measurements, and in general those measurements that must 
be made on the sample while it is at high temperature and pressure have not 
been possible except at appreciable reduction from the maximum attainable 
by the device. There are other phenomena, such as stable phase transitions, 
about which the desired information can be attained from the sample after 
removal from the press [38, 39, 309]. 


Dynamic High-Pressure Experiments 


The alternative technique of attaining high pressures for extremely limited 
periods of time by shock waves entails the explosive propulsion of a piston 
against the substance being studied. In being rammed against the substance, 
the piston causes the generation of a shock wave in the substance. This 
process can be visualized by the analogy of a series of spheres which are 
coupled to one another, as shown in Figure 1.11. The rate of displacement of 
the spheres, U, which is called the mass velocity of the substance, is the same 
as the velocity of the piston which is causing the spheres to move. This 
velocity is always less than the velocity D of the perturbation of the material 
which is the shock front moving ahead of the compacted mass. From 
considerations of conservation of matter, energy, and momentum (see 
problem 1.4), we can write for 0 initial pressure, final pressure P, initial 
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Figure 1.11: One-dimensional model of propagation of a shock wave in an elastic medium. 
From Al’tshuler [10, p. 53]. 


20  ~=—Data Pertaining to the Earth’s Interior 


specific volume V4, and final specific volume V: 


iD = Vis (1.2.1) 
i) = 


U? = P(V) — V) G22) 


If we plot the lines corresponding to U = constant and D = constant on a 
pressure versus volume diagram, Figure 1.12, we will have the U hyperbola 
and the D line intersecting at a particular point which corresponds to the 
final pressure and volume. If we take the same substance and the same 
sample, and subject it to different mass velocities U, we will obtain a series of 
intersections of D lines and U hyperbolas on the graph. This series of inter- 
sections will turn out to be a line convex toward the origin which is indicated 
as P;, in Figure 1.12. The line Pz, is known as the Hugoniot adiabat. 

Now if we could compress the substance so slowly from the initial volume 
V, to the final volume V that it would remain at the same temperature, we 
would find that our final pressure would be somewhat lower than the pressure 
P of the shock experiment. Let us call this lower pressure P, (c denoting cold 
pressure). The pressure versus volume curve for this cold compression we 
would also expect to be convex toward the origin for most materials because 
of the increase under pressure of the bulk modulus of the substance. The 
area under the curve from the points O and C on the diagram would be the 
increase in the “cold” internal energy of compression AE,. In the actual 
shock experiment we would then have an additional area, bounded by lines 
OAC, which is the thermal energy AE,. The simplest relation between this 


U = constant 


V Vo Voo 


Figure 1.12: P-V diagram of shock compression. From Al’tshuler [10, p. 54]. 
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thermal energy AE, and the difference in pressure, P — P, is: 
ays 
P—P,=HAE, (1.2.3) 


known as the Mie-Griineisen equation of state [10, 333]. The parameter y is 
the Griineisen ratio, the theoretical derivation of which we discuss later in 
connection with the vibrating lattice model of a solid. The parameter y also 
may be determined experimentally by using a different sample of the substance 
which has a greater porosity and hence a greater initial volume, indicated as 
Voo On the diagram. The consequence of this greater initial volume is to 
displace to the right the D = constant line, and upward the U = constant 
hyperbola, so that the final volume V is still the same. We then have an 
increase in E, which is indicated as dE, in the diagram. We can use this to 
obtain the value of y by elimination from two equations of type (1.2.3). A 
difficulty in this procedure is uncertainty as to the effect of any phase 
transitions that may be entailed. 

Of the two velocities required, only the shock velocity D is directly 
measureable; usually the mass velocity U must be inferred from the velocity 
of some sort of striker or partition. Aside from the Griineisen ratio determin- 
ation, the principal difficulty is departure of experimental conditions from 
those assumed in measuring U due to uneven heating, etc. [10, 89, 333]. 
Phase transitions inferred from shock experiments and likely to be of 
importance in the earth are given in Table 1.6. 


TABLE 1.6: PRESSURES FOR PHASE TRANSITIONS AT 298°K 


Range of Assumed 
Results Mean 
Reaction (kb) (kb) 
SiO, (coesite) > SiO, (stishovite) 89-103 96 
Mg,SiO, (forsterite) ~ 2MgO + SiO, (stishovite) 183-216 199 
MgSiO; (enstatite) -- MgO + SiO, (stishovite) 166-199 182 
Mg,SiO, (forsterite) > Mg,SiO, (spinel) 99-120 110 
Mg,SiO, (spinel) — 2MgO + SiO, (stishovite) 283-359 321 
2MgsSiO,j (enstatite) > Mg,SiO, (forsterite) 
+ SiO, (stishovite) 120-200 159 
2MgsiO; (enstatite) > Mg,Si0, (spinel) 
+ SiO, (stishovite) 114-153 133 


EEE 


From Ahrens & Syono [456]. 
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Phase Transitions in the Earth 


The high-pressure techniques, both static and dynamic, have been applied 
to a wide variety of materials, so it is appropriate to ask a few questions 
as to which results are most important with respect to the problem of the 
earth as a planet. Looking at Table 1.3, the abundances for the earth as 
a whole, it appears that the important experiments would be those applied 
to compounds of iron, oxygen, silicon, and magnesium. Of these, iron is 
much more dense than the others; according to Table 1.1, unless there is a 
spectacular sort of a phase transition in one of the other materials, most of 
the iron shown in Table 1.3 must be allocated to the core, leaving it as a less 
important substance in the mantle than magnesium. In the mantle, consid- 
ering the relative strength of the bonds shown, for example, in Figures 1.5, 
1.6, and 1.7, the problem can be further narrowed to different combinations 
of only a couple of compounds: magnesium oxide, MgO, and silica, SiOg. 

The leading questions we therefore would like to ask are: 


1. Solid-Liquid Transitions 


(a) What are the melting temperatures of the magnesium-containing 
pyroxenes, olivines, and spinels at pressures corresponding to those in the 
mantle: i.e., up to 1400 kb? 

(b) What is the melting temperature of iron up to the pressure of the 
boundary between the inner and outer cores (3200 kb)? 


2. Solid-Solid Transitions 


(a) What phase transitions are there involving the more common silicates 
at the temperatures (100°C-500°C) and pressures (2-15 kb) that might exist 
at the crust-mantle boundary ? 

(b) What phase transitions exist involving silica and the magnesium 
olivines, pyroxenes, and spinels at the pressures prevailing in the mantle 
(10-1400 kb)? 


3. Compression 


(a) What is the change in density with pressure of iron, silica (SiO,), and 
olivine (Mg, Fe)SiO, at pressures up to those in the core (2000 or 3000 kb)? 


The answers to the first category of questions, melting point, can be 
obtained only up to the limit of static tests, roughly 60 kb. The results of 
various experiments are given in Figure 1.13. The curves in Figure 1.13 are 
essentially straight or slightly concave downward. If we take the melting 
curves of materials which are much more compressible, such as the alkali 
earths, lithium, sodium, potassium, rubidium, the downward concavity is 
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Figure 1.13: Melting temperatures (pyrope is magnesium garnet). From Boyd [38, p. 7]. 


much more pronounced. This melting curve in the past has usually been 
approximated by a semiempirical rule known as the Simon equation [214, 222] 


- = Ea 1 (1.2.4) 


in which a@ and c are empirical constants determined experimentally for each 
material. However, if we take the temperature versus pressure diagram and 
replot it as a melting temperature versus specific volume, the experimental 
curves become rather straight lines [222]. There is thus a temptation to apply 
this same linear extrapolation to the materials shown in Figure 1.13 to obtain 
their melting points at locations much deeper within the earth. To make this 
extrapolation we require information about the change in density of materials 
with pressure: we shall take this up when we discuss those experimental 
results. Another complication in applying the results shown in Figure 1.13 
to the actual earth is that we should expect the melting temperatures of a 
mixture to be depressed below those of any component of the mixture 
anywhere from 100 to 500°C, the same as it is at zero pressure, as shown by 
Figure 1.8. 
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Figure 1.14: Solid transitions involving possible upper-mantle materials (jadeite is sodium- 
aluminum pyroxene). The interval a is the bracket on a transition obtained with natural 
basalt. From Boyd [38, p. 4]. 


Transitions at Moho Pressures 


The results pertaining to question 2(a) phase transitions at pressures and 
temperatures in the vicinity of those of the Moho, are well within experi- 
mental capability. Figure 1.14 gives some of the pertinent results of the 
transitions between naturally occurring rocks. The one that is most likely 
to occur is between basalt (or gabbro) and eclogite, which involves the trans- 
formation of a feldspar into a garnet. Also indicated in the figure are the 
pressures expected to prevail at the Moho beneath the oceans and the 
continents respectively. The important point is that in order for the Moho 
to be a phase transition, temperature gradients in the crust would have to 
have a strong positive correlation with crustal thickness. Such correlation is 
not indicated by either surface heat flow or upper mantle seismic velocities. 
Another problem is that of the sharpness of the Moho discontinuity; the 
transition zone is only about 1 km wide, which would require a rather pure 
substance to satisfy [10, 150, 189, 494, 576]. 


Transitions at Mantle Pressures 


The various minerals which are compounds of the oxides believed to be 
the most likely constituents of the mantle, magnesium oxide (MgO) and 
silica (SiO,), require higher pressures to undergo phase transitions. The only 
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transitions that have been attained in the laboratory are those of silica of 
quartz density (density 2.6 gm/cm*) to coesite (2.9 gm/cm*) at 27 kb and 
700°C or 39 kb and 1750°C; and to stishovite (density 4.3 gm/cm®) at 130 kb 
and 1600°C. Both the olivine (Mg,SiO,) and pyroxene (MgSiO,) forms of 
magnesium silicates require pressures higher than those attainable in static 
experiments to be converted into spinel or spinel plus stishovite forms. 
Hence some sort of extrapolation is required. 

One type of extrapolation is to replace some of the metal elements in these 
compounds by other metals of equal charge and larger ionic radius. A phase 
transition should then be made more easily because the transition essentially 
depends upon attaining a certain ratio of the metal ion radius to the oxygen 
ion radius, the principal effect of compression being decrease of the oxygen 
radius. The zero-pressure ion radius of silicon is 0.42 A; the next +4 metal in 
size upward from silicon is germanium, of radius 0.48 A. The zero-pressure 
radius of magnesium is about 0.68 A. The next one up of +2 charge is 
nickel, with about 0.70 A zero-pressure ionic radius [2, 265]. 

A series of experiments at 600°C and 0-90 kb was carried out on various 
mixtures with various ratios of Ni,GeO, to Mg,SiO, by Ringwood and 
Seabrook [341]. The results of these experiments are shown in Figure 1.15. 
The extrapolations of the two lines that separate the fields of pure spinel and 
pure olivine from the mixture have an intersection, which would correspond 
to a pure forsterite Mg,SiO,, at about 140 kb, equal to the pressure at a 
depth of 400 km in the earth. The density change with this transition would 
be about 9 percent. More recent experiments on the Mg,SiO,-Fe,SiO, 
system obtain a density change of about 10 percent and estimated pressures 
of 150 kb at 800°C and 170 kb at 900°C [457, 495]. 

Experiments with pyroxenes (Mg, Fe, Co) (Si, Ge)O; at pressures up to 
200 kb and temperatures of 900°C indicate that enstatite, MgSiO,, will 
probably transform to a denser phase called ilmenite at around 230 kb, 
rather than undergo the transition [496]: 


2Mgsi0; —> Mg,SiO, + SiO, 
(spinel) (stishovite) 
A further transition that is predicted by similar extrapolation is the 
breakdown of the spinel form of Mg,SiO, into periclase (MgO) plus SiO, 
or MgSiO, at about 200 kb for the 600°C temperature. 


Transitions at Core Pressures 


Sufficient information to be useful concerning the compression of materials 
at high pressures such as prevail in the earth come mainly from the shock 
experiments. Figure 1.16 is a summary of the results for the likely materials 
within the earth; the most important uncertainty is the conversion from the 
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Figure 1.15: Phase transitions obtained in the system NigGeO,-Mg,SiO, at 600°C and 0 
to 90 kb. From Ringwood & Seabrook [341, p. 1982]. 
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Figure 1.16: Variations of density with pressure obtained from shock compression experi- 
ments, with correction from Hugoniot adiabat to 0°K. From Al’tshuler [10, p- 83). 
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shock adiabat to the cold compression density. To apply the law that the 
change in melting point should be directly proportionate to the change in 
specific volume [222], we obtain from Figure 1.16 the density of iron to be 
14.1 gm/cm® at the boundary between the cores, 3.2 Mb. Applying this law, 
we get a melting temperature for iron at these depths of about 3700°C (see 
problem 1.5 at the end of the chapter). 


Application of Thermodynamic Theory 


To obtain a theoretical explanation of the behavior of solids with tempera- 
ture, we have two types of theories: thermodynamics, which deals with the 
macroscopic relationships that must prevail in change of energy and tempera- 
ture and volume and pressure; and /Jattice dynamics, which treats each of the 
atoms in the crystal lattice as oscillating about an equilibrium point in a 
manner determined by the interaction of the force fields of neighboring atoms. 

Since thermodynamics deals with the energy balance of a system which in 
turn will provide useful conditions on the more detailed lattice vibration 
theory, we discuss it first. 

The most important concepts of thermodynamics are those of internal 
energy and entropy of a system. The internal energy E of a system is defined 
as a function of the state of the system with the property that for any 
infinitesimal change in the conditions of the system—temperature, pressure, 
etc.—the internal energy will increase by an amount that is equal to the heat 
dq absorbed by the system plus the work dw done on the system: 


dE = dq + dw, (1.2.5) 


the first law of thermodynamics. The systems we are talking about in this 
section are all in mechanical equilibrium: the work done on them is merely 
that of hydrostatic pressure 

dw = —PdV (1.2.6) 


Before defining entropy we wish to define reversibility and irreversibility 
of processes. A reaction is said to proceed reversibly when the system is 
balanced so that any small change in the conditions will cause the reaction to 
proceed in the opposite direction. A reaction is reversible only when it 
differs infinitesimally from the equilibrium conditions and when the velocity 
of the reverse reaction is infinitesimally small. For example, when ice melts 
at 0°C atmosphere pressure, the reaction is reversible since an infinitesimal 
drop in temperature will cause the water to freeze again. The same reaction 
proceeding at 10°C is not reversible because the small drop in temperature 
will not make the water freeze. 

Entropy is defined by the properties: (1) in any reversible process the 
change in entropy in the sytem is measured by the heat received by the 
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system divided by the absolute temperature; and (2) in any spontaneous 
irreversible process, the change in entropy is greater than this amount. In 
equations: 


i  — a for a reversible process, 
(2) 
dS > a for any spontaneous irreversible process, 


the second law of thermodynamics. Substituting equations (1.2.6) and (1.2.7) 
in (1.2.5) we get 
dE = TdS — PdV (1.2.8) 


Entropy, as formally defined here by the thermodynamic relations, has no 
physical meaning. To obtain some physical idea of it we must turn to the 
definition of statistical mechanics, which considers the behavior of large 
numbers of small particles in a system and derives the macroscopic behavior 
of the system by applying statistical averaging to the possible states of the 
small particles in the system. Each macroscopic state is determined by 
assigning certain velocities and coordinates to all particles of the system. 
The quantity W is called the probability of the system, and is the same as the 
number of possible states. The entropy per unit mass is defined as 


S=kinw (1.2.9) 


where k is the Boltzmann constant (k = 1.38 x 10-'® erg/°C). Hence the 
increase in entropy S means an increase in the number of possible states W 
of a system which in turn means an increase in the disorder of the system: 
more possible varieties of location and motion for the particles in the system, 
so that entropy is sometimes considered equivalent to disorder. 

The principle objective is to predict theoretically the behavior of the 
material changes in temperature and pressure that we have described 
previously, such as the various phase transitions, and in the terms of thermo- 
dynamics to determine in which direction under given physical conditions 
the reactions run spontaneously. The possibility for a reaction given the 
entropy laws of equation (1.2.7) thus depends on certain changes in pressure 
and volume, or temperature and pressure. The possibility will depend on 
(1) the change in entropy; (2) the supply or expenditure of heat involved 
in the change of entropy; and (3) the work that has to be done by or against 
all the external constraints. The three principal quantities used in studying 
reactions are first the Helmholtz free energy F, defined as 


F=E—TS (2.10) 
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the Gibbs free energy G, defined as 
G=E+PV—TS (lez it) 


and the enthalpy H, defined as 
H=E+PV (12) 


Taking pressure P and temperature T as constant, differentiating (1.2.10), 
(1.2.11), and (1.2.12) with respect to the other elements, and then substi- 
tuting equation (1.2.7) and equation (1.2.8), we get for a reversible reaction 


adF = —PdV 
GG 0) (1.2.13) 
adi = Tas 


What we have said so far applies only to a system in which the amount 
of each component is held constant. Now we are interested, of course—in 
connection with phase transitions, etc.—in systems in which the proportion 
of each component may change. Let n, be the number of moles of component 
Ee 

E = E(S, V,n,) (1.2.14) 


since from equation (1.2.8) E is a function of S and V. Differentiate (1.2.14) 


OE OE 0E , 
dE = [— dV == dS + =a dn, 1.25 
Ge ey an 2 Fe. : : 


in which the subscripts indicate the quantities held constant while the 
differentiation is being made and n, symbolizes all moles except the ith. If we 
define the chemical potential mu, as 


pace 
a Fale. 


dE = T dS — PdV + ) pm, dn, (1.2.16) 


Equation (1.2.15) becomes 


Integrating (1.2.16) for constant values of P, T, u,;, we get 
E=TS—PV+ > mn (E217) 


whence from (1.2.11) we get 
Can, (1.2.18) 


Let us express the composition of a phase « by the mole of fractions N,* of 
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components defined by 


Noes (1.2.19) 


a 


Differentiating equations (1.2.11) and (1.2.18) we get two expressions for dG 
and using (1.2.16) to eliminate dE, we obtain the relationship for a particular 
phase « 

—V*dP + S*dT + dn; dufZ =0 (1.2.20) 


Dividing throughout by 2,n,, (1.2.20) becomes: 
—v*dP + s*dT + > Ne (12:28) 


where v* and s* are mean molar quantities V*/2n,* and S*/2,n,* respectively. 
Equation (1.2.21) is known as the Gibbs- Duhem equation, and shows how the 
chemical potentials must change for pressure and temperatures dP and dT. 
Let us consider two phases of one component each, for which (1.2.21) 
becomes: 

—v'dP+s'dT + du =0 


(1.2.22) 
—vdP+s*dT + du? = 


Now if equilibrium is to be maintained between these two phases for any 

changes of P or T, (1.2.21) applies and therefore du,! = du,?. Hence: 
Medes 
dT vt—v! 


(0233) 


Now if Aq is the heat of transition of a phase transition—for example, the 
heat required to cause melting of a substance—then using equation (1.2.7) 
we can write (1.2.23) as: 
dP _ Aq 
dT TAv 


(1.2.24) 


in which we have used A’s instead of d’s because there is no requirement that 
these be infinitesimal quantities. Equation (1.2.24) is known as the Clausius- 
Clapeyron equation, which may be applied to any two-phase system of one 
component such as those shown in Figures 1.12 and 1.13, and is also applic- 
able to the phase transitions described by Figures 1.14 and 1.15. Thus if, in 
a phase transition, we can observe the change in specific volume AV—or 
conversely the change in density—and the change in heat Aq, then we can use 
the Clausius-Clapeyron equation as a means of getting the slope of the 
transition line in the phase diagram and hence of extrapolating it to different 


HIGH PRESSURE AND TEMPERATURE EFFECTS 31 


TABLE 1.7: THERMOCHEMICAL DATA PERTAINING TO PHASE TRANSITIONS 


Molar Volume, V Standard Entropy, Soog° 


Mineral (cm?/mole) (cal mole °K-4) 

SiO, Quartz 22.69 10.00 
SiO, Coesite 20.64 9.45 
SiO, Stishovite 14.02 6.13 
MgO Periclase 25 6.44 
MgSi0, Enstatite 31.47 16.19 
Mg,SiO, Forsterite 43.79 PATE 
Mg,SiO, Spinel 39.86 18.0 


From Ahrens & Syono [456]. 


temperatures and pressures. The thermochemical data necessary to apply 
(1.2.7) and (1.2.24) to the phase transitions likely to be of importance in the 
mantle are given in Table 1.7. These data apply at a standard temperature of 
298°K; the weakness of the calculation is that the pressures necessary to 
obtain the transitions at this temperature often must be based on shock 
experiments, as given in Table 1.6. See problem 1.6 for examples [265, 317, 
331, 402, 466]. 

Phase transitions involving gaseous states are of interest relative to the 
origin of meteorites and planets, as discussed in Chapters 8 and 9. 


Diffusion 


Besides phase transformations, areas of application of thermodynamics 
in the solid earth are preferred crystal orientation and diffusion. Since 
preferred crystal orientation entails nonhydrostatic stresses, it is somewhat 
more complex [203, 271]. A useful diffusion theory is obtained, however, 
using a relatively simple theory [135, 402]. 

Diffusion theory depends on the chemical potential u,, already defined as 
proportionate to the concentration of a substance in a particular system. 
This potential is like any potential in that the potential gradient gives rise 
to a force. If a substance has a concentration gradient in a system of constant 
T and P, there exists a force acting on any particle i in the direction x 


OM (1.2.25) 
N4 Ox 


ia 


where WN, is the number of particles per mole. If there is a frictional resistance 
that is proportional to the velocity of the particle, then under such a force it 
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will attain a steady-state velocity at which the two forces—that due to poten- 

tial gradient and that due to friction—will be equal. This steady-state velocity 

V,, will have a proportionality B, to the force F,,. The rate of flow of i, the 

number S,,, of moles flowing per unit time across the unit surface normal to 

x, will then be 

_ 6B Ot 
Ny, Ox 


Sa 


ie (1.2.26) 
in which c, is the number of moles per unit volume. Since it has been assumed 
that the potential gradient is proportional to the concentration, we get 
finally 


5, (1.20@) 


where D, is the diffusion coefficient—a function of the temperature and 
pressure of the material in the medium. The diffusion coefficient being 
proportionate to the potential gradient over the viscosity, we should expect 
it to be strongly dependent on the temperature. Experimental evidence in 
fact indicates that the diffusion coefficient has the form 


Q 
D = Dyexp ( =| (1.2.28) 
where Q is an activation energy on the order of 3 to 6 electron volts for 
impurities and vacancies in silicates (1 electron volt = 1.60 x 10°!’ erg). 
This form of temperature dependence in a complicated substance has a 
variety of explanations [135]. 

The relevance of diffusion to the mechanical properties of material is 
discussed in Section 2.3. Its importance—relative to melting and fractionation 
upon recrystallization—as a means of segregating and transporting material 
in the earth is a moot point. Manifestly it exists: diffusion is a phenomenon 
on which depends the process of metamorphosis, defined as changes of rocks 
which are significant at temperatures below melting. Whether diffusion is as 
unimportant compared to melting throughout the mantle as it is in the crust 
is not known. 

Measurements of diffusion of silicates were made by Bowen of the mutual 
diffusion of liquid diopside and plagioclase at a temperature of about 1500°. 
The diffusion coefficients depended very much upon the relative concen- 
tration, ranging from 1.73 x 10-7 cm/sec to 2.31 x 10-* cm?/sec, of the end 
members of the plagioclase series shown in Figure 1.3. For mixtures that 
started from two pure values at a boundary, the migration per year resulting 


from these respective diffusion coefficients would be about 4 cm and 60 cm 
respectively [402]. 
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Application of Lattice-Vibration Theory 


To seek a more fundamental explanation of the phase transitions, density 
changes, etc., we can start with the theory of the crystal lattice in which each 
atom vibrates like a harmonic oscillator in a potential well of the force field 
of its neighbors. If we define the kinetic energy of these particles in the usual 
manner as half of the mass times the square of the velocity of the displace- 
ment, and if we define the potential energy as a function of position, then for 
the oscillations of atoms that exist in a lattice with a regularly recurring 
pattern it can be shown that the displacement must obey a law of the form: 


u,,(¢) = e*'u,,(1) (1.2.29) 


in which u is a displacement from the equilibrium position, the subscript s 
refers to the position within a cell (a single repetition of a regular pattern of 
the lattice), and the subscript / refers to the location with respect to an 
arbitrary chosen origin in the cell. The important feature of equation (1.2.29) 
is the wave number q, which says that the geometry of the situation requires 
that the only admissible solutions correspond to a certain discrete set of wave 
numbers. With each of these wave numbers q there is associated a frequency 
v,. The energy for each of these normal modes must by quantum theory be 
hy, (h is h[27, where h is Planck’s constant, 6.625 x 10~®’ erg sec). According 
to the theory of statistical mechanics there will be on the average (see 
Section 6.2) [331] 
Ng = ee (1.2.30) 
ec —1i 

quanta in the gth mode from which we can get the average total internal 
energy of the system in volume V: 

3N hy, 

2 oP (fv,/kT) — 1 ae ee 
where N is the number of unit cells in the volume V of the crystal and EF 
is the internal energy at 0°K. From (1.2.10) 


p= eis (5) = =e |: (1.2.32) 


Ae oT 
whence 
E (hv,|T”) exp (—hv,/kT) 
7 —dT = —T -— fT 
f ale ie 1 — exp (—/fy,/kT) 


Ey + > kT log [1 — exp (—/y,/kT)] (1.2.33) 
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Then, from (1/2213), 
pa=_ Gi Tie. eS hexp(—hy,/kT) | d logy, (1.2.34) 
OV Ir V «1 —exp(—hy,/kT) dlog V 


where Py is the pressure at 0°K. If it is assumed 


BNE (1.2.35) 
d log V 

the Griineisen ratio, for all q, then (1.2.34) becomes, using (1.2.31), 
Pm ee 2 (1.2.36) 


the same as (1.2.3). The application of the Griineisen ratio therefore implies 
that the frequencies », are temperature independent and have the same 
dependence on density [214, 453]. The theory can also be developed assuming 
the ratio y to be a function of the wave number q. 

Define the specific heat at constant volume: 


OE 
Cp = — 12.37 
ae ( ) 
Then, from (1.2.36), 
(*7) ee (1.2.38) 
dT Jv V 


Define the volume coefficient of thermal expansion: 


amo (i = (a) (1.2.39) 
V\dT)> k\aT)y 


where k is the bulk modulus, listed in Table 1.5: 


k= —V— (1.2.40) 
dV 
Thence 
y= Vas (1.2.41) 
Cy 


which expresses the Griineisen ratio y in terms of experimentally measurable 
quantities. The derivation given here obtains that y is directly proportionate 
to the specific volume V; an alternative theory obtains a proportionality to 
V7/2 (214, 333,386) 


A theoretical model of melting temperature dependence on pressure 


HIGH PRESSURE AND TEMPERATURE EFFECTS Jp) 


requires a specification of the relationship between », and q. Substitute (1.2.31) 

in’ (1.2.37): 

— Ly (ing? exp (ind kT) 
kT “c [exp (Av,/kT) — 1} 


The summation with respect to q is over all polarizations, as well as all 
different wave vectors q. The wave vectors are distributed with density 
V/87° in reciprocal space, when V is the specific volume of a unit cell; hence 
the summation with respect to wave vectors can be replaced by an integration 
in reciprocal space: 


(hy Eye Jivg/kT 2 
C 1.2.43 
am me pol Plies ae 1)? aid ( ) 


where the factor 87° is the normalization corresponding to the total volume 
of the q vector distribution. To integrate (1.2.43) it is the usual procedure 
to assume a spectrum f(v) such that f(») dv is the fraction of modes with 
frequency in the range vy -> » + dy. The simplest model is the Debye model 
in which it is assumed first that all waves travel at the same velocity s: 


Yq = Sq (1.2.44) 


Second it is assumed that there is an upper limit gp on the wave number q, 
such that the minimum wavelength is a bit more than the average diameter 
of a unit cell; a lattice will be unable to propagate waves in a shorter wave- 
length. Assuming that the unit ceil can be represented as a sphere, then if it 
is to contain N points, at density V/87* in q space, 


e (1.2.42) 


Nic = ie (1.2.45) 
and 
4mq* dq 
[O) di ==, 
(47/3)qp° 
2 
= or dy (1.2.46) 
Vp 


For a structure with n atoms per unit cell and hence 3nN modes, (1.2.43) 


becomes 
h KT 2 ehi/KT 
= 3n =“ a ae iy f(r) dy 
’> (hy[kT) (MEE @ 
(ener _ He vp 


3 pO/T 42 
= 9Nk ial [ mesa, (1.2.47) 
@} Jo (e* — 1) 


= 3Nk 
0 
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in which z is hy/kT, N is the total number of points in wave number space 
dependent on the cutoff wave number qp, and where 


kO = hvp (1.2.48) 


defines the Debye temperature ©. Although the spectrum that corresponds 
to the Debye model is much smoother and simpler than some spectrums that 
have been calculated for specific lattices, it does get a fairly good prediction 
for such properties as the velocity of sound [453]. 

The melting of the Debye model depends on a parameter called the 
scattering vector. This name arises because the departures from the exact 
periodicity of the lattice vibrations are observed in the form of scattering of 
electrons and x-rays. This scattering vector is the measure of the displacement 
of atoms from their normal position. The potential energy, being as stated 
dependent upon position, will then be affected by this scattering in a non- 
linear manner. If the displacements are expressed by an exponential function 
such as the factor in (1.2.29) and if we develop the exponential as a series in 
the scattering parameter K, the first-order term in the development will 
average out to zero, but there will be a nonzero quadratic term. Expressing 
the energy involved in these displacements by a summation over the wave 
numbers g of the form 


W=3>|K-U,? (1.2.49) 


where the factor U is the normal displacement by which the scattering 
displacement K is multiplied. The potential energy of the simple harmonic 
oscillation will be half the total energy. The average energy E in a particular 
mode q is (71, + 3)hv,, where 7, is given by (1.2.30). Then if there is only one 
atom per unit cell for the amplitude U, of the gth mode 


E 
U.P = 
WU NM? 
Se: 
= (fi, + 3) NT (1.2.50) 
qd 


where M is the mass of the cell. Applying the assumption of the Debye model 
and performing integration similar to that of (1.2.47) we get that for high 


temperatures 
3 h?K?T 
ile eye) | 
2 Mk? ( ) 


Now the mean-square amplitude of the vibration of each atom about its 
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lattice site will be 


(ry) = > 1U,1 


_ 9#T 
Mko? 


(1.2552) 


using (1.2.49) and (1.2.50). In the vibration lattice model, melting occurs 
when the mean-square oscillations exceed a certain limit. It seems plausible 
that this limit will be some ratio to the mean radius r, of a unit cell, say 
x,,r,. Substituting x,,r, on the left of (1.2.52) and solving for T, we get as a 
solution for the melting temperature [453] 
x 2 
T,, © Oh? MkO’r,” (12253) 


known as the Lindemann melting formula. x,, appears to be in the range of 
0.2-0.25 for most solids. The Lindemann formula works well only for the 
simplest lattices: that is, frozen inert gases, such as argon. For more complex 
structures the actual melting temperature is lower than predicted by (1.2.53). 
The dependence on specific volume is also complicated by the dependence 
of the Debye temperature © on the cutoff wave number qp, through equation 
(1.2.48). The basic inadequacy of the Lindemann formula, however, is that 
it takes into account only the crystal state and neglects the liquid state. More 
complete theories attempt to find an expression for the energy W, (1.2.49), 
in the liquid state dependent on some measure of the positional disorder 
of the atoms in the liquid [119]. 

In terms of macroscopic parameters, the Lindemann law (1.2.53) becomes 


T,, oc @2/72/8 (1.2.54) 


However, the Debye temperature © is also volume dependent, by (1.2.48), 
since the vibration frequency v, would depend on the lattice spacing. By 
choosing an appropriate rule for the volume dependence of © and utilizing 
the equation of state for compressibility (2.5.19)—developed after discussing 
elasticity—the Lindemann formula can be related to the Simon equation 
(1.2.4) and the Kraut-Kennedy law of linear dependence of T,,, on specific 
volume [134, 222]. 

We shall return later to the use of both the experimental results and the 
thermodynamic and lattice theories in constructing a model of the interior 
of the earth, particularly in Section 2.5. Some of the other temperature- and 
pressure-dependent parameters listed in Table 1.4 will be taken up in Chapter 
2 in connection with their application to the physics of the interior. 
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Scaled Experiments 


Another experimental aspect of geophysics worth mentioning in passing 
is the use of scaled models to study phenomena in the earth. This has been 
applied particularly to fluid phenomena in studying circulation systems in 
meteorology and oceanography. It also has been applied to the solid earth 
in the study of such phenomena as mountain folding. The main problem in 
such experimentation is the correct scaling of the phenomena. The repre- 
sentation, for example, of a mountain range that may be several tens of 
kilometers in dimension by a laboratory model that may be tens of centi- 
meters in dimension requires a similar scaling down of the material param- 
eters, entailing the use of a much weaker material in the laboratory model. 
And also there is the problem that body forces cannot be scaled down (see 
problem 1.7) [28]. 


1.3. Geochronology 


It has been known for some sixty years that the decay of a long-lived 
radioactive element might be used to determine the age of the mineral in 
which it is found. The extensive application of this principle, however, has 
been much more recent—it has required the development of accurate mass 
spectrometers to separate different isotopes of the same element, and of 
greatly refined chemical techniques that permit the accurate measurement 
of quantities on the order of 10~"! gm. Such accuracy is necessary first to be 
able to use as many possible different radioactive decay systems as checks 
against each other, and second to be able to take as a single specimen as large 
an assemblage of minerals as possible. Both of these desiderata arise from the 
uncertainty of the event defined by the radioactive dating, the formation of 
the rock plus its subsequent history: metamorphism, and so on. 


Radioactive Decay Systems 


Mineral age measurements have been made for the most part by the decay 
systems given in Table 1.8. The K*°-Ca*® system has not been used to any 
great extent. A decay system is constituted by a parent and a daughter element. 
The parent element is that which loses material through the decay and the 
daughter element is the product of that decay or of a series of successive 
decays. To determine the age, it is thus necessary to measure the amount of 
both the radioactive parent and the radiogenic daughter material. The time 
T required for the parent to have produced the daughter is given by 


il D 
T=-Infi+— 13a 
im (1 +5) (1.3.1) 


In (1.3.1), D is the present concentration of radiogenic daughter atoms, P 
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is the present-day concentration of parent atoms, and A is the decay constant 
related to the half-life Ty), by 


Equation (1.3.1) may be derived from 


|e ee eae te (1.3.2) 
D = P(e™* — 1) 


Ti=In (1+5) 
P 


where Py is the original concentration of the parent atom. In the third column 
of Table 1.8 the symbol! « indicates the loss of an « particle, the equivalent 
of the nucleus of the helium atom consisting of two protons and two neutrons; 
the f indicates the loss of a f particle, which is the same as an electron; and 
the e indicates the capture of an electron. The only branching decay system 
used in geochronology is that of K*°. In this case (see problem 1.10), the 
lifetime ¢ corresponding to a particular A*°/K* ratio is: 


(1.3.3) 


where A, is the constant for the K#9 -» Ca® decay (4.72 x 10 yr~*) and 4, 
is the constant for the K*° — A* decay (5.85 x 107" yr). 

In addition to the decays listed in Table 1.8, there is detectable in natural 
minerals the decay Re1*’-Os!8*, but because of its extremely low energy it is 


TABLE 1.8: DECAY SYSTEMS USED IN GEOCHRONOLOGY 


Decay Constant, 4 Half-life, Ty). 
Decay System (yr) (10° yr) 
288 Po 8a + 68 1.54 x 10° x (1 + 0.01) 4.5 
e5 Bo Ta + 48 S12 10678 0.71 
ees i Pb? 6% + 4B 4.99 x 10°" x (1 + 0.01) 13:9 
Roe Sr’? B 1.39 x 107" x (1 + 0.05) 49.8 
kK? Are e 585° 10. 11.8 


Ke Cat? B Aa x 1Oa! 1.47 
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difficult to measure and hence not useful as a dating device. The dating used 
in rubidium also has a higher uncertainty than the others, as indicated in the 
table, due to a large portion of low-energy f particles in its energy spectrum 
[156, 398]. 


Application of Radioactive Decay to Mineral Dating 


To use these decays summarized in Table 1.8 in dating a mineral or an 
ensemble of minerals by substituting measured ratios of an element P to an 
element D in (1.3.1) requires us to answer some questions [398, 434]. 


1. At what time was the amount of the daughter element D equal to 0? 
Was it the crystallization of the mineral from a melt, or was it some meta- 
morphism sufficient to have driven out any previous existing amount of the 
daughter element? 

2. Has the subsequent history of the mineral been such that there has been 
no change or removal of either parent or daughter element by processes such 
as diffusion which would be enhanced by heightened temperatures approach- 
ing metamorphism, or by chemical leaching associated with the passage of 
water if the mineral was porous, or some other such circumstance? 


Uncertainties as to the originating event and the subsequent history of a 
mineral or a group of minerals has made it virtually mandatory that any 
lifetime, to be accepted as significant, be obtained from more than one of the 
decay systems in Table 1.8, and furthermore that agreement be attained 
between different minerals in the same specimen. A troublesome gradual loss 
in the history of a mineral is the diffusion of lead. However, if this proportion 
of loss is the same for all isotopes of lead, then the ratio of the first two decays 
in Table 1.8 would not be affected by any loss of lead: 


Pb20? Ue Tt 34) 
Pb25 U% aa 


The parent elements in Table 1.8 are all rather rare (except for potassium, 
K) and they are all peculiar in that they have large ionic radii, more than 
1.00 A. Consequently they do not substitute readily in the crystal lattices of 
the common minerals and hence they are found in the less common minerals 
which are associated with the last rock types to crystallize from a melt: the 
granites and pegmatites (the top two lines of Table 1.2); also with the 
metamorphized form of granite known as gneiss. The minerals used for 
radioactive dating are given in Table 1.9. The most important are uraninite, 
zircon, biotite, and muscovite. Examples of multiple dating where the 
multiplicity applies not only to the radioactive element but also to the mineral 
and the rock are given in Table 1.10, which is taken from Tilton and Hart 
[398]. Note that the discrepancies in Table 1.10 are larger in many cases than 


(1.3.4) 
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TABLE 1.9: MINERALS CONTAINING RADIOACTIVE ELEMENTS 


Radioactive 
Symbol* Name Formula Structure Type Elements 

B Biotite KHMg,Al,(SiO,)s Mica Rb, K 

18 | Hornblende Na,Mg,(Al, Fe),Sig0..(0H), Amphibole K 

iE Lepidolite KLi,Al(SisO,))(OH), Mica Rb, K 
M Muscovite KH,AI,(SiO,)3 Mica Rb, K 
U Uraninite UO, Oxide U, Th 

Z Zircon ZrSiO, Silica U;Th 

F Microcline KAISi,O, Feldspar Rb 

Ss Sanidine KAISi,0, Feldspar K 


* Used in Table 1.10. 


the uncertainties given in Table 1.8. These discrepancies are not due to 
uncertainties of measurement but rather to uncertainties of the degree of 
metamorphism that has taken place in the rocks in question. For example, 
the biotite in Virginia and New York seems to have been more subject to 
these effects than the zircon. Also the potassium/argon dates in Table 1.10 


TABLE 1.10: EXAMPLES OF CONCORDANT RADIOGENIC AGES (UNIT: 10° yr) 


U238 U235 Pb207 Th282 Rb8? K40 


Location Rock Mineral = ph206- ph20?_ pH206 ~pHh207 S87? A 40 


Montana  Pegmatite A U 2600 2640 2200 
Pegmatite B M 2800 2470 
Pegmatite B F 2700 


Ontario Gneiss A Z 2450 2600 2730 
Gneiss B B 2630 2520 
Gneiss B M 2600 
Virginia Gneiss Z 1070 1100 1150 1100 
B 880 800 
Pegmatite H 900 
F 980 
New York Gbneiss Z 1140 1150 1170 1030 
B 880 780 
Granite Zz 960 940 1060 850 
B 930 840 
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are always lower than the rubidium/strontium dates from the same mineral 
or the uranium/lead dates from the same rock because of the capability of the 
gaseous argon to diffuse more readily from the site of the decay. 

An example of discordance which evidently is a result of metamorphism 
is given in Figure 1.17. The figure shows the apparent ages obtained from 
various minerals in a Precambrian crystalline rock about 1300 million years 
old in Colorado which was intruded by a large body of granite about 54 
million years ago. The difference in apparent age between two different 
radioactive systems in the same mineral is demonstrated by the discrepancies 
in the K-Ar and the Rb-Sr in the biotite: the former gives lower ages because 
the argon gas diffuses more readily from the mineral in the earth under the 
influence of temperature. Much more marked than the discordance between 
two radioactive systems in the same mineral is the discordance between 
different minerals. The erratic behavior of the feldspar in Figure 1.17 appears 
to be characteristic of feldspar in general. The higher apparent ages of the 
hornblende also appear to be characteristic of that mineral; it retains the 
daughter particles much better than other minerals. The curve for the biotite 
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Figure 1.17: Variation of apparent ages of minerals as a function of distance from an 
intrusive contact. From Tilton & Hart [398, p. 360]. 
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in the instance of the sample shown is also found to depend very much on the 
grain size. The rate of loss or a rate of diffusion of a daughter product is 
proportional to D/a®, where D is the diffusion coefficient (discussed briefly 
in the previous section), and a is the radius of the crystal grains. Thus a 
fine-grained specimen will suffer a greater loss than a coarse-grained specimen 
due to the greater ratio of surface area to volume. The biotite curves in the 
diagram were accounted for by a model in which the diffusive loss of a 
daughter product in a particular mineral was proportionate to D/a® and the 
temperature. The temperature at the contact was assumed to be about 500°C 
and, because of thermal conductivity, to drop off to about 350°C at 1000 ft 
and less than 250°C at 10,000 ft. An alternative explanation for the curves in 
Figure 1.17, which was ruled out in this particular instance, is increase of the 
parent element rather than loss of the daughter element. 

A complication that affects the rubidium/strontium method of dating is 
the fact that Sr®’ can occur nonradiogenically as well as radiogenically. The 
technique used to get around this difficulty is to take the ratio of Sr®” to Sr® 
obtained from rocks extremely rich in strontium and weak in rubidium, and 
then use in the calculations the assumption that the Sr®’ will be a combination 
of this ratio to the Sr®* plus the radiogenic decay. This ratio has been found 
in a wide variety of rocks to be approximately 0.700, so that from these 
considerations we should expect the Sr’? content of a radiogenic specimen 
to be 

Sr°” = 0.700 Sr** + Rb*(e7* — 1) 


Sr8? Rb*’ 
5:8 = 0.700 + S28 


The normal technique then is to plot the Sr8’/Sr®* ratio against the Rb§?/Sr% 
ratio. For different minerals in a rock of the same age we should expect that 
the plotted points would fit a straight line with a slope of exp (TA) — 1 and 
an intercept on the vertical axis of 0.700. If the rock underwent an intensive 
enough metamorphism that the Sr’ was redistributed within the rock, but 
the rock as a whole did not suffer any loss, then the slope of the line would 
indicate the time since the metamorphism, but the intercept on the Y-axis 
would be the Sr®7/Sr®* at the time of metamorphism—something higher than 
0.700. Of course in actuality many systems are much less perfect than the two 
extremes we have mentioned: first, that of the retention within the mineral 
of the strontium product; and second, that of the complete mixing of the 
strontium throughout a rock which remains a closed system. The intermediate 
imperfections of incomplete mixing and loss of Sr*’ from the rock occur more 
frequently. 

Metamorphism and diffusion also are the cause of discordances in uranium/ 
lead dating. Except for uraninite, it is unusual for the U?**-Pb?°® and the 


(er? = 1) (y3.>) 
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U?3>-Pb20” age values to agree within less than 10 percent. This sort of 
disagreement has occurred both within rocks that have been completely 
metamorphized and those that have been undisturbed by metamorphism, 
leading to the suggestion that it has another cause. The half-life of the 
U?35-Pb?°? decay is very small compared to the half-life of the U?**-Pb?0° 
decay. Hence if the Pb?°*/U25* ratio is plotted as ordinate against the Pb*°’/ 
U5 ratio as abscissa, the curve will be convex upward, because in younger 
rocks there has been a relatively large product of Pb®’ relative to the Pb?*. 
Now if a mineral of age 7, suffered a loss of lead by metamorphism at time 
T,, then the point obtained would be somewhere along the cord from 7, to 
T,, the location being determined by the fraction of the lead that was lost. 
In this manner the discordant ages for several rocks of different ages and 
different locations around the world were apparently explained by a meta- 
morphism at approximately 500 million years ago. The simultaneity of 
metamorphism for minerals of three continents of varying fractions seemed 
an implausible coincidence. Hence an alternative explanation was explored 
which assumed that the lead loss occurred by continuous diffusion rather than 
by a single metamorphism. This diffusion was again proportionate to the 
ratio D/a® and it was assumed that there was no diffusive loss of the parent 
uranium. The surfaces of the spheres were assumed to have zero lead concen- 
tration and, as in Section 1.2, the rate of diffusion was assumed to be 
proportional to the concentration gradient. The results of this calculation are 
shown by the diagram on the right in Figure 1.18. Since the calculated curve 
for the diffusion loss is linear over much of its length, it is apparent that the 
linear relationships of the points need not imply an episode of lead loss 600 
million years ago. Again, as with the other types of discordances, the 


0 5 10 iby 5 10 15 
Pb 207 1 235 Pb 207 71 235 


Figure 1.18: Ratios of Pb2°/U?88 and Pb?°7/U?55 under the assumptions of (1) perfect 
concordance, (2) instantaneous loss of lead by metamorphism, and (3) continuous loss of 
lead by diffusion. From Tilton & Hart [398, p. 363]. 
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explanation of actual discrepancies in dating by uranium/lead decay systems 
is intermediary between the extreme cases we have described here [398, 434]. 


The Geologic Time Scale 


The application of geochronology has been twofold. The first is to provide 
a more accurate time scale for the fossil record of geologic history. One 
reconstruction of this time scale, given in Table 1.11, extends back to the 
beginning of the Cambrian which is marked by the first identified inverte- 
brates, the olenellus. The rocks that are dated by geochronology do not 
coincide exactly of course with the boundaries between the geologic periods. 
A large part of the uncertainty in Table 1.11 is due to the uncertainty of 
interpolation between dated rocks. 

The second application of geochronology has been to extend the geological 
record back to much earlier times than was possible through fossil dating. 
There have now been found on all continents (except Antarctica) rocks as 
old as 2.5-2.7 AE (1 aeon (A) is 10° years), with the oldest rocks being 3.2 Z 
in South Africa and 3.5 A in Russia. Figure 1.19 is a map which gives the 
dominant ages of the crystalline rocks for the major regions of North 
America. Within the areas shown there are many instances of more limited 
intrusions of younger rocks appearing, but the general picture is that of the 
figure. It lends considerable support to the idea that the continent was 
created by accretion of new material around an original nucleus located in 
the general vicinity of Ontario. The ages found in geochronology also 
indicate a great variation in activity. A histogram of the distribution with 


TABLE 1.11: THE GEOLOGIC TIME SCALE 


Beginning of Period 


Era Period (108 yr) 
Cenozoic aa 1 
Tertiary 65 +2 
Cretaceous 135 +5 
Mesozoic Jurassic 190 +5 
Triassic 225 +5 
Permian 270 + 10 
Carboniferous 340 + 6 
Paleozoic Devonian 400 + 10 
Silurian 430 + 10 
Ordovician 500 + 15 
Cambrian 600 + 20 


EEE 
From Faul [464] and Kulp [233]. 
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Figure 1.19: Ages, in aeons, of geologic provinces deduced from geochronology. From 
Tilton & Hart [398. p. 364]. 


respect to time of radiogenic dates has marked peaks separated by periods of 
quiescence. The dominant peaks include 0.35 AZ, 1.00 2, 1.35 4, 1.6 A, and 
2.6 AE. Periods of general quiescence were from 0.5 to 0.9 2 and 2.0 to 
2.3 AE. The entire period from 1.0 to 1.8 4 is generally high [112, 398]. 

A recent application of great interest has been the matching of K*-Ar*° 
and Rb®’-Sr®? ages of locations on opposite coasts of the South Atlantic. 
Precambrian rocks of ages predominantly in two groups, around 0.55 and 
2.0 A, from Trinidad (lat. 10°N) to Salvador (lat. 13°S) on the South 
American coast are very similar in type and ages to rocks from Freetown 
(lat. 8°N) almost to the Congo River (lat. 5°S) on the African coast [561]. 


The Age of the Earth 


The maximum ages determined for terrestrial rocks of 3.2-3.5 AE constitute 
a lower bound on the age of the earth. For an upper bound on the age of the 
earth we have to consider the amount of radiogenic isotopes relative to 
nonradiogenic isotopes of the same elements. The most attractive possibility 
appears to be the uranium/lead system, since we have two isotopes which 
are of the same element for both the parent and the daughter product. Let 
us express amounts of these four isotopes as ratios to the amount of the 
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stable nonradiogenic isotope of lead Pb, 


Pb? 
*= ppm 
Pb20? 
B al Pb?04 


U 238 


ae Pb204 


U2 


Pb204 


(1.3.6) 


Let us suppose we have two rocks | and 2 with measured chemical 
contents (a1, (1, 1, %1) and (a, By, Mz, ¥2) respectively, and times of crystal- 
lization ¢, and f, (calculated positively back from the present) determined by 
the techniques described earlier in this section. Now if we assume: 


1. Changes in ratios of isotopes of the same element, «, 6, and u/v, occur 
only by radioactive decay. 

2. Both rocks | and 2 come from the same reservoir which had chemical 
content (%, Bo, Mo. %) at time r. 


Then, using equation (1.3.2), we can write four equations for a, By, a, Bs 
as a sum of: (a) the content at original time 7; (b) the amount accumulated 
before crystallization; and (c) the amount accumulated after crystallization: 


Oy = Oy + ooll — e 7 f)4208] 4 yz, (e 428841 — 1) 
By = Bo + voll — en ?298] 4. »,(e 72064 — 1) 
Oy = O%q + Moll — eo —2)4298] 4. 2,(e 72282 — 1) 
Bs = Bo + vo[1 — 7" *2)4285] 4+ y,(e%285¢2 — 1) 


(1.3.7) 


We can also write one equation for the ratio y/» as a function of Mo/¥%: 


He _ Mo €XP (~Aass7) (1.3.8) 
v Yq EXP (—Apgg57) 


There are thus five equations for the five unknowns %, Bo, fo, %, and rT. 
However, they can be satisfied for any 7 greater than both f, and f,, which 
emphasizes that the effective definition we must adopt for “age of the earth” 
is chemical separation from other material in the solar system. To apply the 
aforedescribed procedure, then, one of the rocks must be of extraterrestrial 
origin: that is, a meteorite. Applying the procedure with rock 1 being the 
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average of many terrestrial rocks and rock 2 being averages of different 
categories of meteorites has obtained 4.55 A for the time 7 since the earth 
and the meteorites had the same isotope ratios. This time is also close to the 
time ¢ since crystallization for many meteorites obtained by Rb*’-Sr*’ and 
Pb?°7/Pb? dating, or the time since gas retention by K*°-Ar® dating [425]. 


1.4 Geology: The Earth’s Surface Structure 


In this section we take up the principal surface features of the earth as well 
as some geological terminology and some of the geological deductions as to 
the behavior of the earth. It is impossible, of course, to summarize such a 
vast and diverse subject as geology in a brief section. Hence we shall attempt 
to emphasize only those features that pertain most strongly to the earth’s 
structure on a global scale and its evolution over the aeons. 


Structural Geology 


Before discussing the geologic activity of the earth’s crust we should define 
some of the terms and discuss the ideas of the subject of structural geology; 
in particular, the division thereof called geotectonics. Structural geology is 
primarily concerned with analyzing the deformation of sedimentary strata; 
the interdependence of stratigraphical and structural knowledge is greatly 
emphasized. On a global scale we are not particularly concerned about 
explaining the record that appears in the sedimentary strata; they have been 
the most important tool, however, for deducing geological history and, 
because of the systematic layering of sedimentation, they have furnished 
some of the most effective clues as to geological processes. Structural geology 
also has a considerable interaction with petrology in that the physical 
conditions that determine what sort of folding, upthrust, and other such 
activity which can take place will also be related to certain temperatures and 
pressures and will be reflected in the chemical composition and in the fabric 
of the rocks, as discussed in Section 1.1. 

Structural geology is concerned with two main categories of response of 
strata to forces. These are faulting and folding. Faulting is the actual breaking 
of strata and the motion of the rocks on one side of the break with respect to 
those on the other. Folding is the bending of strata. Since rocks may have 
varying degrees of plasticity as a consequence of temperature and pressure, 
there is no sharp line between faulting and folding. Faulting and folding 
occur as a consequence of the igneous activities—volcanism, upthrusting, 
etc.—on the one hand, and of the erosion and sedimentation on the other. 
The various ways in which these four phenomena interact and arrange 
themselves determine different types of characteristic geological structures: 
the relative orientation of certain features and their scale. 

There are three generally recognized types of faults which differ only in 
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the varying orientation of the three principal stresses in relation to the 
earth’s surface. They are normal (or tension) faults; thrust (or reverse) 
faults; and transcurrent (or wrench or strike slip) faults. Each of these faults 
is defined and depicted in Figure 1.20. 

The type of fault most commonly found is a thrust fault, which is the 
breaking of strata by horizontal stress, causing the layer on one side to 
override the layer on the other side of the fault. The normal faults are the 
simplest; they are believed to be due to the tension in the earth’s crust where 
the pulling apart in the crust causes a section to drop. Usually the normal 
faults tend to be much longer than wide. The simplest type of normal fault is 
called a graben (the German word for trench). Examples are the upper 
Rhine Valley and the rift zone of East Africa. A large graben is sometimes 
called a rift. 

Transcurrent, or wrench, faults are more complicated usually, since there 
is compressive stress involved which results in a good deal of cracking and 
shearing of rock. An example is the Great Glen of Scotland where the zone 
of cracking and shearing is 1} km wide. Also the horizontal displacement on 
the wrench fault can be considerable: on the Great Glen of Scotland it is a 
hundred kilometers, and on the Mendocino fault, which has been detected 
in the Pacific to the west of California, it is several hundred kilometers long. 
Probably the best known example of an active wrench fault is the San Andreas 
fault which starts just north of San Francisco and runs through San Francisco 
and down through California, turning inland just before it reaches Los 
Angeles. 

Unless it continues completely around the world, an ideal transcurrent 
fault which leaves the surface material unchanged is impossible. For real 
transcurrent faults of limited length to exist, material evidently must be added 
to the surface at one end and taken away at the other. A transcurrent fault 
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Figure 1.20: Types of faulting: (a) normal fault (section); (6) thrust fault (section); (c) 
transcurrent fault (plan). From De Sitter [92, p. 95]. 
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along which motion takes place without lengthening the fault—that is, the 
locations at which material is being added or taken away from the surface 
remain fixed—has been given the name transform fault. 

The folds, like faults, are generally much longer in one dimension than in 
the other; the long axis, called the strike, being normally at right angles to 
the direction of thrust. A fold that is concave upward is called a syncline ; 
convex, an anticline. Normally folding is quite complex, a typical folded 
mountain range being an irregular series of overlappings which are planed 
off, and hence obscured, by the process of erosion removing the tops of the 
anticlines. Sedimentation also plays a role in compounding the complexity 
of folding in that the synclines form a natural resting place for sediments. 
A syncline which has been enlarged and compounded by extensive deposited 
sediments is called a geosyncline. 

Igneous features associated with folding and faulting are: the si//, a thin 
horizontal intrusion; the dike, a thin vertical intrusion; and the batholith, 
a dome-shaped intrusion. Attempts to classify folding generally are associated 
with their apparent cause, for example: (1) folding in back of or in front of 
strata in response to a vertical block movement in the crust; or (2) a quasi- 
plastic flow possibly accompanied by some metamorphism in response to the 
intrusion of a magmatic sill or dike; or (3) some type of crumpling as a result 
of the influence of gravitational forces [27, 92]. 


Major Geological Features 


The major geological features of the earth are shown in Figure 1.21. The 
oldest geologic features on the earth are the continental shields, shown by 
the horizontal cross-hatching on the map. The ages of the shields are all 
more than 0.6 42, many of them more than 2.0 € in parts, as discussed in 
Section 1.3. The shields are characterized by rather basic rocks, the diorites 
and the gabbros in Table 1.2, considerably folded in the remote past but 
quiescent since the Precambrian. Moving outward from the continental 
shields toward the oceans, the rocks are successively younger and more 
acidic. Most of the blank areas are covered by sediments and show no sign 
of recent geological activity. Nearer to the margins of the continents are 
areas that are definitely mountainous and characterized by intensive up- 
thrusting and folding; these are shown by the diagonal cross-hatching on the 
diagram. The older of these areas, such as the Appalachian area, have ages 
of about 0.25 A. The younger of these areas, such as the Alps, Himalayas, 
Rockies, and Andes, have ages of only about 70 million years. 

If we consider the margin of the continent as the location of rapid decrease 
in elevation, rather than the water line, then there is an appreciable shallow- 
water continental margin. On the quiescent margins of continents other than 
Africa, this shelf is most extensive, in some places having wide marginal seas 
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Figure 1.22: Frequency of levels on the earth’s surface. From Wilson [442, p. 142]. 


such as the Gulf of Mexico or the Yellow Sea. On the active margins charac- 
terized by more recent activity the shelf is much narrower and it is often 
associated with deep trenches, the deepest parts of the ocean. 

The ocean proper is characterized by two main regions: (1) the ocean 
basins which have broad plains called the abyssal plains and occasional rises 
such as those associated with the island of Bermuda; and (2) the ocean 
ridges, or rises, which are complex structures several hundred kilometers 
across and running several thousand or even tens of thousands of kilometers 
in length, characterized by very uneven topography, high heat flow, and 
geological youthfulness. In fact, the entire ocean is geologically young. The 
rocks are youngest at the ridges. Moving away from the ridges toward the 
continents, the geological age becomes older, but at no place in the entire 
oceans of the earth have there been found any rocks which are as old as two 
hundred million years. The apparent steady spreading of the ocean floor 
away from the ridges has been most strongly evidenced in magnetic anomaly 
patterns, described in Section 3.3 [27, 92, 170, 275, 419, 557]. 

The distinct division of the earth’s surface into two main parts—the 
continents, including their submerged shelves, and the ocean basins—is 
emphasized by the histogram of elevations in Figure 1.22. 


Geologic Processes of the Continents 


The most evident geological process on the surface of the continents is 
that of the erosion and sedimentation. It is estimated that currently about 
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3 cm/1000 yr are eroded from the surface of the United States. If this rate of 
erosion had continued throughout the geological time since the Precambrian, 
it would have resulted in about fifteen times as much sediments as are believed 
to exist, unless there has been a great deal of recycling. In more recent time 
the activity has not been much less: the thickness of sediments found in the 
last 150 million years is about 1.2 cm/1000 yr. 

The other evident current crustal activities are earthquakes and volcanism, 
both of which are associated with two principal belts of activity. First, the 
circum-Pacific belt extends all the way from Antarctica and through 
the southern end of the Andes, the Rockies, around the northern end of the 
Pacific, and down through Japan and the East Indies, terminating in the 
vicinity of New Zealand. The other belt connects with the circum-Pacific belt 
in southeast Asia and extends across the north of India through Iran and on 
across the Mediterranean, terminating in the vicinity of Spain. The relative 
motions associated with earthquakes average at the most a few centimeters 
per year. At some places this is an accumulation of creep in small jerks, such 
as along certain sections of the San Andreas fault. In other places there may 
be abrupt changes of a couple of meters locally, as has occurred in recent 
years in Chile and Alaska. The geological evidences are that in the last 
60 x 10° years there have occurred horizontal displacements as great as 
500 km on land and 1400 km at sea. 

The general process of crustal deformation—folding, faulting, etc.—is 
called orogenesis. Orogenesis apparently occurs episodically. The normal 
state of the earth’s crust is believed to be quiescent. However, at certain 
periods and over certain limited areas, as at the present, there is an intensi- 
fication of orogenic activity for the duration of tens of millions of years. 
Those that have been identified in the geologic record are described as: (1) 
the Alpine, which had about eleven phases peaking 70 million years ago, 
located in the same areas, the Alps and the circum-Pacific belt, as the current 
activity ; (2) the Hercynian, which peaked about 250 million years ago around 
the margin of the present continents in Asia Minor, the Baltic area, Brazil, 
eastern Australia, and along some of the margins of the Canadian shield and, 
most familiar to Americans, the Appalachian area; (3) the Caledonian, which 
was about 350 million years ago, also around Asia Minor, Canada, and 
Australia; (4) the Huronian, which was 550 million years ago, in Canada. 
These periods are associated also with the maxima in the geochronological 
dating. That dating also indicates of course that there were periods of 
activity alternating with quiescence extending back 2.7 ©, almost as far as 
rocks have been dated. The earlier periods of activity are not well described, 
however, because of the lesser sediments existing at that time, the lack of 
fossils to date different strata, and the great amount of erosion and overlying 
of sediments which has taken place since these earlier periods. 

The rocks associated with orogeny have become progressively more acidic, 
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as if the chemical separations that are associated with the differentiation of 
rocks progressed as a consequence of continued working and reworking of 
much of the same material. In the most recent activity, such as that of the 
California mountain ranges, the very acidic granites predominate. 

A feature that tends to be a forerunner of much mountain-building activity 
is the geosyncline, an accumulation of sediments which have been severely 
folded. The thickness of the sediments in many geosynclines indicates that 
sinking is much more rapid than that solely caused by the sedimentation. 
Obviously, if only the weight of the sediment caused the crust to sink, then 
the sediments, being less dense than the underlying rocks, would soon fill 
up the basin. Consequently, there would be no more loading to cause further 
sinking. The geologic evidence also corroborates the fact of conservation of 
matter in that the sinking of an area of the crust associated with a geosyncline 
also is associated in an adjacent area with a rise that results in mountain 
building. The two have a common cause, but more complex than a direct 
cause-and-effect relationship on each other. 

As a geosyncline progresses it often has associated with it the formation 
of magma and the resulting igneous intrusions—batholiths, etc.—causing a 
complication of folding. Again we have a problem here in that it is not clear 
how the heat is created and concentrated to generate the magma: whether 
it is a consequence of mechanical factors, or the concentration of the radio- 
active materials in the granites associated with magma processes, or the 
insulating effect of the layers of the sediments of poor thermal conductivity. 
Often a geosynclinal basin is associated with two mountain ranges, one on 
each side, and in many places mountain ranges tend to be in pairs, two 
curving arcs of mountain ranges running parallel for several hundred 
kilometers; for example, California, with the Sierra Nevada and the coastal 
range and the intervening central valley. Often associated with the latest 
states of orogenic activity is the extrusion of lava in large beds on the land 
such as in the northwest United States and in the southwestern part of India. 

Two other types of areas we mention briefly are: (1) basins, areas that have 
sunk and become filled with sediments without undergoing any complex 
folding or faulting, such as the Los Angeles basin, the Michigan basin, or the 
Paris basin; and (2) blocks, relatively stable regions that have been uplifted, 
such as the Colorado plateau, which formerly was low lying under 14,000 
feet of sediments, and which in recent times has been uplifted directly 
without any great folding or faulting [27, 92, 112, 157]. 


The Oceans 


The geology of the oceans is distinct from that of the continents, as might 
be expected from the much thinner crust. Until recently they were regarded 
as being more quiescent. It is still true that earthquake activities generally are 
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associated with the continents or their margins. The oceans themselves, 
however, must have considerable extrusive activity, since the entire ocean 
floor is practically new. In addition, pronounced fractures have been detected 
by patterns in magnetic anomalies. 

The oceanic ridges, or rises, have been the object of the most intensive 
research in recent years. An oceanic ridge is characterized by a rise above the 
general level of the ocean floor of about 2000 meters; a width of 1000 km 
or more; earthquakes concentrated within 100 km of the center; little or no 
sediments on the crest; a high heat flow; and a rate of outward spreading of 
1 to 9 cm/yr from the center indicated by the pattern of magnetic anomalies 
(see Section 3.3). Oceanic ridges that have a low rate of spreading (less than 
2cm/yr) have sharp relief and a well-defined median valley, as shown in 
Figure 1.23. Oceanic ridges that have a high rate of spreading (such as the 
East Pacific Rise) are wider and smoother, and lack the median valley. In 
some ridges the rate of spread varies from one part to another, implying a 
rotation [419]. 

Virtually all ridges are segmented by transform faults, sometimes hundreds 
of kilometers long. Along these faults are earthquakes whose motions are 
strike-slip along the fault, consistent in a sense with spreading from the 
ridges. The earthquakes along the ridges themselves have normal faulting, 
with axes of maximum tension perpendicular to the strike of the ridge [384]. 

In a couple of places the ridge system runs into the land. In the northwest 
Indian Ocean, the ridge system splits at the Gulf of Aden, one branch 
merging with the rift valleys of East Africa and the other with the Red Sea. 
It has been suggested that the Red Sea is an incipient mid-oceanic ridge. In the 
East Pacific, the East Pacific Rise runs up the Gulf of California and inter- 
sects the San Andreas fault. The San Andreas fault also appears to intersect 
the Juan de Fuca Ridge off Washington and British Columbia, and thus may 
be a transform fault connecting the two ridges [443, 444]. 

The pattern of magnetic lineaments in some places has been traced a 
distance equivalent to 2 x 10° yr, or some thousands of kilometers. The 
notion of sea-floor spreading thus leads to the older idea of continental drift, 
which also has been indicated by paleomagnetic measurements on land. 
However, the interaction between ocean and continent is a considerably more 
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Figure 1.23: Cross section of Mid-Atlantic Ridge along 30°N latitude. Based on Heezen 
[170, p. 262]. 
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complex matter, both in the sense of the ocean floor pushing into the 
continent, as will be discussed, and in the sense of a continent being pushed 
over another ocean—as appears to be the case in western North America 
ReYAP 

Current spreading of the sea floor has recently been inferred from the 
direction of motion of earthquakes around most of the oceans. For example, 
earthquakes up the east side of the Pacific from Mexico to Alaska, across the 
Aleutians, and down the west side by Japan to the Tonga trench indicate that 
the entire Pacific floor is moving as one great plate northwesterly from the 
East Pacific Rise [569, 573, 574]. 

Difficulties of the sea-floor-spreading hypothesis are: (1) some irregularities 
in the magnetic anomalies along the ridge and, in places, diminution in 
intensity of the anomalies (see Section 3.3); and (2) a uniform steady floor 
of about upper Cretaceous (100-60 x 10% yr ago) age throughout the 
Atlantic Ocean, overlaid by relatively smooth sediments of 300-500 meters 
thickness except in the immediate vicinity of the ridge [116, 117]. 

Over most of the oceans, the rocks are quite basic, being predominantly 
olivine basalt. For example, in the Pacific, all islands other than coral islands 
consist of volcanic rocks. Volcanic rocks are not closely associated with the 
fractional lines of shear zones of the mid-ocean ridges except in the Atlantic. 

Islands also form in arcs along the edge of the continental shelf or parallel 
to it on the border between predominantly SiAl acidic and SiMa basic crusts. 
Island arcs are normally convex toward the ocean with deep ocean trenches 
on the convex side and a zone of volcanism on the inner side. The seismic 


Figure 1.24: Island-arc cross section. From De Sitter [92, p. 371]. 
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activity associated with an island arc is considerable, the foci of the earth- 
quakes being progressively deeper from the island toward the continent (see 
Figure 1.24). Island arcs are unique in having deep-focus earthquakes: that 
is, earthquakes with sources more than 300 km deep. The evident suggestion 
is that the island arcs are the location of a downbuckling of the sea-floor 
spread into the mantle, complementary to the upswelling under the ridges 
[92, 94, 383]. 


Summary 


This section has been largely descriptive; we have attempted to emphasize 
the main features of the earth’s surface in order to provide a context for the 
more physical measures we shall describe in the subsequent sections, as 
well as a statement of some of the problems the geophysical measurements 
might solve. For the moment we can summarize by emphasizing the three 
main areas of the continents: the shields, the plains, and the mountain- 
building margins; the transition zone of the continental shelf; and finally, in 
the oceans, the two dominant areas of the basins and the ocean ridges. In the 
matter of explanation, the most obvious source of energy is the cycle of 
erosion and sedimentation. It is also manifest that erosion and sedimentation 
are secondary phenomena; that there are associated with each other sinkings 
and upliftings from below the crust which are much more important, since 
they are necessary to enable the development of such features as geosynclines, 
mid-ocean ridges, and island arcs. Also not well understood because of the 
complex mechanics involved is the generation of horizontal forces which 
appear to be necessary to explain much of the folding on the continents and 
the sea-floor spreading of the oceans. 


PROBLEMS 


1.1. For each square centimeter of the earth’s surface, there are 278 kg of sea water. 
The average sodium content of sea water is 1.07 percent; of igneous rocks, 2.83 
percent; of sedimentary rocks, 1.00 percent. It is estimated that of the mass of 
igneous rock weathered away, 97 percent is deposited as sediments. Assuming that 
all the salt in the sea came from the weathering of igneous rocks, how much igneous 
rock has been weathered away and how much sedimentary rock has been deposited 
in geological time? 


1.2. In the phase diagram on page 58, to what principal series of minerals would 
you expect leucite to belong? How should the chemical formulae for leucite and 
forsterite be rewritten to emphasize that they are combinations of metallic oxides? 
What would be the approximate percent content and crystallizing temperature of a 
mixture at point X? What would be the first mineral to crystallize? What would be 
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the second mineral to crystallize, and at what temperature ? Describe the remaining 
course as the system cools. 


1.3. Would you expect potash (KAISi;0,) or soda (NaAISi;O) to have the higher 
melting temperature? Why? 


1.4. For the shock propagation problem described by Figure 1.11, write equations 
expressing conservation of matter, energy, and momentum in terms of the variables 
U, D, Vo, V, and P. (Which velocity should be used in writing the kinetic energy ? 
Across which interface should conservation of momentum be considered ?) Derive 
equations (1.2.1) and (1.2.2). 


1.5. Given the melting temperatures of iron in Figure 1.13, the densities of iron in 
Figure 1.16, and the zero-pressure compressibility (1/V 9) (dV/dP) of iron as 5.94 x 
10-18 cm?/dyne, calculate the melting temperature 7,,, at a pressure of 3.2 Mb under 
the assumption that it is linearly dependent on the specific volume. 


1.6. Given the following changes in specific volume AV, heat of transition Ag, and 
equilibrium pressures P at 298°K, predict (assuming constant dT/dP) the tempera- 
ture for the same phase transitions at 100 kb pressure: 


AV Aq P 
(cm3/mole) (cal/mole) (kb) 
Quartz — stishovite —8.7 — 1100.0 73.0 
Enstatite — forsterite + stishovite —2.65 —506.0 97.5 


1.7. The shearing strength of rocks is about 10° dynes/cm? at low temperatures. If 
the behavior under stress of a mountain 10 km in dimension is to be imitated in the 
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laboratory by a model 20cm in dimension, what should be the strength of the 
material of which the model is made? If it is believed that the rocks in the mountain 
were deformed at stresses approaching the shear strength at an effective viscosity of 
10'? dynes-sec/cm? over 10° yr, what should be the viscosity of the model material 
in order to carry out the experiment within one day? 


1.8. A mineral sample has a Pb?°*/U?*8 ratio of 0.292 and a Pb”°7/U2** ratio of 5.98. 
What is the lifetime of the sample deduced from each ratio? If there is evidence of a 
metamorphism 0.5 AZ ago, what is the lifetime of the sample deduced, assuming 
that the same proportion of each isotope was lost? What is this proportion? What 
further information is required to deduce whether the ratios were altered by con- 
tinuous diffusion ? 


1.9. A rock sample contains 10 percent mineral A and 20 percent mineral B with 
rubidium and strontium ratios: 
Sroare Rb87/Sr8@ 
10%A 0.795 5.0 
20% B 0.765 2.0 


Assuming a metamorphism has occurred with complete mixing but no loss of the 
Sr8’, what are the ages deduced for the original formation and the metamorphism 
of the rock? 


1.10. Derive equation (1.3.3) for the age derived from the potassium-argon ratio 
K?°/A*°, taking into account the two decays K*° -> A?° and K*° — Ca? with decay 
constants 4, and 4, respectively. 
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The geological evolution of North America is reviewed by Enge/ [112] and Hamilton 
& Meyers (157]; see also Taylor [505] on continental growth. Papers pertaining to 
the geologic evolution of the oceans are Vine [419], Wilson [443, 444], Dietz [94], 
Heezen [170], Hess [173], Sykes [383, 384], Ewing et al. [116, 117], Talwani et al. 
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Morgan [574]. The subject is also discussed in the book by Menard [275] and in the 
symposia volumes edited by Runcorn [349] and Blackett et al. [35]. 


Chapter 2 


MECHANICAL AND THERMAL ASPECTS 
OF A PLANETARY INTERIOR 


To determine the state of the earth deeper than geological evidence can 
show and hence to arrive at a more fundamental understanding of the 
evolution and condition of the earth, we must resort to indirect measure- 
ments of the various force fields and energy flows such as the gravity field, 
the elastic waves set up by disturbances in the solid earth, the flow of heat, 
and the magnetic field. Also to understand some of the surface evidences we 
need to understand the fields that cause certain surface effects. 


2.1 Gravity and the Figure of a Planet 


The simplest of these fields is gravity: the combination of the gravitational 
attraction that arises from the mass distributed in the planet and the centrif- 
ugal acceleration that arises from its rotation. The acceleration of gravity 
can be determined absolutely by such methods as measuring the time it 
takes an object to fall a specified distance, or by measuring the period of 
swing of a pendulum. As with many types of measurements, however, it is 
much easier to measure very small variations of the total quantity than to 
measure the absolute value, and for the purposes of explaining geological or 
geophysical irregularities at the earth’s surface we would expect that vari- 
ations in the gravity field would be of most interest. These variations have 
been measured over quite extensive areas by pendulums and, in recent 
decades, by delicate spring balances that measure the change in gravity from 
place to place by the change in the pull on a constant mass as registered by 
the change in tension on a spring which is supporting that mass. 


Spherical Harmonics 


Before discussing the implications of these variations in the gravitational 
field as to the state of the earth’s interior and its history, it 1s necessary to 
construct a model of a planet. Most planets are quite nearly spherical, which 
is the shape we would expect that a mass of fluid not rotating would take 
under the force of gravitational attraction; the parts of the fluid would try to 
get as close together as possible, which would be obtained by a spherical 
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form. The effect of rotation would be to cause the equator to bulge out, we 
would expect, from the effect of centrifugal acceleration. However, the 
earth’s centrifugal force effect is still quite small compared to that of the 
central effect which tends to make the planet spherical. We would expect 
that the shape of the boundary involved, the sphere, would have considerable 
influence on the type of mathematical treatment that is most effective. The 
functions that are most convenient in the case of the earth are known as 
spherical harmonics. They apply to the mathematical treatment not only of 
gravity, but also of seismic waves, heat transfer, and the magnetic field ona 
global scale. Hence it is worthwhile to go into some detail as to the form and 
the manner of derivation of spherical harmonics. Scalar spherical harmonics 
are most conveniently derived as solutions to Newton’s law. Newton’s law 
gives the force of attraction between two point bodies of masses m, M: 
F = G(mM/r*), where G is the gravitational constant (6.67 x 10-8 
cm? gm~! sec”*) and r is the intervening distance. The corresponding vector 
a for the acceleration of m with respect to M can be expressed as the gradient 
of a scalar V:a = VV, V = GM/r where V denotes the gradient. Then 


r 


V-VV =V°V =GM> lee al = 0 (2.1.1) 
g ae 


Equation (2.1.1) is known as the Laplace equation; it can be regarded as an 
alternate form of Newton’s law. To derive the spherical harmonics, substitute 


Zz cos g cos A 
y) =r(cos gsind 
z sin w 


where 7, @, A are radius, latitude, and longitude respectively. Then 


a ae + l 5, (c0s ro) l J pass) O12) 
or\ Or cos g Op Op cos* gy 0A? 
It would be convenient if the potential V had the form 

V = R(r)O(g)A(A) (2.1.3) 


The justification for the assumption of (2.1.3) is the post hoc one that it 
works. 
Substitute (2.1.3) in (2.1.2) and divide by RDA: 


dr 


1d ( ae 1 d d® 1 d*A 
——(r?— cos py —}) + ———_ - 
Rdr ( a Acos*g di? 


The variable r has been isolated in the first term. Hence this term must be a 


® cos pd 
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constant. Express this constant as /(/ + 1) (which is > —3; the reason for 
this limitation appears later): 


2 
ek 4 5, aR —Ki+1)R=0 1S) 
dr dr 


R must be a power of r to satisfy (2.1.5): 
Re = Ar + Bri (2.1.6) 


where A and B are constants of integration. Substitute /(/ + 1) for the first 
term in (2.1.4) and multiply the equation by cos? 9: 


d d®\ 1 dA 
eer PS faa tae 2.1.7 
ae be oT TT Ga) 


Now the 4 term is isolated. Express its constant value as —m?, so that 


he (eel (2.1.8) 
cos 
Substitute the —m? for the A term and multiply by ®/cos? »: 
2 
: al" 7 ) i [i Fee | =0 (21.9) 
cos pd dg cos" @ 
Or, substituting y for sin 9, 
2 
el LAF) a rn fi reg) je =o (2.1.10) 
du du l—p 


This equation must have originally taken some time to solve; the answer 
comes if we substitute (1 — w?)”/?»(u) for ®: 


» dy dy 
GQ —@)—, - 2m4+ De—+0—mi+mt+ iv=0 2.1.11) 
du du 
Then if we assume v to be a power series, 
v= > ait Ci) 
k=0 


we get a recurrence relationship for the coefficients: 


kim tf) — (a om + 1) 
(k + 1)(k + 2) 
Setting the numerator equal to zero yields a maximum for k: 
Kmax = 1 —m (2.1.14) 


(1113) 
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So we can substitute / — m — 2t for k, to get as the coefficient of sin* py: 


(l— m — 2t + 1)(l — m — 2t + 2) 
le = > ae =a saa Tim(t—-1) 
21(21 + 2t + 1) 


(1) Ol = 2)! 


= (2.1.15) 
2'4h1 — pl — m — 21)! 
using the customary definition of Tn. And finally for ®: 
[(l—m)/2] 
® = P,,,(sing)=cos™@ > Tim,sin’ "op (2.1.16) 
t=0 


where [(/ — m)/2] is the integer part of (J — m)/2, known as a Legendre 
function. The full spherical harmonic expression of a function V(r, p, A) 
obeying Laplace’s equation (2.1.1) or (2.1.2) is then a linear combination of 
solutions ROA from (2.1.6, 8, 16): 


(ee) l U 
yes Sy (") P,, Gift @)(C,,.100s raae+ S.,, stmmmady (21117) 
=0\r 


in which M is the total mass of the planet, C,,, and S,,, are constants of 
integration, and R is the radius of the planet, introduced so that C,,,., Sim 
will be dimensionless. It is customary to take the origin of coordinates as the 
center of mass, in which case the terms for / = | disappear. Also using M as 
the multiplier makes Cy» equal to 1 (see problem 2.1) [71, 206, 221, 260, 385]. 

The part of the spherical harmonic dependent on 9, A, called a surface 
spherical harmonic Y,,,(y, 4), may be used to represent the variation of any 
function over a sphere, regardless of whether it is a solution of Laplace’s 
equation. In this respect, spherical harmonics represent a variation on a 
sphere analogous to the representation of a variation in time by Fourier 
series. As can be deduced from equations (2.1.8) and (2.1.16), a spherical 
harmonic has 2m zeroes in the 360 degrees around a parallel of latitude, and 
| — m zeroes in the 180 degrees along a meridian. So we can draw pictures of 
their variation over a sphere, as shown in Figure 2.1. 


VSEeeg 


nei Im = <a = 


mies 2.1: Spherical harmonics. 
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Problems of Planetary Gravity 


To study the shape and external gravitational field of a slowly rotating 
planet (“‘slowly” meaning the centrifugal acceleration of rotation is small 
compared to the centripetal acceleration of gravitational attraction), there 
are three principal problems we wish to solve: 


1. The external gravitational field corresponding to a given distribution 
of mass. 

2. The shape of an equipotential surface, bounding all masses, corre- 
sponding to a given potential of gravity (“‘gravity” means gravitation plus 
rotation). 

3. The shape of a rotating fluid of a given concentric density distribution. 


From an observed gravitational field and rate of rotation, we can calculate 
the shape of the bounding equipotential from the solution of problem 2, but 
we are still left with a range of possible density distributions, according to 
the solution of problem 1. We therefore must introduce further assumptions 
pertaining to the density distribution. The simplest assumption is that the 
planet is a perfect fluid, which in turn requires that equipotential surfaces 
are surfaces of constant density. The shape of an equipotential still, however, 
will be affected by the radial density distribution. Hence a solution of problem 
3 will furnish a model to compare to the shape obtained from a solution of 
2 based on observations that will be a measure of the departure of the planet 
from a fluid state. 

The solutions of these problems will be in spherical harmonics as much as 
possible to develop facility for their application to other problems. 


External Gravitational Field Corresponding to a Given 
Distribution of Mass 


The variations in density of a nearly spherical planet can be expressed by 
variations over a series of concentric spherical shells. At any point r, p, A 
inside the planet we can express the density p as 


p= polt) + 2d Pimilt)¥imi Ps 4) (2.1.18) 
where p,(r) is the mean density for radius r, and Y,,,,(p, 4) is a surface 
spherical harmonic: 

Yin = Pim(sin y) cos mA, Yime = P,,,(sin gy) sin ma 


In a spherical shell of thickness dr the volume density p can be considered 
as replaced by a surface density o: 


p(r) dr = o(r) = o,(r) + > Fimil?) Yomi 
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Figure 2,2 


If the potential is desired at point P, of coordinates r, 9, A, the contri- 
bution due to the surface density o will be: 


T= c| S 4s (2.1.19) 


phere q 


where q is the distance from a point on the sphere to P, and dS is an element 
of surface area on the sphere. Let the angular coordinates be expressed as 
distance y and azimuth « from the axis OP, as shown in Figure 2.2. Then 
in (2.1.19) we can make the replacements 


dS = R*sin p dy da (2.1.20) 
= > Ormi timid Ys ©) (2.1.21) 
Lani 


where Y,; are surface spherical harmonics, and 


= (7° + RY 2rR eos yl = 7 SY Pylcos (S122) 
2 


T n=0 


QQ le 


where P,,(cos p) is the Legendre polynomial, P,,9(cos y) (see problem 2.2). 
Then 


Ge, . 
T =f R [ |2 on 2) | [> P) (cose) fel | singe ci 
ip sphere l,m n r 
G 2 /R\ 
= RO, Se Mie 
r Po ae) ae Ce 


using the orthogonality of the zonal harmonics to other harmonics and the 
formula for {1 , [P,(x)]? dx (see problem 2.3). Then apply the addition theorem 
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(problem 2.4) to both surface density and potential: 
Pio(cos y) = P,(sin p)P - Pa) 
Ci): 
clere m(SID @7)Pym(Sin Y,) 
ae (+ ay Pip(Sin p)P, PY 
x [cos mAy cos mA, + sin mA; sin mA,] (2.1.24) 


where the subscript T denotes the location of potential T and the subscript o 
denotes the location of surface density o. We get: 


ie 

T(r; 9, ISAOR > 4 Tint ye), r>R (2.1.25) 
Lmi\r 2i+1 

Replacing (2.1.22) by an expansion for 1/q appropriate to r < R, we get for 

a point inside the sphere R: 


U 
T(r, p, A) = 40GR > lhe os Vids): r<R_ (2.1.26) 
U,m,i DY + 1 
Thus for the total gravitational potential external to the body we have, 
replacing o by p dR, 


v= an PAR) 4 RAR 
q 


GM  4nG 1 : 
a eS are tlie D[RoimdR (24.27) 
: y ee Qha Dr me i 


_ GM | +3 aE s Pin Qs A{Cim COS MA + Soy Sin mi} (2.1.28) 


Sim} Ma'(21 + 1) Jo 
where M is the mass and a is the radius of the planet. 

If the center of mass of the planet is taken as the origin of the coordinates, 
then the / = 1 terms in (2.1.27) and (2.1.28) drop out. 

The / = 2 terms are of interest in relation to the moments of inertia, which 
are important in connection with the response of the planet to torques. 
Taking x, y-axes in the equatorial plane and the z-axis as the rotation axis, 
define 


Vie if a(x? + “dr | py? + 2) dr| 
2 vol vol 


={ pr*[4 cos p + sin® y]r’ cos y dy da dr (2.1.30) 
vol 


G ={ p(x? + y”) dr =| pr’ cos” pr’ cos y dy dA dr 
vol vol 
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Substitute the expression for p from equation (2.1.18), 1 — sin® » for cos? @, 
and (#P2) + 4) for sin? g, and get 


wan fs: 4 
A ={ Ee polr) + 7 pas |r dr 


(2.1.31) 
c=[ & por) — 15 1g Po | dr 
Comparing (2.1.29) and (2.1.31), 
A-—C 
Coo = ree = —Js 132) 


a more conventional notation [199]. 


Shape of the Equipotential Corresponding to a Given Potential 


The centrifugal acceleration being w*s for a rate of rotation w at distance 
s from the axis (see Figure 2.3), the acceleration 
due to rotation can be expressed as the gradient of a 


cb potential: 
Yon U,o, = 4o*s* = 4r*2w? cos? gp = 4w?r?[1 — Poo(sin —)] 


yS (2.1.33) 


Hence we can express the shape of the bounding 
equipotential for a planet with only radial variation 
of density as: 


Figure 2.3 i — ro( aul + 0(f*) (2.1.34) 


In (2.1.34), rp is the mean radius and fis the flattening: 
a—b 


f= 


where a is the equatorial radius, and 6 is the polar radius. Define the total 
potential U as 
GM 
u = M1 — (2) Pn + OC) | +587 A — Py) 2.1.36) 
a 


i? 


(2.1.35) 


where g, is the mean acceleration of gravity at the equator and the dimension- 
less ratio m is: 


O16 
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Substitute ro"[1 — (2n/3)fPo) + O(f?)] for r” in (2.1.35), and rewrite it 
separating the zero-order, Pz), and higher-order terms: 


U=U,+ U.+ U, 
GM 1 2 
= oa eae = ea 1,(*)) + Ee Pag 
3 r 3a 


ith 5a Yo 0 
GM 
+ ae Of’) (2.1.38) 
0 


If the surface is an equipotential, then U, must be zero, and hence the coeffi- 
cient of Poo in (2.1.38) must be zero. This gives us one equation for fand ro; 
the other equation comes from the requirement that g, is the negative of the 
gradient of U at the equator: 


2 

cM E af 12(*) | + Se" 2 = 0 (2.1.39) 
ie re 3a 
GM 
2 [1 + 2J. + O(f*)] — gm = g, (2.1.40) 
Whence 

2 
ee 2.1.41 
Jy= 4/0 —4f) — dal — 3m - 7) ae 


GM = a°g,[1 — f + $m — Limf] 

For the earth, observations obtain that J, is 0.00108265, m is 1/288.37, 
and fis 1/298.25. Other terms C,,,, S;,, in the exterior potential (2.1.28) are of 
an order-of-magnitude 10-®; hence to analyze observations the order f? 
terms in (2.1.41) are required. Then, for the variations C,,,, S,m in the 
exterior potential a linear treatment suffices. 

Let N denote the geoid height, the small displacement of the actual equi- 
potential from the ellipsoid expressed by (2.1.41). Then for the potential: 


U = const = V(r + N) 


at wv 
or or 
= V(r) — gN (2.1.42) 
gN=V-—U 
and 
oe 
& 


ace (2.1.43) 
g 
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For a reference figure of radius r,, the measurable quantity is g(r, + N), 
but the calculable quantity with which to compare it is y(r,), the negative of 
the derivative of U normal to the reference figure. Hence it has become 
convention to express the variations of the external gravitational field as the 
“gravity anomaly” Ag: 


Ag= £0; ate N) can v(r.); 


OV [ou 
- E lee 2 E in 


GHB oU 0°U oU 
=| 2a ON nes 
E Nhe an? |+ a 


(2.1.44) 


I 
| 
| 
= 


where 0/0n denotes a normal derivative, negligibly different from 0/dr for a 
linear approximation. Substituting —dU/dr, or GM/r?, for y, we get —2y/r 
for dy/Ar, whence 


a me _ 2% x 
on r 
eS (2.1.45) 
on r 


Hence if we have a harmonic expression of the disturbing potential T 
given by the coefficients C,,,, S,, of equation (2.1.29), the corresponding 
coefficients A,,,, By, of the gravity anomaly Ag will be [171, 199]: 


Aim 
Bun 


Cum 


| a0 = De (2.1.46) 


lim 
Figure of Equilibrium of a Rotating Fluid 
In the element of matter of mass p dr da, we have a radial force due to 


gravity p dr da dV/dr balanced by the change in surface force p da across the 
element, as shown in Figure 2.4. 


pda—(p+dp)da= —p dr da 


i 
Dividing through by the elemental volume dr da, we get: 


av _dp 


= 0 PIN GN 
: dr dr ( 0 
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“| direction p= Pressure 
it r = Radial coordinate 
da = Area of mass element 


(p + [ da 


Figure 2.4: Element of matter inside a slowly rotating fluid mass. 


Hence surfaces of constant potential V are surfaces of constant density; 
and if V has a variation due to rotation as in (2.1.33) then any internal surface 
of mean radius r, will have a variation in shape expressible by an equation 
like (2.1.34): 

r=Pry,[1 + a(r1)Pop] (2.1.48) 


Assuming p to vary radially, the potential V(r,) on the surface of mean 
radius r, will be a combination of: (1) the potential from matter inside the 
shell r,; (2) the potential from matter outside the shell r,; and (3) the rota- 
tional potential, from (2.1.33). The potential (1) can be considered as the 
integral of potentials dV’ which are the differentials between successive 
potentials V;’ in turn the sum of the potential due to a uniform sphere of 
mass 47rp(a’)a’?/3 and a layer of density «,(a’)p(a’)Po9; using (2.1.25): 


, 3a 
Vy! = 4nGo(a’ ie + 2S aPa 


A similar formula applies for the potentials (2) due to shells external to r,, 
using (2.1.26). Then for V(r): 


eG ae soca 
V = $nG — da’ 
an [ ie Ca’ ( r Sore 


+ 47G toe ee Ga 2 P..) da’ + doin (1 — Pa) (2.1.49) 
Ty 


Let the mean density inside the shell r; be po: 


T1 
Po = all pa’ da’ (2.1.50) 
r° Jo 
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Replace 1/r in the first term of (2.1.49) by (1 — a Poo)/r, and r? and 1/r? 
by r,? and 1/r,°: 


tna = 223| 3p'a” da’ 
0 


ry 
a Pal — ar Pp ‘d(a’og) + ry af p’ da, || + 4w?r?(1 — Poo) 
Ti T1 


= function ofr, (2.1.51) 


The coefficient of Py) must vanish on a surface of constant potential: 


swears 
eee | pa da'+=— alee a ’ daa el ‘do | EE = 
ihe 5 r.° p’ d( 2) 1] P 4% 4nG 
(2.1.52) 


Multiply by r,, differentiate, and drop the 1 subscript on r, since the 
distinction between r and r, is no longer important. Simplifying, 


24 
“(= aR 2ras) [a ada’ +r a a ae 6 (2.1.53) 
r 


da’ 167G 
Divide by r4, differentiate again, and use (2.1.50): 
a(S “3 = gee = + = =0 (2.1.54) 
dr® r dr r 


called Clairaut’s equation. One hundred and forty-two years after it was 
written a solution was found by making the substitution 


dl 
cs Cae (2.1.55) 


Substituting in (2.1.54), 


d 6 
dr Po 
From (2.1.50) 
ies 1 
Pe oy re ee (2.1.57) 
3 dr Po 3 po dr 
whence 
an 
rea ++ 250 +9) =0 (2.1.58) 


To eliminate ate use: 


1 dpy , 5 1 oad 
=( r/1 +7) = por /1 + E Saag 7a 2.1.59 
Po Po Vi +7 | aay + Cee ( ) 
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from which (2.1.58) becomes 


d eres 
“(oor VT +7) = Spor*y(n) (2.1.60) 
where 


1 + 4 — vor? 


Vi+4 
called Radau’s equation. 

The reason for all this manipulation is that for any reasonable variation of 
density, y varies less than 0.0008 from 1. Hence (2.1.60) can be integrated 
assuming y constant. From (2.1.31) at the surface to the first order, on 
integrating by parts 


yy) = (2.1.61) 


C= =| p(r)r* dr 
3 Jo 


a 
= al (3r'r +r° E) dr 
0 


dr 
= | pa(aa’ - 2| ee ar | (2.1.62) 
0 
From (2.1.60-62), 
——— WS) 7 C 
1 a 2.1.63 
JIFM@ = 7 B a (2.1.63) 


From (2.1.53, 55), using (2.1.34, 36, 41, 50): 
_ a (das 
(a) a Xo i: Me 

Sa” 


- ANG pore 


=) (2.1.64) 


Hence a fluid planet of mass M, moment of inertia C, radius a, and rotation 
w, will have a shape expressed by the flattening [199] 


2 
a =m E ip i. es are (2.1.65) 


As in the relationships (2.1.41), a full treatment requires O(f?) terms in 
(2.1.65). 
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Parameters of the Earth’s Gravity Field 


One quantity that cannot be obtained from measurements of gravity at 
the earth’s surface is the earth’s moment of inertia, as defined by (2.1.30), 
which is needed as a control on the radial variation of density. We can 
obtain the difference of moments C — A from Jz, as given by (2.1.32). To 
obtain the moment itself, C or A, of a planet requires a measurement of its 
response to a torque. The only thing that can exert a great enough attraction 
to exercise a perceptible torque on a planet is another celestial body, as 
discussed in Section 4.3. The precession of the earth’s axis due to the torques 
exercised by the moon and sun yields a measure of (C — A)/C of 0.0032732. 
Using this value with the value of J, obtains: 


C = 0.33076Ma? (2.1.66) 
Other important geodetic quantities are 
a = 6378150 meters 


2.1.67 
GM = 3.98601 x 104 m?/sec~? east) 


The order of magnitude of the irregularities Ag in the gravitational field 
defined by (2.1.45) is +0.035 cm/sec? (rms); hence the unit of acceleration 
commonly used in geodesy is the milligal, equal to 0.001 cm/sec?. The order 
of magnitude of the geoid height variations N defined by (2.1.43) is +33 m 
(rms). 

A representation of the variations in the earth’s gravitational field in the 
form of geoid heights N is given in Figure 2.5. As is evident from the figure 
the correlation of the broad variations in the gravitational field with the 
topography is virtually zero. However, shorter wavelength variations, that 
which would be represented by harmonics of the fifth or higher degrce in the 
potential expression (2.1.17) of Section 2.1, do have some positive correlation. 
The variations of the gravitational field also are smaller, by a factor of about 
four, than would exist if the topography were a rigidly supported surface 
layer on a homogeneous sphere. In other words, the phenomenon of 
isostasy—the compensation of the topographic excesses on the surface by 
deficiencies at depth and, conversely, deficiencies at the surface by excesses 
at depth—prevails. Statistical best fits of the depth of this compensation to 
the regional variations of gravity yield a most probable compensation depth 
around 35 km—that is, close to the bottom of the crust under the continents. 
However, for the long wavelength variations that predominate in Figure 2.5 
there is a significant residual that indicates irregularities in density in the 
upper mantle. To discuss these irregularities meaningfully, we must take into 
account the mechanical properties of the mantle, which in turn depend on its 
thermal state—the subjects of Sections 2.24 [127, 171, 199, 207]. 
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TABLE 2.1: NORMALIZED SPHERICAL HARMONIC 
COEFFICIENTS OF THE EARTH’S GRAVITATIONAL 


POTENTIAL 
Degree Order Ga Sia 

l m 10;° ig 
Z 0 —484.17 

2 22 2.42 —1.36 
3 0 0.97 

3 1 1.79 0.18 
3 2 0.78 —0.75 
3 3 0.57 1.42 
4 0 0.54 

4 1 —0.56 —0.46 
4 2 0.30 0.60 
4 3 0.92 —0.19 
4 4 —0.06 0.32 
5 0 0.04 

5 1 0.00 —0.02 
5 p 0.44 —0.28 
5 3 —0.31 0.03 
5 4 0.02 0.11 
5 5 0.10 —0.49 
6 0 —0.18 

6 1 —0.10 0.10 
6 2, —0.01 —0.28 
6 3 0.09 0.04 
6 4 —0.19 —0.43 
6 5) —0.17 —0.60 
6 6 —0.05 —0.26 


From Kaula [207]. 


Table 2.1 is a listing of the leading spherical harmonic coefficients C,,,, 
sim of the potential corresponding to Figure 2.5. These coefficients differ in 
magnitude from the C,,,, Sim in (2.1.17) because they pertain to functions 
Yong Which have been normalized: 


[Yimil do = 4ar (2.1.68) 
unit sphere 
Normalization is generally applied in data analysis so that significant 


differences in magnitude of coefficients are more readily perceived. The 
normalized coefficients of the earth’s gravitational field up to about degree 


SEISMIC WAVES VY 


1 = 15 conform rather closely to the empirical law: 


1 
214+ 1 


1972° 
i’ 


> (Com? + Stn?) (2.1.69) 


2.2 Seismic Waves 


Any solid with the cohesiveness demonstrated by the material of the earth 
responds elastically to variations in forces on the material that are small 
enough and of short enough duration. In other words, it suffers a defor- 
mation that is proportional to the force, which is the same as saying that if 
the force is small enough regardless of its nature, the effect of the resulting 
deformation can be truncated in the first term of a Taylor series. Furthermore, 
when the force is removed it resumes its original state, so that we can set up 
a law that the strain or measure of deformation is proportional to the stress, 
the force per unit area. 

Within the earth, transient forces are exercised by earthquakes which may 
contain as much as 10” or 106 ergs energy. Such shocks can cause the 
propagation of forces through the earth sufficient to cause displacements on 
the order of tenths of a millimeter. These displacements can be measured and 
their character used to determine something of the properties of the earth 
through which the shock wave from the earthquake traveled. Hence the 
circumstance of earthquakes can be used to determine a great deal about the 
state of the interior of the earth. This indeed is the manner in which earth- 
quakes have been principally used. We have a much better notion of certain 
properties of the interior of the earth as a whole as a consequence of earth- 
quakes than we do of the mechanism of the earthquakes themselves, which 
are being used mainly as a source of energy to deform the earth sufficiently to 
measure its properties of response to these forces. Before discussing the 
seismic waves in the planet we should review the elements of the theory of 
elasticity starting with the stresses imposed on an elemental cube of matter. 


Theory of Elasticity 


The stresses against (i = j) and along (i ¥ /) the faces of an elemental cube 
of dimensions 6z,, 6x2, dx, can be represented as in Figure 2.6. The stress on 
the opposing face to a component p;, will be p;; + dp,;. Then the net force 
in the 1 direction on the cube will be: 


F, = dpy 6x2 6x3 + dpyz 6%, 6x3 + dpys3 Ox, 6X, 


OD;; 
F,; = iP) 
0 


Ox; 0%, 02; k = j(mod 3) + 1, 1] = k(mod 3) + 1 


j 


summing over the repeated subscript. 
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Figure 2.6: Forces on an elemental cube. 


Per unit volume, this force will be: 


F, = OPis 
‘On. 


3 


The equation F = ma applies to the elemental cube; adding the body forces 
as in (2.1.2), 
OD; OV 
+ — 
Cas : Ox; 
where p is density and V is the gravitational potential. 
The strain is defined by: 


pi; = C221) 


Ou; 
du; = a dx; = (e;; — &,;) dx, 
Ox, 
where du, is the deformation, a displacement from a reference state, and 
1/du; _ Ou, 
é,=-(—+— Dk 
; shee a =) C22) 
1/ou,; ou, 
Eee a 


The quantity €,, is one-half the curl of u,; it expresses purely rotation. 
Strain, constituting distortion of the material, is expressed entirely by e,,. 
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The assumption of elasticity is that stress is proportionate to strain. If we 
assume the material to be isotropic in its properties, we can write: 
Dis = Aey, + Bes; + ex) + Ce, + D(Cui + &3) 
Pix = Bey; + F(C53 + Cy) + Gey, + HQ; + &5) 
If the coordinate axes are taken as the principal axes—axes of maximum 
and minimum strain—the off diagonal components (i ¥ j) of the stress 


matrix will be zero. Rotating 90 degrees in turn about each of the coordinate 
axes and considering the change in representation of the stresses yields: 


C=D=F=H=0, A—B=G 


(2.2.4) 


The two nonzero parameters remaining are conventionally defined as: 


A=B=k — 2u (2.2.5) 
and 
p= }(A — B) = 4G (2.2.6) 


known as Lamé’s constants. k is the bulk modulus, expressing resistance to 
compression, and yw is the rigidity, expressing resistance to shear. In the earth 
A ~ pw, hence 

k wu (22.7) 


The expression of the stress tensor p,,; becomes 
Pig = Aly 0:5 + 2meyy = AAG,;; + Qpe;; (2.2.8) 


where 6;; is the Kronecker delta: 


and A is the dilatation, X, 0u,/dx;, and 


Cue = 2 Cn 

Then (2.2.1) becomes: 
oA OV 
i; = (A + pw) —— + eV"; + pa 22.9 
The energy stored is force times displacement; for elastic deformation, 
Piz de;; = dW 

whence 

Pis i (2.2.10) 


0e;; 
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Integrating, 
2W = Csi; 


= kA? + Qu(e, — 4A%) (2.2.11) 


The mechanical propagation of energy through a solid planet has the form 
of waves in an elastic medium: that is, points in the body undergo a displace- 
ment from a reference state expressed by a vector u, (i, Up, U3) in accordance 
with the equations of motion [58, 199, 385]: 


pu; = (A+ pw) os +uV7u; + p a (2212; 
Ox; Gz. 


Body Waves 


Neglecting the gravitational term OV/dx,; in (2.2.12), we can obtain 
solutions to (2.2.12) without further specification of the problem. Taking the 
divergence (i.e., differentiating with respect to x, and summing over /) we get: 


pA = (A+ 2u) V2A (243) 


Taking the curl (i.e., the operation 0/dx; — 0/0x,) we get: 
a 
Poa curl (u;) = yw V? curl (u,) (2.2.14) 


Equations (2.2.13) and (2.2.14) are both forms of the wave equation [260] 
ye vy (2222555) 


If it is assumed that the wave is propagating only in the 2, direction (i.e., a 
wave front parallel to the x,73 plane), a solution to (2.2.15) is: 


y = f(x, + ct) + g(a, — ct) (2.2.16) 


that is, the wave moves with velocity c. The direction «, is arbitrary and we 
should expect the plane wave to approximate the actual motion in any case 
where the displacement u is small compared to the radius of curvature of the 
wave front. Hence a solution to (2.2.13) will be a pure dilatation A moving 
with velocity 


A+ 2u\? 
os =) (2.2.17) 
p 
and a solution to (2.2.14) will be a pure rotation curl u; moving with velocity 
1/2 
ee (“) (2.2.18) 
p 
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Figure 2.7: Example of a seismogram. 


Hence a purely compressional wave—called P in seismology—will move with 
a velocity « greater than the velocity 6 of a purely rotational wave, called S 
in seismology. Waves that move in accordance with (2.2.17) and (2.2.18) are 
called body waves. Figure 2.7 is a simplified example of a typical seismogram, 
showing the onsets of the P and the S waves. The larger amplitude waves 
later in the seismogram are surface waves, which suffer less diminution with 
distance, as discussed later. 

Consider a wave front moving through a medium in which the parameters 
bt, A, p vary in a direction perpendicular to the motion. Because of the 
varying velocities across the front, the wave front as a whole will turn toward 
the region of lower velocity. The effect of compression on materials is to 
increase the elastic parameters , A more than the density p, while the effect 
of an increase in temperature is to decrease u, A more than density p. Hence 
in a planet velocity should increase with depth, except possibly over a range 
where the effect of the temperature gradient outweighs that of the pressure 
gradient. Consequently ray paths should normally be concave toward the 
planetary surface, as shown in Figure 2.8, and the difference in time of 
travel of the wave from a given disturbance to different points will depend on 
the variation of velocity with depth. 

To obtain the time of travel of a body wave in a spherical planet with 
elastic properties varying with depth, the planet can be considered as 
consisting of homogeneous concentric shells and the laws of refraction can 


Figure 2.8: Geometry of a ray path. 
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be applied. The parameter p is defined as: 


_ sini (2.2.19) 
D 


where r is the radial coordinate, i is the angle of the ray to the normal, and 
v is the velocity. Equation (2.2.19) follows from Snell’s law (see problem 
2.10) and is constant for a particular ray. 

Then the change in time 7 with angular distance A is obtained by: 


nal 
sin io —= NQ = 0° aT 
RQ rox dA 
hence 
dT 
= — 2.2.20) 
aR ( 


Let 6 be the angle at the center measured from the starting line OP on a ray 
such as that drawn in Figure 2.8. Then 


where ds is an element of arc length. Square this expression and replace (ds)? 
by (dr)? + r?(d6)? to obtain 


4 2 
or 
ae 
rice)" pales 
Integrate with respect to r from the starting point to the deepest level of 
the ray to get an expression for A: 


zo dr 
A=2 DOA 
: I. r[(r/oe? — py? CS 


Eliminating d@ instead of ds obtains 


or 
r dr 
of(r/o)? — pp? 
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Figure 2.9: Time derivative versus distance curves: (a) with dv/dr « 0 layer; (6) normal: 
du|dr < 0; (c) with dv/dr > 0 layer. 


Then again integrate from the starting to the deepest point to get an 
expression for 7: 


7 = (rjv)* dr 
|| mee SAIC aB ed SI 
i) r[(r/v)? — p*y”? 


To 2 271/2 
=A [ ig vl a (2.2.22) 
Tp if 

The normal value of dv/dr is rather small and negative; graphs of p versus 
A and T versus A obtained from (2.2.20-22) corresponding to this case are 
shown in Figures 2.9-105. If there is a layer in which dv/dr is much more 
negative than usual, there will be a reversal in the p versus A curve and cusps 
in the T versus A curve, as shown in Figures 2.9-10a. A discontinuity in 
velocity will produce breaks in these curves, with two values of p and T 
corresponding to certain values of A. 


T T Ti 


(a) (6) (c) 


Figure 2.10: Time versus distance curves: (a) with dv/dr « 0 layer; (6) normal: dv/dr < 0; 
(c) with dv/dr > 0 layer. 
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If there is a layer in which dv/dr turns positive—that is, velocity decreases 
with depth—then there will be breaks in the p versus A and 7 versus A curves 
as shown in Figures 2.9-10c. In this case, certain values of distance A cannot 
exist, and there will be a “shadow zone,” as shown in Figure 2.11. 

Observed values of body-wave travel times T and its derivative p = dT/dA 
as a function of arc distance A from epicenters have been the principal method 
of obtaining the seismic velocities in Table 2.2. Also used is the derivative 
dp|dA = d*T/dA*. However, the existence of the low velocity layer in which 
dvu/dr is reversed has necessitated the use of surface waves to obtain better 
upper mantle data. 

If there is a discontinuity in elastic properties, there will be additional 
complications, since part of the wave will be refracted and part will be 
reflected at the interface, generally with some changes in the nature of the 
wave. The derivation of these changes is similar to that for electromagnetic 
waves in Section 6.1. For secondary or transverse waves, the effect for the 
component parallel to the interface (called SH) differs from that for the 
component normal to the interface (called SV). The principal transformations 
are: 


Incident Reflected Refracted 
SH SH SH 
J & SVC) P(SV) 
SV P(SV) SV, (P) 


where the lesser part of the energy is transmitted by the mode in parentheses. 
The proportion being transformed into each type of wave depends on the 
angle of incidence, in a manner similar to the reflected and refracted electro- 
magnetic waves discussed in Section 6.1. The existence of the surface and 
mantle-core interfaces results in a considerable variety of waves. For 
example, with reference to the core-mantle interface, a wave starting out as 
a transverse S wave may travel only through the mantle (S); or may be 
reflected from the mantle-core boundary (ScS); or may pass through the 
core and be transformed into both longitudinal and transverse parts on 


Shadow zone 


LT 


Focus 


oA Reversed du/dr layer 


Figure 2.11: Effect of reversal in velocity gradient dv/dr on seismic-ray paths. 
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return (SKS and SKP); or may be reflected once at the core-mantle boundary 
internal to the core (SKKS); etc. Body waves resulting from these various 
reflections and refractions have been used to infer properties of the core- 
mantle boundary as well as velocities and densities of the inner and outer 
core as given in Tables 1.1 and 2.2 and Figure 2.18. [58, 199]. 


Surface Waves 


The earth’s surface and the crust-mantle interface (called the Mohorovicic 
discontinuity, or Moho) are important in a different manner in that an 
interface can constitute a wave guide: that is, groups of waves will be 
associated with the interface and travel along it. To simplify the mathematics, 
assume that the earth is homogeneous, and that we are interested in propa- 
gation distances such that the earth’s surface can be considered a plane 
boundary. Let the x,x, plane be this boundary, and assume that (1) the 
direction of propagation is in the x, direction, and (2) motion is confined to 
the vicinity of the x,x, plane. Assumption (1) entails that all particles along 
a given line of constant x, and x, share the same motion, that is, 0/0x, is 
zero. If we choose two functions q, y in place of the displacements uw, us 
such that 


ye kd ta 
+ 0x, | Oat, a 
a ee (2.2223) 
“u, =—- —- — 
Cleat, 
then 
Vg = Au (2.2.24) 
and 
Vy = we — one (222.25) 
Oa, Oey 


that is, y represents purely dilatational oscillation, whereas y represents pure 
rotation confined to vertical planes: called P and SV waves respectively. 
Furthermore, if motion in the u, direction occurs, it must be purely horizontal 
distortion. Hence we can write 


Op 202 

oneee’? 

2 

a = BV'y (2.2.26) 
C2 

a = p° V7uUs 


for the medium on one side of the boundary, and a similar equation for the 
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medium on the other. Assume that the motion on any plane z; = constant 
can be represented by a sinusoidal oscillation 
exp [ix(x, — ct)] 


where i is /—1 and « is a component of a wave vector similar to that used 
in equation (1.2.29). The period of the wave then will be 27«/c. Assume 
further that the requirement to confine the motion to the vicinity of the 2,2, 
plane is expressed by a factor 


exp (—r2s), exp (—S%3) 
for x, > 0 and 
exp (r’2), exp (s’x3) 


for x, < 0. Then we can write for the two mediums: 
gy = Aexp [—rag + ik(x, — ct)] 
y = Bexp [—szg + ix(x, — ct)] (2.2.29) 
Uy = Cexp [—s2, + ix(x, — ct)] 
gy = Dexp [r'x3 + ix(x, — ct)] 
wy = Eexp [s’x, + ix(x, — ct)] (2.2.28) 
u, = Fexp [s'x3 + ix(x, — ct)] 
Substitution into (2.2.26) obtains 
wise sles 


Palade, s =m 


To determine the seven constants A through F and c, there are six boundary 
conditions: 


(2.2.29) 


1. The three displacements u,, u., and u, are continuous. 
2. The three stress components ps; are continuous, where 


Piz = 9;jAA + 2ne,; (2.2.30) 


Using (2.2.17, 18, 23), we find that both C and F must be zero; that is, there 
can be no displacement u,, and hence no horizontal distortional waves SH. 

The most important cases of these types of waves occur at the earth’s 
surface, and are called Rayleigh waves. Since J, u, and p are zero in the upper 
medium, the boundary conditions become sufficient to determine the 
remaining constants D, E, and c. The velocity c falls between 8 and 0; that 
is, Rayleigh waves move more slowly than shear waves. (See problem 2.9.) 

The next obvious complication consists of three homogeneous mediums 
separated by two parallel plane surfaces and propagation parallel to the 
surfaces. If the uppermost medium is again a vacuum, it works out in this 
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Figure 2.12: Experimental Rayleigh-wave dispersion data compared with theoretical 
predictions according to the Jeffreys and Gutenberg internal-velocity distribution and the 
Bullen A density distribution. From Press [323, p. 10]. 


case that SH waves are possible at the upper surface. Such waves are called 
Love waves. 

In the actual earth, there are no homogeneous layers, but instead layers in 
which the velocity varies with depth. Hence we should expect the Rayleigh 
and Love wave theory to be modified in a manner that depends on wave- 
length, since the parameters r, s depend on the wave number « by (2.2.29). 
Because the velocities generally increase with depth, the longer period waves 
should have higher phase (c) and group (d(«c)/d«) velocities. In application 
the velocities for different periods are determined and then compared to the 
velocities calculated from a model. In Figure 2.12 is given such a compar- 
ison of velocity versus period curves, known as dispersion curves [58, 199, 
323]. 

Note in Figure 2.12 that the surface waves discriminate sharply between 
two models based on body waves. The principal respect in which the two 
models differed was that Gutenberg’s had a distinct low velocity layer, with a 
reversal in sign of dv/dr from 40 to 120 km depth [14, 294, 323, 324]. 


Free Oscillations 

The suddenness of earthquakes results in most of their energy being 
emanated in wavelengths of a few kilometers or less. However, if an earth- 
quake is big enough, it should be expected that some of the wavelengths will 
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be long enough that the spherical form of the planet must be taken into 
account. Furthermore, the frequency of oscillation of such long wavelengths 
may be low enough that the effect of gravity 0V/dx, in (2.2.11) is perceptible. 

Expressing the displacement u in radial and tangential components (using 
6 for colatitude and for longitude), we get 


Uy\ ( = \cosOcosy, cos@sing, —sin 6) (u, 
u,}\ = }—sin Y, COS 9, 0 Us (2.2.31) 
u,)\ = JsinOcosg, sin@sing, cosé Us 


where 1, U2, us are rectangular coordinates referred to polar and equatorial 
axes. If we further express the potential V in terms of a normal part V, and a 
disturbed part y, and the density p as 


P = Po — pA — abe u,. (22732) 


the rectangular coordinate equations of motion (2.2.11) become, in spherical 
coordinates, 


ay dV, dy a (av, a ou 
Pei, eee 0 ere 
hare pig + Allee (Fo) +3, ( = al 


id de,o ad de, 
ie °F 0 * rand ue (4e,, — 2egn— Zea 2couces) 


po te = Y a5 25 2 era) + “3 ie Pol, + AA + 2100) 
7 
at a (2.2.33) 
somo 
r “4 0 ‘: en a a a “= erg + “ cot Heep 


in which we have left out the term 0 = p,(dV,/dr) — (dp/dr) onan to the 
fluid reference earth. 
From Poisson’s equation there is also obtained 


d 
V7y = 4nG (0 + ue) (2.2.34) 
r 


where G is the constant of gravitation. 
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The logical functions to express vector quantities in a spherical body are 
the derivatives of a spherical harmonic: 


0s 
LG 
> 
u=\ M(r) aS, (2235) 
sin@ dp 
U(r)S;, 
where S', is a surface spherical harmonic P,,,,(cos 0)e*"*. However, in any 
spherical shell of radius r the radial functions L, M of the tangential com- 
ponents can be transformed into another pair W, V such that all contribution 


to the dilatation, and hence all interaction with gravity, is confined to the 
function V, while W expresses rotation about a radial axis: 


yalbitmM 
: (2.2.36) 
watoM 


Just as in the unbounded plane wave case dilatational and rotational waves 
were found to have distinct velocities of propagation « and #, expressed by 
(2.2.17-18), so here in the spherically bounded case there are different 
frequencies of oscillation og and o7 for the dilatational and rotational 
components, so the displacement u may be expressed as: 


OS n, OS, 
V(r) 30 Wir) aa 
pS Maes, je" + | =W) -0S, fe ™ (2.2.37) 
sin6 dg sinO dy 
U(r)S, 0 


The subscripts S, T signify spheroidal, connoting changes in shape of shells, 
and toroidal, connoting twisting within a shell, respectively. 

The problem is: given a model with certain properties p, 2, and m as a 
function of radius, determine for each wave number n the frequencies of 
oscillation og, o7 and the corresponding radial functions U, V, and W. 
Boundary conditions applicable to the problem are: 


1. Regularity at the origin. 
2. Vanishing of stresses at the deformed surface of the earth: 


C6 = lg = 9 atr=a (2.2.38) 


r 
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3. Equality at the deformed surface of internal and external gravitational 
potentials, and of their respective gradients, which leads to: 


or 


The toroidal case should be simpler, since no perturbation of the gravita- 
tional field is involved. Substitution of the second term of (2.2.37) in (2.2.38) 
results in an identity for the first equation, while the second and third 
equations both reduce to: 


d’W 2dW\ du(dw W 2 n(n + 1)u 
sae ates ef ee ee ee 
ies ear le ) + | ope r ( ) 


| _ ED 2 aa (2.2.39) 
r=a a 


Assume for the moment both py and u to be constant, and define 
k = ov pol 
Silo (2.2.41) 
Q = Wks? 


where s is the new independent variable. Substituting for r, o, po, uw, W in 
(2.2.40) obtains the equation 


a0 1a | | ea 
ee : le 0 (2.2.42) 


which is Bessel’s equation of order n + }. The solution (see, e.g., [260, 
p. 75]) is the Bessel function J, 4/2): 


C—a as (—1) g\tlnt1/2)428 


where the gamma function I is defined as 
T(x) = { Catt (2.2.44) 
0 


or (x — 1)! for a positive integer. Regularity at the origin constrains the 
solution in the sphere to positive values of n. The functions 


(Ss) = | = Ins1/2s) (2.2.45) 
2s 


are known as spherical Bessel functions. They often appear as functions of the 
radial coordinate in problems involving spherical boundaries [221, 260]. 
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For the actual earth, the variation of density p, and rigidity w with radius 
entails the use of numerical techniques, either by using spherical Bessel 
functions in homogeneous thin shells or directly integrating (2.2.40) numeri- 
cally. A simplification of (2.2.40) convenient for numerical integration is 


Y= W 
(2.2.46) 


The function y, is the radial factor of the displacement, and y,, the radial 
factor of the stress. There results 


P 1 1 

Y= — hy, F — Yz 
le B 

(2.2.47) 


; n*>+n—2 3 
y= eee 7 


where the primes denote derivatives with respect to r. Solving (2.2.47) 
numerically with y, = 0 at the core-mantle boundary and the surface, there 
results for each degree n a fundamental frequency o corresponding to zero 
nodes in the radial function W, and an infinite set of discrete overtones of 
higher frequency, the kth overtone corresponding to k nodes in W. The 
standard notation for the kth overtone of the nth degree toroidal oscillation 
IS 4 Las 
For the spheroidal oscillations the first term in (2.2.37) is taken to represent 
the displacement u, and a similar representation must be made of the 
potential perturbation y: 
yp = P(r)S, (2.2.48) 


Making the substitutions from (2.2.37) and (2.2.48) in (2.2.33), the first 
equation no longer disappears, while the second and third equations again 
reduce to the same equation: 


| av, d (av, d , 
o* pol + poP’ ——* poX + oa ae v) + © (aX + uv’) 


+4 [4u’r — 4U + n(n + 1(-U — rV' + 3V)] =0 
: : A ae (2.2.49) 
poo Vr + PoP i pol + AX + aa [H(v’ oe al 
r 


Ta r 


4+ i5uU + 3rv’ — V — 2n(n + 1)V] = 0 
; 
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where 
yas CS (2.2.50) 
r r 
the radial factor of the dilatation A. Substitution in (2.2.34) yields 
P” + 2 p - uaa) = 47G(py U + poX) (2.2.51) 
le r 


The simplifying transformations are 
4, =U, Yo=AX + 2m’, ys = V, 
y V U jf 
Ws = u(V =o =) Ys=P, ye=P'—AnGpyU (2.2.52) 
: 
The y,’s are, respectively, the radial factors of the radial displacement; the 
radial stress; the tangential displacement; the tangential stress; the potential 


perturbation; and the potential perturbation gradient less the radial displace- 
ment contribution thereto. The oo equations: 


: 2A An(n + 1) 
= - Sy + yp 
me Gane ae al (MT 
dV, 4u(3A + 2u)] y 4u 
a= | Gor £4 Gt TPs ae oe 
me | pe OE TP on Le (eee 
dV, 2u(3A + 2u)n(n + 1) y 
+ | 3G ee 
| ( Mite” A+ 2u ie 
n(n+1 
cls ee 
r 
pe eine ee ve QDs) 
a ne 
(oo, 
: dr’ ie re (A+ 2w)r 
io prot 4 i 5 Wen +2n—1) + 2u(n? +n — a} Ys 
3Y, Pos 
r r 


Ys = 4rGpoy, + Ye 
4rGp,n(n + 1 n(n + 1 2 
a Pon( dg al page 
r 


life r? 
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For a liquid core, the shear stress vanishes: y, = 0, and the other equations 
are modified somewhat. The surface boundary conditions are: 


n+1 
Ye + a Y;, = 0; Yo2= Y= 0 (2.2.54) 


where a is the surface radius. Solving (2.2.53) numerically results again in a 

set of frequencies with corresponding radial functions U, V. The fundamental 

for the nth degree is denoted ,S,,, and the kth overtone ,5,, [9, 249, 385]. 
Some periods of oscillation, in minutes: 


i n=3 r= 
k 752 x12 k 793 nls k x4 nl 
0 54 44 0 36 29 0 26 22 
1 25 13 1 18 |e 1 14 10 
2 16 7 2 i17/ 7 2 2 ef 


The above periods are an appreciable fraction of a day for the lower 
modes. Hence an accurate solution should take into account the rotation of 
the earth; that is, in the equations of motion (2.2.11) a vector cross-product 
—2pw x u, the Coriolis term, should be added on the right. The result in the 
solution is a “splitting” of the spectrum: that is, each of the periods in the 
foregoing table is replaced by two periods, corresponding to waves traveling 
in opposite directions with respect to the earth’s rotation. 

Analysis of records of the May 22, 1960, Chilean earthquake and the 
March 27, 1964, Alaskan earthquake has identified over forty )S, modes, 
over twenty )7,, modes, and about six ,,S,,, k > 1, modes of oscillation. The 
resulting improvement in determination of uw, A, and p in the mantle has been 
considerable, the higher modes indicating mainly upper-mantle conditions 
and the lower modes, lower-mantle conditions [14, 324]. 


Results from Seismology 


The main results of seismology are summarized in Table 2.2, obtained 
primarily by travel times of body waves and secondarily by the periods of 
free oscillations and dispersions of surface waves. 

In addition to the mean velocities given in Table 2.2, considerable regional 
variation has been detected using both body waves and surface waves. P 
waves indicate velocities at the top of the mantle varying from 7.4 to 8.5 
km/sec. In general, lower velocities are correlated with higher geologic 
activity. Velocities under ocean ridges are 7.4-7.7 km/sec, compared to an 
average of about 8.2 km/sec for ocean basins. In the western United States, 
velocities range from 7.5 to 8.2 km/sec; in the east, from 8.0 to 8.5 km/sec. 
Under Japan, they are 7.5-7.7 km/sec. 
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TABLE 2.2: MEAN SEISMIC VELOCITIES IN THE 


EARTH 
Depth V, V, 
(km) Ry (km/sec) 

60 0.991 8.15 4.6 
100 0.984 8.0 4.4 
150 0.976 7.85 4.35 
200 ° 0.969 8.05 4.4 
300 0.953 8.5 4.6 
400 0.937 9.0 4.95 
500 0.921 9.6 She! 
600 0.906 10.1 5.6 
800 0.874 10.9 6.15 
900 0.859 13 6.3 

1000 0.843 11.4 6.35 
1200 0.812 11.8 6.5 
1600 0.749 123 6.75 
2000 0.686 12.8 6.95 
2400 0.623 132 ce 
2800 0.560 Sey, WPS 
2920 0.542 13.65 fies 
2920 0.542 8.0 
0.433 8.9 
0.325 9.6 
0.217 10.1 
0.195 10.5 
<0.173 jie | 


Based on F. Press in Clark [74, p. 215]. 


Surface waves also evidence appreciable regional variation in velocities in 
the form of variations in the dispersion curve, Figure 2.12. A summary of 
results as of 1961 is given in Figures 2.13—-14. The existence of different curves 
for continent and ocean at periods as long as 100 seconds indicates differences 
in structure of the upper mantle to perhaps as deep as 100 kilometers. 

In recent years considerably more seismic detail has been developed as a 
consequence of artificial earthquake sources; more widespread arrays of 
seismometers; and more elaborate techniques of analysis. Both surface 
waves and P waves have been used in these studies. In the radial direction, 
discontinuities in dv/dr have been inferred at depths of 120, 225 to 300, 670 
to 700, and possibly 1200 and 1900 km. Laterally, distinct variations to 
150 km depth, and possible variations to 800 km depth, have been detected. 
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Figure 2.13: Summary of observed Rayleigh-wave dispersion. From Oliver [294, p. 82]. 


These variations have been most pronounced in the upper mantle, at about 
100 km depth. The highest shear velocities V,, about 4.8 km/sec, occur under 
continental shields, and the lowest, about 4.4 km/sec, under tectonically 
active areas. Under oceans the shear velocities average about 4.5 km/sec 
[14, 294, 323, 324]. 

These more precise and elaborate techniques have also enabled a great 
improvement in the accuracy of location and determination of the extent 
and direction of slip of earthquakes. From these results there has been 
inferred considerable detail about the structures and rates-of-slip of fault 
zones associated with both ocean ridge-transform fault and ocean trench- 
island arc systems, corroborating other evidence of sea-floor spreading at 
rates of 2 to 10 cm/yr [383, 384, 549]. 

This section has discussed only a part of the diverse subject of seismology; 
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Figure 2.14: Summary of observed Love-wave dispersion. From Oliver [294, p. 83]. 


we have neglected such topics as earthquake source mechanisms; the distri- 
bution and frequency of earthquakes; anisotropy of elastic properties; the 
correlation of seismic velocity variations with gravity anomalies; determina- 
tion of strain in the earth; the amount of energy involved (on the order of 


10°° ergs/yr); etc. In the next section we take up the effects of imperfections 
in elasticity. 


2.3 Anelasticity and Creep 


The assumption of perfect elasticity in the earth is manifestly false. If it 
were true then the earth would still be reverberating from the effect of all 
earthquakes since its foundation. The imperfection in the elasticity takes many 
forms, all of which we are interested in, more or less. The simplest measure of 
anelasticity is the Q factor, which is defined by the part AE of the total energy 
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stored E which is dissipated in a complete cycle, the cycle being a single 


oscillation in the system in which energy is alternately stored and released 
P15, 285]: 


——— = — fy —— at (2.3.1) 
Q E EJ at 


An example of such an oscillation would be the cycle of vibration of one of the 
frequencies in an earthquake wave. 


Simple Damped Oscillator Models 


The simplest periodic phenomenon is a free oscillation in one dimension: 
e-6, 0 — 0 (2.3.2) 


where o,” is the frequency of the oscillation. Now let us suppose there is a 
resistance to the motion proportionate to the velocity #, expressed by a 
factor 2a: 


@ + at + o2x = 0 (2433) 


Both the amplitude and frequency of the oscillation might be changed by the 
damping «, so let us assume the solution to be of the form: 


a = a(t)cos ot (2.3.4) 


Differentiating (2.3.4) to obtain ¢ and <, substituting in (2.3.3), and separately 
equating to zero the coefficients of sin of and cos ot obtains: 


a= Ae*cosVo,2 — at C35) 


where A is an arbitrary constant which we shall set equal to unity hereafter. 
The oscillation is thus damped out with a decay factor e~*‘ and the frequency 
reduced (i.e., the period lengthened) from oy to J Oo? — a”. Expressing the 
instantaneous energy per unit mass as kinetic energy 


eee. (2.3.6) 

we get 
e723 

E= Os ae [1 + cos 2(ct — y)] (2337) 

where 
oa 68 
tany = [> Voo' = a (2.3.8) 
a a 


that is, the kinetic energy has a phase lag 2«/o. Using the energy from (2.3.7) 
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in the integration (2.3.1) with the peak energy stored o,” e~**'/4 per cycle z/o, 
we get 
eae at (2.3.9) 
Q o 

Now if there is a forced oscillation ko? cos xt added on the right of 
equation (2.3.3), we should expect that some of the energy cyclically stored 
and removed would also be dissipated. Since the acceleration frequency « 
and amplitude ko,? are imposed on the oscillator from an external source, 
in a steady-state situation the displacement x should have the same frequency 
« and a fixed amplitude, say 6. However, it is possible that the damping « 
will cause a delay in response of the oscillator, expressible as a phase lag ¢: 


x = bcos (kt — 9) (2.3.10) 


Changing cos (kt — ) to (cos ycos xt + sin g sin xt) in (2.3.10), differ- 
entiating to obtain x and x, substituting in (2.3.3), and separately equating 
to zero the coefficients of sin xt and cos xt obtains: 


2ak 


09 — Kk 
and 
(1 + tan? gy)? 


2 


b = ko. ———_-—_——_ 
” og — x + tan’ y 


C30) 
that is, the phase lag y depends on both the damping « and the forcing 
frequency «, and goes to 90 degrees in the resonant case where k = 05. In 
the situation « < o, and x € ap: 


Qa 
WIS) = 


2 


oo (2.3.13) 


Since energy constantly is being supplied to keep the velocity the same, to 
calculate the energy dissipation and hence the Q factor we cannot use the 
kinetic energy as in (2.3.6), but rather the work, force times displacement, and 
rate of doing work, force times velocity: 


E = [ko,? cos xt]: [b cos (xt — ¢)] 


(2.3.14) 
E = [ko,? cos xt]: [—b« sin (xt — @)] 
Using these in (2.3.1), we get: 
eee (2.3.15) 
Q Zi) 
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In terms of the thermodynamics discussed in Section 1.2, the dissipation 
factor is related directly to the change in entropy per cycle, AS: 


= (2.3.16) 


Observations of Q 


The proportionality of specific dissipation 1/Q to frequency « predicted by 
(2.3.15) is borne out in experiments with liquids, where the dissipation is 
apparently due to a viscous drag as implied by (2.3.3). In experiments with 
solids, however, there is very little dependence of the dissipation 1/Q on 
frequency. Figure 2.15 shows the principal results. The 1/Q’s for seismic 
waves are deduced from: (1) the increase in attenuation with distance from 
the source over that predicted by geometrical considerations; (2) the decrease 
in amplitude with time of spectral components of the free oscillations, as 
predicted by (2.3.5); and (3) the broadening of peaks in the free oscillations; 
if Ao is the difference between the half energy points in frequency, then 


eed (2.3.17) 


Q o 

As indicated by Figure 2.15, the Q’s vary less than an order of magnitude 
over a range of frequencies of seven orders of magnitude between 10~* and 
10° cps. The variation in Q with frequency probably would be appreciably 
less for a single type of rock at uniform temperature and pressure than it is in 
Figure 2.15. The laboratory results in Figure 2.15 include all types of rock 
from granite to basalt.. The seismic wave results range over all depths in the 
mantle, and hence over a great range of temperatures and pressures. If we 
assume 1/Q is not a function of frequency for uniform conditions, the 
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Figure 2.15: Specific dissipation in igneous rocks as a function of frequency. Based on 
Knopoff [215]; Bradley & Fort in Clark [74, p. 179]; and Anderson & Archambeau [15]. 
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variation of observed 1/Q with frequency for surface waves and free oscilla- 
tions can, in fact, be used to deduce the 1/Q at depth, since the function of 
depth varies with the wavelength. Let the subscript f refer to a particular 
frequency, and the subscript / refer to a particular level in an earth model of 
m layers; then we can write: 


gia]. 4" =YA,0,° (2.3.16) 


whence a solution can be made for the Q,’s by least squares; in matrix 
notation, using a superscript 7 to denote a transpose, 


q = (ATA)*A7G (C343) 


where A is the matrix of A,,’s and q, q are, respectively, column matrices of 
the Q;’s and Q,~'’s. In this manner, it has been deduced that Q has a 
minimum of about 80 at a depth of 80 km; that it increases rapidly between 
the depth of 400 km and 1000 km; and that it has an approximately constant 
value of 2000 in the lower mantle [14, 15, 215]. 

To extend Figure 2.15 to lower frequencies, we have the phenomena of the 
bodily tides, caused by attraction of the sun and moon, and the latitude 
variation: motion of the earth’s rotation axis with respect to the crust, 
believed to be due to meteorological effects. However, both these phenomena 
may involve considerable dissipation at the fluid-solid interfaces of ocean- 
crust and core-mantle, and hence must be marked as of questionable 
applicability to the anelasticity of the mantle [257, 285]. 


Physical Explanations for Dissipation 


Attempts to obtain mathematical models explaining the frequency inde- 
pendence of 1/Q have not.been physically plausible. The ideas more pertinent 
to damping entail consideration of the imperfections in crystal structure: 
point defects, which include both impurities and vacancies; dislocations, 
across which the atoms are not aligned in accordance with the normal lattice 
structure; and grain boundaries: narrow zones of great irregularity between 
well-organized crystal blocks. When a material is stressed by an elastic wave, 
there will be (1) thermally activated displacement of the point defects to new 
sites in the lattice, called stress-induced ordering; (2) unpinning of disloca- 
tions from point defects and motion of dislocations through the crystal 
lattice; and (3) viscous sliding at grain boundaries. All of these processes are 
to some extent irreversible in nature, since they require the overcoming of a 
barrier to initiation, expressible by an activation energy G*. At the end of 
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each cycle of stress it is impossible to reproduce exactly the state at the start; 
hence there will be hysteresis effects and energy dissipation. 

The requirement for an activation energy tends to make damping less 
frequency dependent and more amplitude dependent. It also makes it more 
temperature dependent, since associated with the activation energy G* will 
be a decay time proportionate to exp (G*/kT): the shorter this decay time, 
the more quickly dissipation takes place. 

The fact that the Q’s in Figure 2.15 are an order-of-magnitude lower than 
those obtained for pure samples of metal, which have a simpler crystal 
structure, supports the idea that grain boundary effects are important in 
rocks [148]. 


Creep 


We are also interested in extending the model of nonelastic properties of 
rocks to much lower frequencies, or longer time scales, in order to explain 
their response to the forces evidenced by the geological record. At tempera- 
tures somewhat below melting, crystalline substances under shear stress 
appear to undergo a slow steady creep according to a law such as 


5 C es 
é (p) exp ( a (2.3.18) 
where G* is an activation energy, k is the Boltzmann constant, T is the absolute 
temperature, and C is an exponential, or, near melting, a power of the shear 
stress p. As melting is approached, however, the response of rocks under 
confining pressure to shearing stress is difficult to describe mathematically ; 
failure usually occurs by rapid plastic deformation along narrow zones, which 
widen at pressures above | kilobar. After failure, cohesion is reestablished. 
At the temperatures and pressures which can be attained in the laboratory— 
on the order of 500°C and 5 kb—rocks usually fail by plastic flow at shear 
stresses between 100 and 1000 bars [151, 201]. 

Extrapolation of laboratory data to geological phenomena is discouraging, 
because over the long time scale creep much slower than observable in the 
laboratory could be quite significant. Hence there is a greater dependence 
on whatever theory of creep may be available. Again, effects at all three 
levels—point defects, dislocations, and grain boundaries—may be significant. 


Diffusion Creep 


The minimum level of creep occurs as a consequence of diffusion, described 
by (1.2.25-28): any crystal can change its shape by self-diffusion in such a 
way as to yield to an applied shearing stress. The rate of this diffusion, called 
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Herring-Nabarro creep, depends on the temperature, since thermal activation 
is required, and on the grain size, because of the time a vacancy or interstitial 
atom takes to move from one grain boundary to another. 

Assume a single cubic crystal of one atomic type at uniform temperature. 
If there is a pressure gradient, then there will be a flow of lattice defects in 
whichever direction will relieve the inequality of pressure. This pressure 
effect, combined with the effect of any defect concentration gradients, can be 
represented by a chemical potential wu, as used in (1.2.16). Then the diffusive 
flux j (atoms per unit area per unit time) will be proportional to the gradient 
of this potential, similar to (1.2.26): 


ja (2.3.19) 


where 1, is the number of lattice sites per unit volume, D is the self-diffusion 
coefficient, & is the Boltzmann constant, T is the absolute temperature, and 
us is the work per atom required for the reversible addition of material to a 
region of the crystal, either interstitially or in vacancies. The thermal energy 
kT appears in the denominator of (2.3.19) because increase in the thermal 
agitation of the lattice hinders the diffusive flow (similar to increase of 
electrical resistance with temperature because of thermal agitation interfering 
with electron flow). 

It is safe to assume that any irregularities of the flow j interior to the grain 
would be quickly removed, so that 


V-jo Vu =0 (2.3.20) 


Hence, like the gravitational potentials in Section 2.1, to know the potential 
4 everywhere in the crystal grain it suffices to know it all over the boundary. 
At the boundary there are two effects: (1) a chemical potential zy of the source 
from which atoms are obtained, and (2) a stress p;; with a component p,, 
normal to the surface, so that for an atom of volume { there is a work p,,Q. 
on attachment or removal. Thence for a spherical grain of radius R 


jt = fly — OY PEs (2.3.21) 
a3 R 
The normal flux, using (2.3.19) and n,Q = 1, is 
drjdt 2D 
GREE a 2D es =e (2.3.22) 


{a Qe adie 


where dr/dt is the rate of deformation of the surface, expressible in terms of 
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the strain rate e,; (see (2.2.2)) as 


dr e; ;U,2; 
es — 2023 
dt i3j)6OUdrR ( ) 
From (2.3.22-23), 
2DQ 
aj —— aa as Das 4 
ae ( ) 


Whence defining viscosity 7 as half the ratio of stress p;; to strain rate e,,, 


_ kTR? 


232) 
4DQ ( ) 


Using a factor C in place of the 4 to generalize to any geometry and (1.2.28) 
in place of the diffusion coefficient D, 


2 
ee ee + a (2.3.26) 


T= Cop. kT 


using (2.3.21) to define the activation energy G* in terms of a part E expressing 
self-diffusion and a part pQ accounting for the effect of pressure [135, 147, 
a72, 270). 

The derivation of (2.3.25) given above neglected the effect of hydrostatic 
pressure on the volume of the grain and thus in effect assumed pure shear. 
More careful considerations obtain a value of about 8.4 for C. Experimental 
values of the parameters in (2.3.26) are about | to 10 cm?/sec for Dy, 3 to 
6 eV for E, and 10 to 20 x 10~-* cm? for Q. Using values in these ranges with 
the temperatures given by a curve such as Figure 2.17 and a grain radius 
R of 0.05 cm—a value of appreciable uncertainty in itself—gives several 
orders-of-magnitude variation in viscosity 7, as shown in Figure 2.16. The 
curves are all similar, however, in that they predict that the viscosity in the 
upper mantle should be much less than in the crust or lower mantle [147]. 


Dislocation Climb 

Except at very low stresses and temperatures close to melting, creep in 
metals is observed to depend much less on Herring-Nabarro diffusion than 
on motion of dislocations strongly dependent on stress p of a form such that 
a (2.3.18), 


5 
C(p) aD,(?) (2.3.27) 
be 
where yu is the rigidity. The parameter H depends on dislocation source 


density in the theoretical model of Weertman [429, 430], but experimental 
tests show a dependence on grain size, suggesting that grain boundary effects 
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Figure 2.16: Effective viscosity due to diffusion creep in a polycrystalline material with 
Dy = 5cm?/sec and R = 0.05 cm. From top to bottom the curves correspond to E* = 
6eV, V* = 20 A®; E* = 6, V* = 10; E* = 5, V* = 10; B* = 3y)* = lOmneopectivery. 
From Gordon [147, p. 2415]. 


are significant. Experiments with silicates indicate an even greater importance 
for grain boundary effects [270]. Dislocation climb is probably the dominant 
form of yielding in the upper mantle, whereas grain boundary effects have 
the greatest importance in the crust. 


Geophysical Application 


Hence it appears at present unfeasible to extrapolate theoretically from 
laboratory measurements to obtain the rheological parameters of the mantle. 
It can be said, however, that whatever the exact mechanism of creep, it is 
probably temperature and pressure dependent in such a way that there will 
exist a layer of weakness in the upper mantle. It also appears plausible that, 
at low shearing stresses on the order of a few bars, the material in the mantle 
behaves as a Newtonian viscous fluid. It therefore is feasible to attempt to 
explain geophysical evidences of creep by a strongly temperature-dependent 
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viscous model. The principal observational data pertaining to the viscosity 
have been the rates of uplift of areas from which loads have been removed in 
the last few thousand years, such as those covered by the glaciers of the ice 
age or by recently evaporated lakes. These rates of uplift do indicate, in fact, 
that the apparent viscosity has a minimum on the order of 100 km deep, and 
increases rapidly with further depth—as would be expected if it were depend- 
ent on the closeness of the temperature to melting [267]. 


2.4 Planetary Heat Transfer 


Thermal Conduction 


The specific heat at constant pressure, C,, of a substance is the amount of 
heat required to raise the temperature of 1 gram by 1°C. 

The specific heat at constant pressure differs from the specific heat at con- 
stant volume, Cy, defined by (1.2.37), by the work of expansion P 0V/OT: 


OE av 
c, = (=) +eP(— 
>= (or),* lor), 


e Fal (2.4.1) 


where # is the enthalpy, defined by (1.2.12). For silicates, C, is about 0.25 
eopem*’ C1 or 10’ ergsyemet” C-. 

In heat transfer by thermal conduction, the rate of flow of energy per unit 
area per unit time is proportionate to the negative of the temperature 
gradient. For the flow of heat out of an element of matter this rule can be 
written as a surface integral over the element: 


lie _ kK } VT dS (2.4.2) 


The proportionality factor K, the thermal conductivity, is about 0.008 
cal cm™ sec! °C for silicates. 

The rate of heat loss for the element of matter can be related to the rate of 
temperature change through the specific heat C,,, integrating over the volume 
of the element: 


dr (2.4.3) 


To convert (2.4.2) to a volume integral, apply Gauss’s theorem: 


— KVT ds = = [ KDio VI dr = ~[KV'T de 
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Equating integrands yields the equation of thermal conduction: 


oo = KV°T (2.4.4) 
Ot 
where «, the thermal diffusivity, is: 
eas (2.4.5) 
pC, 


If there is motion, the equation of heat conduction (2.4.4) must be 
modified to allow for the change of temperature by convection: 
a =«VT+v-VT (2.4.6) 
t 
where v is velocity, u. 
In the practical problem of a planet, there is in addition the rate of heat 
generation per unit volume A(t) due to radiogenic materials: 
= = KVR y VT 4 : A(t) (2.4.7) 
t 


ye 


Converting (2.4.7) to spherical coordinates and assuming zero velocity 
and spherical symmetry obtains [239, 252]: 
Gh, dO fig 01: 
pCi 7a K a) + A(t, r) (2.4.8) 
If A(t, r) were zero and K and C, constant, (2.4.8) could be solved in 
terms of spherical Bessel functions, the same as elastic waves in a homo- 
geneous planet. The variability of these quantities makes it necessary to solve 
(2.4.8) numerically; furthermore, the consequence of radiative transfer is to 
make the conductivity K strongly temperature dependent by a relation such 
as [73]: 
2 3 
Ke kK. (2.4.9) 
3(€9 + 12070/n) 
where nis the index of refraction; s, the Stefan-Boltzmann constant, (6.2.14); 
€y, the opacity at degrees Kelvin; and a, the electrical conductivity, given by 
Figure 3.5. Of these parameters, the most uncertain is the opacity €), which 
expresses the absorption and scattering of heat by the crystal lattice: the 
most likely values range from 5 to 20cm™~!. The T? dependence is, roughly, 
a consequence of an energy gradient VE dependent on temperature: from 
the Stefan-Boltzmann law, (6.2.13), 


VE= ps VT =4sT°VT (2.4.10) 
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Convection 


Materials expand upon increase in temperature; for a small change in 
temperature 67, the change in density dp is: 


Op = — padT (2.4.11) 


The coefficient of thermal expansion « is about 2 x 10-5 °C~ for silicates. 
A viscous material is one in which the stress, aside from hydrostatic 
pressure, is proportionate to the rate of deformation by the viscosity 7: 


[bn — po;; + 2nd;; (2.4.12) 
where 
Lt fave & on, 20 an, 
d= = (= + _— = 0, 2.4.13 
pai. ie Ox. 3 | ( ) 


In (2.4.13), v, is a component of velocity, v. Substituting (2.4.13) and (2.4.12) 
into the equations of motion obtains: 


i, = ee ae 
called the Navier-Stokes equation. The assumption of incompressibility 
requires the divergence of the velocity to be zero: 

V-v=0 (2.4.15) 
If the density perturbation dp from (2.4.11) is small enough, the only term 
in (2.4.14) in which it will be significant is that in which the density p is 


multiplied by the potential gradient 0V/dx,. Substituting p, + dp for p in 
this term is called the Boussinesq approximation: 


i +», du; _ —1ep +( + a8) + » Vv, (2.4.16) 
t % 


Ox; pry On; 
the factor » is called the kinematic viscosity: 


=—— + p—-+4+7V, (2.4.14) 
a 


poe (2.4.17) 
Po 


The problem of thermal convection in an incompressible viscous fluid of 
uniform properties x, pp, «, », with specified boundaries, gravitational 
potential V, and initial temperature T= 7, + 67, is to determine the 
pattern of heat and material flow which is the solution of equations (2.4.6) 
and (2.4.16). The simplest question is the minimum temperature gradient 
VT necessary to start flow, that is, the minimum at which conduction is 
insufficient to carry away the heat. The first such problem solved was a 
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horizontal layer of fluid of thickness d, potential gradient —g, and vertical 
temperature gradient £. Representing v; by a Fourier series in three dimen- 
sions, Rayleigh [327] found that convection would occur for 
27 
BoB d>R= Ta m* = 657.5 for two free boundaries 
KV 
or 1100.7, one fixed, one free boundary 


or 1707.8, two fixed boundaries (2.4.18) 


Similar such Rayleigh numbers R have since been found for other boundary 
conditions, including spherical shells. The solutions obtained apply only if the 
gradient f slightly exceeds the minimum required for onset of convection. 
As the gradient f is further increased, there is a breakdown of the flow into a 
more and more complicated pattern. 

The effect of adding a Coriolis term 2 x v on the right of (2.4.16) is to 
increase the Rayleigh number R, an effect expressed by the dimensionless 
ratio 4m? d4/y?, called the Taylor number. For Coriolis effects to be significant, 
the Taylor number must exceed unity [216]. 

The Coriolis effect is important in the more fluid parts of the earth such as 
in meteorological problems. However, if the viscosity as expressed by the 
factor v in (2.4.16) is increased to the values appropriate to application to the 
mantle, a difference of about ten orders of magnitude, then the Coriolis 
becomes a negligibly smaller effect. Much more important is the likelihood 
that the heating is from sources distributed throughout the convective regime, 
the mantle, rather than from below the convecting layer. In geological time— 
about 4.5 4E—the heat generated by radioactivity will be appreciable. The 
replacement of the Rayleigh number suggested is to eliminate the term f, 
the temperature gradient given in (2.4.18), and substitute a term that depends 
on (1) the amount of radioactive heat generation; (2) the amount of heat 
absorbed, expressed by the specific heat per unit volume, pC,; and (3) the 
amount of heat carried away, dependent on the thermal diffusivity, «. To 
make this replacement of the proper dimensions of degrees/length a further 
factor of length would have to be applied to make total replacement 


(2.4.19) 


The new Rayleigh number for internal heat generation then would be 


gaA 
Rh = ——— a’ 
K'ypC, 
gad 


= a? : 
one. (2.4.20) 
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using (2.4.17) [399]. The mathematical theory of convection with the heat 
source contained in the convecting material has not been worked out, but 
one would expect the critical Rayleigh numbers for transfer to different 
regimes of flow to be of the same general magnitude as they are for the layers 
heated from below: about 2000 for a spherical shell with the ratio of inner to 
outer radii of the mantle. 

Let us summarize at this point the numbers we already have pertinent to 
this Rayleigh number. 

g = 980 cm sec? 


Gee 2 el Oee Ce! 

d= 2.9 x 108 cm (2.4.21) 
k & 0.01 cm? sec? 

Co 10 eregem= C+ 


The two numbers missing are those for viscosity, 7, and the rate of heat 
generation, A. As discussed in the section on anelasticity and creep, the 
significant rates of motion are still unobservable in the laboratory and we 
must use such geological phenomena as we have to deduce a viscosity. The 
phenomena used are the removal of the iceload of the ice age in the last few 
thousand years and the evaporation of water from a lake in comparable 
time. Treating the crust as an elastic layer over a layered viscous halfspace, 
uniform in its properties, the theory predicts that the time of decay of the 
depression in the elastic crust after removal of a load will be inversely 
proportional to the scale of the area depressed. Observations indicate, 
however, that this is not true; the decay time for the uplift of the Fenno- 
scandian area, about 1200 km across, is 5300 years, whereas the uplift for the 
area of Bonneville Lake (around the modern Salt Lake), about 180 km in 
diameter, is 4000 years. Hence, from the two phenomena we deduce viscosi- 
ties differing by an order-of-magnitude. However, if it is assumed that the 
viscosity varies with depth, then we obtain the expected result that the 
smaller-scale depressions would depend more on viscosity at shallow depth 
than larger-scale depressions. These two phenomena as well as the details of 
higher order of variation in the Fennoscandian uplift lead to a model in 
which the viscosity is of the order of 5 x 10”! poises immediately below the 
crust; a minimum of about 3 x 10?! poises at depths of 200 to 400 km; and 
increasing to the order of 108 poises at depths more than 1200 km [267]. 
(One poise is one gm cm" sec™*.) 

Another phenomenon that may give some indication of viscosity is the 
discrepancy of the actual oblateness of the earth from that corresponding to 
hydrostatic equilibrium. If we assume that it arises from a time lag of the 
adjustment of the earth as a whole to the slowing down of the rate of rotation 
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of the earth due to tidal friction. We obtain from the discrepancy between the 
observed and theoretical oblateness of the earth a decay time on the order 
of 10? years, which in turn indicates a viscosity of 10° gm cm™ sec“? [253]. 
An alternative explanation which could permit a much lower viscosity is that 
it is a consequence of the tendency of many random irregularities to align 
themselves about axes of maximum moment of inertia [541]. However, 
since the extrapolation from solid-state theory (Figure 2.16) indicates a 
considerable rise in viscosity with depth below 500 km, for numerical 
estimates let us adopt viscosities of: 
. mr 22 =i il 
Upper mantle: 7 ~ 10” gm cm™ sec (2.4.22) 
Lower mantle: 4 ~ 10° gm cm sec? 


Heat Sources 

For the other parameter, A, we can, of course, take laboratory determina- 
tions of the chemical content of the radioactive elements in common rocks 
and from these calculate the ergs gm™ yr~! of the rock we would expect to 
be generated from this radioactive content. Averages of these determinations 
are shown in Table 2.3. The range for each rock type is generally peaked near 
the mean, with about 90 percent of the determinations between one-third 
and three times the mean. An exception is eclogite, which has a bimodal 
distribution. 

The most prominent thing indicated by the table, as discussed in Section 
1.1, is the tremendous upward concentration of the radioactive materials 
within the earth. The average radioactive content of the granite, for example, 


TABLE 2.3: RADIOACTIVE CONTENT OF ROCKS 


Chemical Content Heat Generation 
(ppm) (10~* cal gm™ yr) 
Rock U Th K Present Original (¢ = —4.5 ©) 

Granite 4.75 18.5 37,900 8.15 33.28 
Diorite 2.0 (7.4) 18,000 3.40 14.47 
Basalt 0.6 2.7 8,400 1en9 Dal 

Periodotite 0.016 (0.06) 2 0.024 0.080 

Dunite 0.001 (0.004) 10 0.001 0.007 

Eclogite 0.048 0.18 360 0.074 0.328 

0.25 0.45 2,600 0.335 1.786 

Chrondrites 0.012 0.04 845 0.038 0.286 


a 
Based on MacDonald [225, p. 194] and Lee [239]. 
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is about 4000 times that of dunite. 

The averages given in the table are rather crude in some cases. Much more 
consistent among different determinations than absolute abundances are the 
ratios of the radioactive elements. The Th/U ratio is generally about 4, 
whereas the K/U ratio is always in the vicinity of 104. Chondritic meteor- 
ites differ distinctly from earthly rocks in this respect, in that the K/U 
ratio is about 8 x 10*. The present heat generation figures are calculated 
from the values of 0.71 cal gm™ yr™ for U?8*, 4.3 cal gm yr for U5, 
0.2 cal gm™ yr for Th?8? and 0.21 cal gm~ yr } for K*. These values are 
multiplied by the isotope abundance ratios of 0.9928 for U?8*/U, 0.0072 for 
U5/U, and 0.000119 for K*°/K to calculate the present heat generation. 
To get the original heat generation we then use the decay constants given 
in Table 1.8. 

The uncertainty as to radioactive content of the rocks has led to the 
essential control on thermal models of the earth being the observed heat flow 
through the earth’s surface. This flow averages approximately 1.4 x 10-6 
cal cm sec}. The radioactive content A then must be such that this observed 
heat is not exceeded if the thermal history of the earth is solved as a purely 
conductive problem (2.4.8). Solving the thermal history of the earth by 
(2.4.8) in this manner with the radioactive contents of the chondritic 
meteorites, which appear to have in the common elements a chemical content 
which may be that of the entire earth, does yield such agreement in the 
observed heat flow. More recently, however, it has been emphasized that the 
K/U ratio in meteorites differs appreciably from the K/U ratio in rocks. 
Furthermore, the atmospheric content of the products of the radioactive 
decay, the Ar**/He* ratio, would agree better with a lower K/U ratio. The 
two models resulting from these two considerations are given in Table 2.4: 
the chondritic model and the model that reflects the K/U ratio of 104 of 
earthly rocks, known as the ““Wasserberg” model [426]. The Th/U ratio of 


TABLE 2.4: HEAT SOURCE MODELS OF THE MANTLE 


Chondritic Model ““Wasserberg”” Model 


Heat Heat 
Half-life Content (10° cal gm™1yr~) Content (10-® cal gm™ yr) 
Element (4) (ppm) Present Original (ppm) Present Original 


U 4.5 0.012 0.009 0.046 0.045 0.033 0.174 
Th 13.9 0.04 0.008 0.010 0.166 0.033 0.042 
K 1.3 815.0 0.020 0.222 450.0 0.011 0.122 
Total 0.037 0.278 0.077 0.338 


i OO 
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the Wasserberg model is taken as 3.7. The basic absolute quantity thus is the 
uranium content. The value of 0.045 ppm is one which gives approximately 
the observed heat flow in the solution of (2.4.8) for the earth [239, 255]. 

By using the figure of 0.077 x 10-*cal gm“! yr together with the con- 
version factors of 4.19 x 10” ergs/cal, 3.15 x 10’ sec/yr and mean density 
of the mantle, 4.5 gm/cm?, we get as our parameter A(r, f): 


A(0.8R, 0) ~ 0.5 x 10-* erg cm™ sec"? 


2423 
A(0.8R, —4.5 4) ~ 2.0 x 10-* erg cm“ sec ( ) 


Thermal-History Models 


Using 2000 as the critical value of Rh and the numerical values for all the 
parameters except the length scale d, we get that the critical value is exceeded 
provided d exceeds 


Upper mantle: d= (40 x 10*)!/cm ~ 200 km 


“ (2.4.24) 
Lower mantle: d = (4 x 10*)!/6cm ~ 1300 km 


Thus it seems almost certain that even if we neglect the order-of-magnitude 
changes in viscosity with localized changes in temperature that there has been 
convection in the mantle. Convection affects the thermal history in two ways. 
The transport of heat by the advective term v - VT in (2.4.7) is probably less 
important than the transport of the heat sources A(t), combined with the 
process of fractionation, which results in the upward migration of the U, 
Th, K because of their inability to fit in the earlier crystallizing portions of 
melts: a sort of zone melting process [529]. A thermal history calculation 
assuming a mantle part dunite, part basalt, in which U, Th, K are transferred 
upward as a consequence of melting of the basalt fraction, obtained the final 
temperature curve marked B in Figure 2.17. Disregard of such upward 
fraction results in the unrealistically high curve A. Also shown in Figure 2.17 
are melting curves for dunite and basalt and an estimate of the actual tempera- 
ture from the electrical conductivity of the mantle (see Section 3.2) [239]. 

Other difficulties we have not touched upon here are the effect of the 
removal of heat accompanying the phase transition which appears to exist 
between 400 and 900 km deep, and the original starting temperature of the 
earth. If we take the amount of matter in the earth and calculate the heat 
available from loss of gravitational energy (see problem 2.13) then we have a 
tremendous amount of energy available which is essentially controlled by the 
rate of accumulation of the earth and its atmosphere which determines in 
turn the balance point between the gain of heat from the gravitational source 
and the loss of heat by radiation. Also involved in the time and rate of 
formation of the earth are short-lived radioactive elements, the most impor- 
tant of these being an isotope of aluminum, Al*°, which has a half-life on the 
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Figure 2.17: Temperature estimates in the mantle from thermal history calculations. 
From Lee [239, p. 259] and Gordon [147]. 


order of one million years. If the earth was formed within 108 years after the 
formation of Al?*, then there would be a large increment of heat from this 
source [59]. 


Heat-Flow Measurements 


The measurement of heat flow out of the earth has developed only within 
the past 25 years. On land it requires a rather deep drill hole in which there 
must be measured at different points the difference in temperature. Samples 
of the material are taken to measure the thermal conductivity, and hence to 
obtain the heat flow, essentially by application of (2.4.2). The difficulties, 
aside from the expense of drilling a hole (which results in most land heat- 
flow measurements being in oil fields), are the necessity of allowing the hole 
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to regain thermal equilibrium and the lateral transfer of heat by groundwater. 
Much more successful has been the measurement of heat flow in the oceans, 
where it is done by inserting a probe into the sediments in the bottom of the 
ocean, which are already in thermal equilibrium because of the mollifying 
effect of the ocean, and removing a core for the purpose of the conductivity 
measurements [238]. 

The results of heat-flow measurements indicate that the bulk of the measure- 
ments are in the range of about 0.8 to 2.0 x 10-® cal cm™ sec’. However, 
over localized areas the heat flow may increase to 6.0 x 10~®. The areas which 
have been most characterized by these high heat flows are the crests of the 
ocean ridges. The distribution of heat-flow data is such that it is difficult to 
give a worldwide picture of distribution. Perhaps the most meaningful values 
we can give are those for seven types of areas [75]: 


Continents: Precambrian shield: 0.92 + 0.17 
Continents: Paleozoic orogenic areas: 12372204 

Continents: Post-Precambrian nonorogenic areas: 1.54 + 0.58 
Continents: Mesozoic-Cenozoic orogenic areas: 1.92 + 0.49 


Oceans: Trenches: 0.99 + 0.61 
Oceans: Basins: 1.28 + 0.53 
Oceans Ridges: 1.82-£91.56 


peal cm? sec} 


2.5 Construction of a Model of the Mantle 


The synthesis of the geochemical, geological, and geophysical information 
pertaining to the earth’s interior described in the first two chapters can be 
done in stages: first, the construction of a static central model, a body that is 
in hydrostatic equilibrium and whose properties, density, temperature, 
chemical content, etc., are functions of the radius only; and second, a non- 
central model that entails lateral variations. The lateral variations are of 
interest not only in accounting for much of the observational data, but also, 
very likely, in explaining several properties of the central model. 


Central Model of the Earth 


The construction of the central model can be described briefly as: given 
the likely materials of the earth as indicated by the geochemical considera- 
tions, and their properties as measured in the laboratory, combined with the 
geophysical information we have of the variations of the conditions within 
the earth (the mass distribution, elastic properties, heat flow, etc.), can we 
construct a model that is consistent with chemical homogeneity of the mater- 
ial? If such homogeneity is not possible, then may the data be accounted for 
by phase transitions? Finally, where changes in physical properties are too 
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great to be phase changes, what are the most likely changes in chemical 
substance ? 

As emphasized in the very beginning at Table 1.1, we are concerned mainly 
about the construction of a model of the mantle. The procedure to be followed 
is essentially that of Birch [31, 75]. The principal petrological datum is that 
the density of the material at the top of the mantle is about 3.3 gm/cm’. 
From (2.1.47) we have that the pressure P should change with radius accord- 
ing to: 


dP 
——= (9p (As 9) 


dr 
in which we have substituted the gravity acceleration g for —dV/dr. The 
change in density with pressure is expressed by 


ap _ Pp (2.5.2) 


where k is the bulk modulus, originally appearing in (2.2.5). The bulk modulus 
can be measured, of course, in the laboratory for the likely materials of the 
earth at pressures which apply to the upper mantle. However, from the seis- 
mic wave theory of Section 2.2 and the velocities of seismic waves within the 
earth given by Table 2.1, we can derive directly the bulk modulus within the 
earth. Substituting from (2.2.5) for A in (2.2.7) and using V, in place of « for 
the compressional wave, V, in place of 6 for the shear wave, we obtain 


V2= (k + 4u/3) 
7 = 
‘ (2.5.3) 
Ve 
p 
then the bulk modulus k can be obtained by eliminating u: 
k 4V, 
-=V),*-—*+=9 (2.5.4) 
p 3 
Finally combining (2.5.1, 2, 4) we get: 
CE ease (2.5.5) 


dr Y 


known as the Adams-Williamson relationship. With this relationship, the 
values of y determined from observations, and the equation for the change ing, 


Geet anGp = 2 (2.5.6) 
dr r 
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we can start with the given density of 3.3 gm/cm? and acceleration 980 cm/sec? 
at the top of the mantle and numerically integrate downward through the 
mantle to get the variation in density. As controls on this integration to 
obtain density, we have the quantities given from geodesy at the end of 
Section 2.1: the values of C, the moment of inertia about the rotation axis; 
a, the radius; and GM, the gravitational constant times mass. For the central 
problem we would prefer the mean moment of inertia J and the mean 
radius R: 
I = 8.0235 x 1044 gm/cm? 


R = 6371040 meters (2.52) 
M = 5.976 x 10?" gm 


Integrating in this manner from the top to the bottom of the mantle, then 
using the values in (2.5.7), subtracting out the crust as given in Table 1.1 plus 
the mantle as just calculated, gives as the ratio J,/M,R,” 0.57: closer to the 
ratio for a hollow sphere than that for a uniform density sphere. Hence the 
assumptions on which the calculation was based are incorrect. These assump- 
tions were: homogeneity—that it was the same material and phase through- 
out; and adiabaticity—that the compression took place in such a manner that 
there was no transfer of energy through flow of heat. This assumption was 
made implicitly by using the bulk modulus k obtained from seismic waves: 
seismic waves are of such high frequency that the transfer of heat in a cycle is 
negligible. That the bulk modulus is the adiabatic we shall hereafter denote by 
the subscript s: k,. The effect of heat upon density is expressed, of course, 
through the coefficient of thermal expansion «, and, hence, if there is a radial 
gradient of temperature 07T/0r, we can expect a corresponding radial gradient 
of density, pxd7/dr. To combine this with (2.5.5) for a static model, however, 
we must use the isothermal bulk modulus, k 7, obtaining 


dp gp dT 
Sa 25-5 
dr kp - dr ( ) 


To use this isothermal relationship with the adiabatic data k, we need the 
change of temperature with pressure, the Clausius-Clapeyron relationship 
(1.2.24). In this equation we replace the heat change Aq by the specific heat at 
constant pressure times the temperature change, C,AT; and we replace the 
specific volume change AV by the coefficient of thermal expansion times the 
temperature change divided by the density, «A7/p, to obtain 


(Ga ee (2.5.9) 
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whence, using (2.5.1), 


oles ae ae (2.5.10) 


dr OP),dr 


Pp 


in which 7 is the superadiabatic gradient, which we have shown with negative 
sign to accord with a temperature increase with depth. To relate the incom- 
pressibilities ky and k, we have, 


V = V(P, T) 
volales tal 


Substituting (2.5.10) and 


(=), 


1 2 
bag Se a0 8 (2.5.11) 
kp k, pC, 


in (2.5.8), and using (2.5.4), again we get 


dp 


_>- — &P + XPT (2.5.12) 
dr y 


Using values approximating those at a depth of about 30 km in the first 
term on the right of (2.5.10), 


T = 750°K 
a=2~x 10% 

Cp = 10% ergs cm™ °C 
g = 980 cm/sec? 


we get a very small adiabatic temperature gradient (07/0r), of only about 
0.15°C/km. This is much less than temperature gradients deduced from the 
observed surface heat flow of 1.5 x 10~® cal cm~ sec”? and the conductivity 
K of about 10-2 cal cm sec™! °C-?: more than 10°/km. Hence near the sur- 
face almost the entire temperature gradient must be superadiabatic. Deep 
in the mantle, however, where the temperature may be in excess of 3000°C 
and hence where the conductivity is much higher, as suggested by (2.4.9), 
the gradient must be quite close to adiabatic. Using the gradient 10°/km 
for 7 and the value of 43 km?/sec? deduced for g by using values in Table 2.1 
and (2.5.4), we get that the second term in (2.5.12) is about equal to the first 
term. Going deep into the mantle g remains approximately constant, p 
increases but @ increases a good deal more. «, which is related to the density 
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and compressibility through the Griineisen constant y by (1.2.41), will not 
change very much, whereas 7, because of the increase in thermal conductivity, 
will decrease appreciably. The variable that we will need to examine further 
to determine whether it changes significantly with pressure is the bulk 
modulus k. 

The deduction of the appropriate change of incompressibility k with pres- 
sure can be done in several ways, such as thermodynamic theory or by some- 
thing more fundamental. We follow Birch [31] by making the assumption 
that the change of compressibility with pressure for the silicates of the earth 
will follow laws similar to more compressible substances and their behavior 
under pressure in the laboratory. Mathematically, a change of incompres- 
sibility k with pressure is equivalent to adding second-degree terms, nonlinear 
terms, to the equation for strain e,;; (2.2.2): 


(2.5.13) 


e355 


ae (es = eee 
ee Ox; 2% OM, 10x, 
For the case of hydrostatic strain of an isotropic medium we can write this in 


terms of a single component 
ea | (2.5.14) 


The relation between strain e and density p is 


. = “= (1 — 26)? =(1 + 2f)” (2.5.15) 


Po 
where the negative of the strain f has been used to make it more convenient 
in the case of compression. For hydrostatic pressure alone we should expect 
that the strain energy can be expressed in the form of a power series in f with 
coefficients which are functions only of temperature 


y= 5 a(T)f’ (2.5.16) 


Whence from the expression —PdV for a change dy in the strain energy we 
get for the pressure 


df ow 1 ‘ ro) Poe 
Ps = [2 afi-l 
meas ag + aaa (2.5.17) 


From (2.2.10) the strain energy p at very small pressure will be 9k, f?/2. 
Substituting this for the first term in the series y and retaining only the 
i = 1 and ij = 3 terms of the series, we obtain for P 


P = 3kof(1 + 2f)1 — 2éf) (2.5.18) 
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or for the incompressibility k 


kp = kel + 2f)[1 + 7f — 2Ef(2 + 9f)I (2.5.19) 


The dimensionless parameter & is a function of temperature only and is a 
measure of the nonlinearity of the variation of incompressibility. From 
experimental data on the highly compressible alkali metals Li, K, Na, etc., 
Birch deduced that & was virtually 0. It is estimated that the dk/dP of silicates 
at the pressures existing in the mantle is between 3 and 4 [31]. 

For the variation of the thermal expansion « with pressure there is similarly 
obtained 


> ee (2.5.20) 


The parameter g is normally about 4 [75]. 

Using this refined theory and starting the integration with p = 3.32 at the 
top of the mantle, we find that at depths less than 400 km the dominant factor 
is a rate of change of temperature dT/dr considerably above adiabatic. In 
other words, the parameter 7 in (2.5.10, 12) is important. If this parameter 
exceeds a certain amount (6-10°C/km), the velocity decreases with depth. 
Such a decrease is observed to occur, in fact, in the large part of the earth, 
as discussed in Section 2.2. Below 400 km the relationship (2.5.12) breaks 
down; it is apparent that the phase transitions discussed in Section 1.2 must 
take place. This zone of change of a rate of increase of density p and com- 
pressibility k incompatible with (2.5.12) continues down to about 900 km. 
Below 900 km the changes in p and k are again consistent with a single sub- 
stance. However, at these depths the compression is great enough that the 
nonlinear terms must be taken into account. A best fit to the seismic data is 
obtained with a value of about 0.2 for the nonlinear parameter & in (2.5.18, 19) 
[75]. 

For the composition of the mantle and the thermal regime some of the 
more important considerations are: 


1. Because of the predominance of basaltic lava throughout geological 
time, the low melting fraction of the material of the mantle should be basaltic. 

2. The absence of sizable gravity anomalies using a reasonable value for 
the coefficient of thermal expansion indicates relatively small variations in 
temperature at depths below about 400 km. 

3. The distribution of heat flow values, as listed at the end of Section 2.4, 
limits the distribution of heat sources. 

4. Variations in seismic characteristics between oceans and continents as 
deep as 400 km indicate that a good part of the upper mantle is essentially a 
transition zone. 
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Figure 2.18: Density curve in the earth—pyrolite model. Based on Clark & Ringwood 
[75, p. 67]. 


Of the rocks described in Section 1.1, two appear most likely: first, eclo- 
gite, which can be a phase transition from basalt; and second, a combination 
of dunite and basalt, which has been called pyrolite by Ringwood [75, 340]. 
The lack of correlation between crustal thickness and the heat-flow variations 
make the basalt-eclogite phase transition very unlikely, however, as an 
explanation for the Moho. The difficulty in finding a reasonable model is 
that indicated by Tables 2.2 and 2.3. If basaltic material is to be important 
in the mantle, it must be depleted in the radioactive materials, uranium, 
thorium, and potassium, compared with the average basalts found at the 
surface. As mentioned in Section 2.4, however, there is quite a wide range of 
radiogenic contents of the basalts. To reconcile the values of heat flow for the 
oceans, shields, and continents with the differing contributions in the crusts 
likely in these different areas, a model which is uniform below 400 km must 
have on the order of 0.5 cal cm™ sec! from depths greater than 400 km. 
The temperature profiles resulting from these models of heat source distribu- 
tion together with heat transfer by thermal conduction only obtain tempera- 
ture profiles that manage to stay just short of melting in the upper mantle. 

With the modifications in the calculation of mantle density described 
above, the ratio I,/M,R,? obtained for the core is quite reasonable—about 
0.39. The resulting density required in the core would correspond to a com- 
position of about 80 percent iron and 20 percent silica. The entire results for 
density are given in Figure 2.18. 


Lateral Variations in the Earth’s Interior 


For the lateral irregularities on a large scale the data that are probably the 
most accurately known now are the variations of the gravitational field, as 
described in Section 2.1. If we take the topography and the gravity as expressed 
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by the harmonic coefficients C,,,, Sj, in Table 2.1 and assume that these 
coefficients are due to the topography plus density irregularities supported 
elastically, then to have a determinate problem we must make a further 
assumption. The simplest assumption is that the shearing strain energy, the 
part of the strain energy W in (2.2.11) that depends on the rigidity, is a 
minimum summed throughout the mantle. If we assume zero interaction 
between different harmonics the resulting equations will be the same as those 
of the free oscillations (2.2.53), with the frequency o = 0 and with the density 
variation appearing in the second equation through its effect on the compres- 
sive stress and in the sixth equation through its effect on the Poisson equation. 
The solution resulting is that the maximum shearing stress differences in the 
mantle are on the order of 100 bars. The maximum density irregularities 
Ap are about 5 x 10-4 gm/cm® [204]. Using this Ap with an extrapolated 
thermal expansion coefficient « of about 10-5/°C in (2.5.10) and (2.4.11) 
yields temperature irregularities AT of only about 10°C. 

The discussion of creep in Section 2.3, however, suggests that at elevated 
temperatures even 100 bars are difficult for silicates to sustain over geological 
times of a million years or more. If we take the indications of paleomagnetism, 
Figures 3.7 and 3.8, there are motions with velocity on the order of 10 km 
per million years or 1 cm/yr or 3 x 10-* cm/sec. At such rates heat transfer 
would be dominated by convection since from (2.4.18) 


jC Sora (2.5.21) 
pC, 
3x 10°x3x 10-8 yy —0:006_ 
4 x 0.25 


The corresponding viscosity would be obtained by substituting nv for wu in 
the elastic equations. Taking the 30-meter displacements as equivalent to the 
100-bar stresses we have 


u 3 x 10° 
2 ll 


i aes 10!? ~ 10”? gm cm™ sec* (235222) 


nS 


which is about equal to the viscosity deduced from the Fennoscandian uplift 
for the uppermost 1000 km of the mantle. 

It is a somewhat more difficult matter to make a realistic solution for a 
convecting mantle than to say that convection is probably significant. Many 
solutions that have been carried out are valid only at Rayleigh numbers just 
above critical (2.4.18) [68]. However, as discussed in Section 2.4, the Rayleigh 
number for the entire mantle is certainly well in excess of critical. The question 
then becomes: given that the convection is broken down into smaller cells of 
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a scale d (2.4.24), is the flow steady and laminar, or is it unsteady and tur- 
bulent? In other words, once a system of flow exists, will it persist in the same 
pattern, or will it be continually breaking down and forming new patterns? 
The number that pertains to this question is the Prandtl number Pr: 


i (25.23) 


a le 


where v is the kinematic viscosity (2.4.17), and « is the thermal diffusivity 
(2.4.5). The significance of the Prandtl number is most clearly brought out if 
we adopt in the Navier-Stokes equation (2.4.16) the distance d as the unit 
of length, the temperature change df across this distance as the unit of tem- 
perature, d?/« as the unit of time, and pd°v/« as the unit of mass. Let us also 
replace 0V/0x; by —gx,/r and subtract out the hydrostatic term (0p)/@r)/ 
Po + gon the right of (2.4.16). The flow equation then becomes, using (2.4.18) 
for R, dp for p — po, 


1 /dv, Ov; Odp x; " 
ae +», | = ae (2.5.24) 
Hence for a large Prandtl number Pr the inertial terms on the left of (2.5.24) 
are unimportant and the flow will be steady. For the values given by (2.4.21) 
and (2.4.22) the Prandtl number is indeed extremely large: on the order of 
1078 to 102”. 

Using (2.5.24) with the left side zero and the heat-flow equation (2.4.6) 
with OT/dt zero, Turcotte and Oxburgh [507] obtain solutions for d = 1500 
km which yield surface velocities of about 4 cm/yr and heat fluxes approxi- 
mating those across ocean ridges. However, there are still difficulties: 


1. The Navier-Stokes equation may not be applicable to the upper mantle, 
because of the dependence of viscosity on stress through dislocation climb 
and grain boundary effects, as discussed in Section 2.3. 

2. The probable great variation of viscosity with depth due to temperature 
and pressure dependence as in Figure 2.16 may drastically change the convec- 
tive flow pattern from the analytic solution. 

3. The rate of change in temperature 07/0t is not zero, because of radio- 
genic heat. 

4. The sources of radiogenic heat probably have been moved upward 
appreciably by fractionation, as discussed in Section 2.4. 

5. The upper boundary of the convective system, the crust, is by no means 
smooth; there are great variations in stress, as manifest by the upheavals of 
mountain building, etc. 

6. The phase transitions at depths 400-900 km have latent heats associated 
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with them which may significantly modify the superadiabatic temperature 
gradient. 

7. The rough equality of heat flow on the continents and oceans suggests 
that there are a comparable number of heat sources in a given vertical section 
and hence that there has been relatively little horizontal motion, i.e., motion 
in each particular large region has occurred essentially within the vertical 
columns [253]. 

8. The seismic evidence suggests that the difference between continents 
and oceans extends fairly deep in the upper mantle, some 200 km or so. Hence 
the mechanism of continental drift is difficult to visualize. Although there 
could plausibly be a thin layer of 20 km or so sliding around on the surface, 
it is hard to think of a block a couple of hundred kilometers thick plowing its 
way through denser material. 

9. The apparent geological pattern of growth of the continents by accre- 
tion over some 3 x 10° years is difficult to reconcile with their being shoved 
around a lot by convective currents. 


In summary, we now have a good static central model of the earth, based 
mainly on geochemical and seismic evidence. However, there is definitely a 
need for a better understanding of the manner in which flow has occurred 
within the earth in order to account for the geological processes of mountain 
building, etc.; the extreme fractionation of materials; and the paleomagnetic 
and other evidences of large-scale motions at the surface, within the restrain- 
ing conditions of the observed fields of gravity and heat flow. The marked 
evidence of sea-floor spreading, together with the relative newness of the sea 
floor, suggests that the ocean offers the more assimilable boundary conditions 
for theories of upper-mantle flow. 


PROBLEMS 


2.1. In the expression (2.1.17) for the gravitational potential of a planet, prove that 
locating the coordinate origin at the center of mass makes the coefficient Cog = 1 


and the coefficients Cyy = Cy, = Sy, = 0. 


2.2. Derive the generation of zonal harmonics Pj(cos y), as defined by sub- 
stituting cos y for sin @ and sin y for cos ¢ in (2.1.16), from: 


1 2a 
oa [r? + R? — 2rRoos yp? =- > (*) Pacos ) 

9 Fi=o \F 
2.3. Prove 


a 2 
ce hoe 
i [Pio(cos y)]? sin y dy T+ 
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2.4. Prove the addition theorem for spherical harmonics; that is, a zonal harmonic 
P,)(cos ) which is a function of arc distance y from a pole at ¢’, 2’ transforms to 


P,(cos y) = Pio(sin y )P. (sin 7) 


+2 2 a Pini Q )Pim (Sin 9) cos mA = R) 


where cos y = sin 9’ sin y + cos 9’ cos ycos (A — 4’). 


2.5. The order-of-magnitude of third-degree coefficients Czm, S3m in the earth’s 
potential is about +1.0 x 10-*. If these variations in the gravitational field are due 
to undulations in the core-mantle interface, what must be the order-of-magnitude 
(in kilometers) of the undulations, assuming a density jump about equal to that 
given by Figure 2.18: 5.4 gm/cm?? 


2.6. Derive an expression for Stoke’s function S(cos 6) as a sum of surface spherical 
harmonics, where S(cos 6) is defined by 


= = | S(cos 0) Ag do 
sphere 
N = geoid height (2.1.43), g = mean acceleration of gravity 
R = radius, 8 = arc distance on sphere, Ag = gravity anomaly (2.1.44) 
do = element of surface area 


2.7. (a) Given: mass M = 5.97 x 107" gm, rotation w = 0.729 x 10-4 rad/sec, 
radius of earth = 6.37 x 10?km, radius of core = 3.39 x 102km, second zonal 
harmonic of potential Jz = 0.001083. 

(b) Assume: (1) hydrostatic equilibrium; (2) constant density in mantle; 
(3) constant density in core. 

(c) Calculate: (1) density of mantle; (2) density of core. 


2.8. Assume that the wave in (2.2.15) is propagating spherically from a point. What 
will be the form of the wave equation? What will be the solution? 

Assume that the wave equation (2.2.15) applies in only two dimensions, that is 
the wave is confined to a plane. Assume further that the wave propagates in a circle 
from a point. What will now be the form of the wave equation? Taking y = 
R(r)T(4), what standard type of function will R be? 


2.9. Using (2.2.17-26), and making the Poisson assumption 4 = yu of (2.2.7), show 
that the velocity c of Rayleigh waves falls in the limits 


O96 <e< B 


2.10. Using Snell’s law (v/sini = v'/sini’ across an interface) prove that the 
parameter 
rsini 


v 
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where r is the radius of a concentric shell, 7 is an angle of incidence, and v is velocity, 
is constant for a given ray of a seismic wave. 


2.11. Derive (2.2.21) for the travel time T of a seismic wave. 


2.12. Use the spherical Bessel functions of (2.2.45) to solve for the period of 
oscillation g7, of the moon (radius 1.738 x 108 cm), assuming constant density 
p = 3.32 gm/cm? and elastic moduli 4 = u» = 7.38 x 10! dynes/cm? (use a table of 
Bessel functions, e.g., pp. 457-459 of Abramovitz and Stegun, Handbook of Mathe- 
matical Functions, Dover, 1965). 


2.13. If a particle of mass dm is brought from infinity to a mass M of radius r, the 
change in potential energy GMdm/r is transformed into heat. Treating the origin of 
the earth as an accumulation of particles from infinity in this manner, how many 
calories per gram of heat are gained this way, if no heat is radiated? 

Assume a constant rate of mass accumulation per surface area dz/dt (dimensions 
ML~T~) and radiation of heat from the surface of a black body, 


E = oT! 


where o is the Stefan-Boltzmann constant 5.68 x 10-5 erg cm? °K~4 (see Section 
6.2). Write equations for the mass and temperature as a function of time, assuming 
constant density, heat capacity, and no compression. Give the final mean temperature 
attained for a dz/dt of 1 gm cm sec and a heat capacity of 0.25 cal gm °C}. 


2.14. Assume the temperature 7 at the earth’s surface varies sinusoidally due to 
insolation. Assume that heat is transported to the interior by ordinary thermal con- 
duction with numerical values for the parameters as given in Section 2.4. Derive an 
expression for the temperature at depth z for an amplitude AT of 20°C anda rate w 
of 1 cycle/day. What is the amplitude and phase lag of the variation at a depth of 
1 centimeter ? 


2.15. Assume a solid homogeneous planet of uniform thermal properties such that 
the thermal diffusivity « is constant throughout. Further assuming no heat sources, 
the equation of heat conduction in spherical coordinates will be 


zg? (13) 


aT ~Sis«ér? Or é ar 


Solve the equation by assuming conductive equilibrium, whence the temperature T 


will have the form 
T = R(r)O(t) + const 


and the radial function R will be a spherical Bessel function of zero order: 
j : + bsin x) 
=— H i 
Jo@) (a cos s 


Take the boundary conditions as at the origin: 
T(0, 0) = Ty 
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and at the surface r = a: 
T(a, t) =0 


Assume a = 6370 km, « = 0.006 cm2/sec, T = 4000°C, T(a, t) = 0°C. 

How long will it take the temperature to drop to 300°C at the center? At a point 
500 km deep? 

Assuming conductivity K =3 x 10‘ ergs cm™ sec”? °C-1, what will be the 
surface heat flow when T = 300°C at 500 km depth? 


2.16. Assume a perfect fluid mass of homogeneous density 5.5 gm/cm?, radius 
6.37 x 108 cm, and a period of rotation of 100 min. Is this body stable: that is, 
assuming no outside influences, will it stay together ? 

Assume further that a chemical separation occurs within the planet such that a 
core of uniform density 12.8 gm/cm* and a mantle of uniform density 4.2 gm/cm? 
are formed. Conserving angular momentum, what will be the new period of rotation ? 
Is the new arrangement stable: that is, will any matter become detached? 

How much gravitational energy will be lost in the formation of the core? As- 
suming all this energy is converted into heat, no loss of heat by radiation, and a 
specific heat of 10’ ergs gm™1°C~, what will be the resulting mean increase in 
temperature? 


2.17. Derive a formula for the hydrostatic pressure inside a homogeneous planet 
(neglect rotational and thermal effects). What is the pressure at the center of the 
moon (mass and radius given in Table 4.1), assuming it to be homogeneous? 


2.18. It states on page 87 that horizontal shear (SH) waves, called Love waves, 
are possible at the free surface of a layer M over a half space M’. Prove this by 
extending the treatment on pages 85-86 to include the additional layer. What 
condition does the existence of surface SH waves impose on the shear (S) wave 
velocities in mediums M and M’? 
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Chapter 3 


PLANETARY MAGNETISM 


In Chapters 1 and 2 we discussed observations and experiments pertaining 
to the earth’s interior and developed physical and chemical models of plane- 
tary interiors with no reference to one of the main subjects of physics, 
electromagnetism (other than the relation of electrical to thermal conductivity). 
The reason why this neglect was possible is that the electromagnetic influences 
on the state of solid matter are quite slight. 

However, of the terrestrial planets at least the earth has a fluid core com- 
posed largely of material of appreciable conductivity. The earth also has a 
magnetic field of pronounced broad-scale variations that would be expected 
to be associated with a fluid conductive core. We shall first discuss these 
variations, and then explore their theoretical explanation. The final section, 
on paleomagnetism, deals with particular effects of the magnetic field on 
matter deposited on the earth’s surface which have become very important 
in connection with the geologic record, as already mentioned in Section 1.4. 

As before, the earth takes a much greater part of our attention than the 
other planets; in this instance, however, it is because the earth is apparently 
much more active, and not merely because it is more accessible. 


3.1 Spatial and Temporal Variations of Planetary Magnetic Fields 


Expression of the External Magnetic Field 


The magnetic field at the earth’s surface normally is expressed in terms of a 
vector of magnitude F with a radial component positive downward, A, and a 
horizontal component H. Because the classical technique of observing the 
magnetic field utilized the deflection of a magnetized needle, there are also 
used the angle with respect to the horizontal, the inclination J, and the angle 
about the vertical with respect to North, the declination D. Equations (3.1.1) 
and (3.1.2) give the relationships between the rectangular components of the 
magnetic field vector and the angular quantites J and D. 


X cos [cos D 

Y} = F(cosZsin D (351-1) 
Z sin I 

H= FcosI (3.1.2) 
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In units of magnetic induction (the same numerically as units of field strength, 
since the permeability of the air is virtually unity) the strength of the earth’s 
magnetic field is less than one gauss (I). The conventional unit used is the 
gamma (y), defined as 10° L. 

The earth’s magnetic field is similar to the gravitational field in that it can 
be expressed at the earth’s surface as the gradient of scalar potential. The 
magnetic field differs significantly from the gravitational field, however, in 
that (1) a larger proportion of the field—about 0.1 percent—is of external, 
rather than internal, origin; and (2) the internally generated field undergoes 
perceptible changes with time, on the order of 0.1 percent per year. 

The external field originates from the interaction of the charged particles 
of the solar field with the earth’s field and atmosphere, and has a broad spec- 
trum of variations ranging from milliseconds up to eleven years (arising from 
the principal cycle of solar activity). It is of interest with respect to the earth’s 
interior in that the externally caused variations induce electric currents in the 
mantle which in turn give rise to temporal variations of the magnetic field 
usable to deduce mantle conductivity, as discussed at the end of Section 3.2. 

The spherical harmonic expression customarily used for the internally 
generated geomagnetic field, analogous to (2.1.17), is 


ee) 41 1 
ymaRS a ¥ PON," cos ma + hy" sin ma) (3.1.3) 
INT m=0 


where @ is the colatitude (7/2 — q) and P,”(@) is a Legendre associated 
function (equation 2.1.16) normalized so that 


4 


= 3.1.4 
page| ( 


[ [P,(6)]* sin 6 dO = 
0 

known as the Schmidt partial normalization. F is, then, the magnitude and 
X, Y, Z are the components of VV in the specified directions [71, 191]. 


Observations of the Earth’s Magnetic Field 


The measurement of the geomagnetic field is carried out as a combination 
of frequently repeated observations at fixed stations and occasional field 
surveys to obtain spatial variations, by ship or aircraft or satellite. A variety 
of techniques are employed. The older magnetometers utilized the torques 
generated by the interaction of the field with permanent magnets of electric 
coils. The newer magnetometers are either the flux-gate type, dependent on 
the change in weak fields, of the permeability of a highly sensitive material; 
or the proton-precession type, dependent on the rate of precession about the 
earth’s field of protons whose spins have been aligned by a much stronger 
artificial field [191]. 
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TABLE 3.1: SPHERICAL HARMONIC COEFFICIENTS OF THE 
GEOMAGNETIC FIELD, EPOCH 1960.0 


is a h,” hy 

i m (y) (y/yr) (y) (y/yr) 
1 0 —30426 18.9 

1 1 = ig2 ee 7s) 5761 19 
°) 0 —1548 —24.8 

5) 1 3000 —0.8 —1949 —14.0 
p 2 1574 0.8 201 =i 
3 0 1323 —0.4 

3 1 —2009 —10.5 —442 1.9 
3 2 1275 3.4 233 4.0 
3 3 877 =e ts —9.0 
4 0 957 0.8 

4 1 797 5.4 149 —0.9 
4 2 527 = 9 —266 =e 
4 3 —400 —0.2 aaa E90 
4 4 273 0.8 = 262 55 
5 0 eeAl 3.5 

5 1 353 =0.7 0 1.8 
5 2 231 2.5 124 2.9 
5 3 =33 0.6 —104 —0.8 
5 4 =i47 0.0 —98 —0.4 
5 5 — 79 1.6 75 S12) 


From Cain et al. [61]. 


A recent analysis obtained the results given in Table 3.1 and Figures 3.1 
and 3.2 for the intensity and rate of change of the geomagnetic field [61]. 
The principal characteristics of the earth’s magnetic field as deduced from 
several such analyses since the first one by Gauss in 1830 are [178, 180, 191]: 


1. The field is predominantly a dipole (i.e., representable as a first-degree 
harmonic) of about 0.61 strength at an angle of 11.5° (tan! J (g1))? + (A,2)?/ 
£1°) to the rotation axis. 

2. The nondipole part of the field (/ > 2) has a total intensity of about 
0.05 '—one-tenth the main field—and coefficients that decrease markedly 
with increasing degree /. 

3. The dipole field is decreasing in intensity about 15 y/yr moving west- 
ward at a rate of about 0.07°/yr [d(tan~ h,1/g,)/dt]. These trends have per- 
sisted throughout the 135 years of detailed analyses. 

4. The nondipole field is changing more rapidly: about 50 y/yr (rms), with 
a maximum of about 200 y/yr. In terms of harmonic coefficients, the general 
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h 1965.0. From Cain et al. [61, p. 3659]. 
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increase in magnitude for degrees 2, 3, and 4 indicated by Table 3.1 has 
persisted since at least 1900. In terms of spatial representation, the change has 
been such that the nondipole features of the magnetic field in Figure 3.1 have 
moved westward steadily at a rate averaging about 0.1°/yr, but varying 
appreciably from one latitude to another. There is a more rapid westerly drift 
of the secular variation field—the features in Figure 3.2—on the order of 
0.3°/yr. The generally lower rates of change in the Pacific and higher rates 
around Antarctica have always existed. 

By the techniques of paleomagnetism discussed in Section 3.3, more infor- 
mation about the field in the historical and geologic past has been deduced 
[83, 95, 96]: 


1. Over the past 2500 years, the dipole intensity has decreased at an average 
of about 7 y/yr, so that the field was 50 percent more intense in 500 B.c. 
However, about 5000 years ago the field had about the same intensity as now. 
About 10,000 years ago, the time scales associated with the secular variation 
were about the same as it is now. 

2. In the last million years, the dipole field has maintained the same 
polarity it has now, wobbling with periods up to 10° years and amplitudes 
greater than 15 degrees about an average orientation displaced 5 degrees 
toward the Pacific from the present rotation axis. Throughout this time, the 
nondipole field in the Pacific has been relatively mild, as it is at present. 

3. In the last 20 million years, there have been at least 60 reversals in 
polarity of the dipole field. The duration of the reversal process—i.e., the 
time during which there is no pronounced dipole—appears to be less than 
10,000 years. During this period the average orientation of the pole was still 
within 5 degrees of the present rotation axis, and the wobbles were within 
20 degrees of this average. 

4. In the last 1.0 A, there have been many reversals of polarity; however, 
for two periods of about 50 million years each (Permian and Jurassic), the 
number of determinations of the same polarity is exceptionally high. During 
this time the apparent magnetic pole has wandered far from the present 
rotation axis, with inconsistencies between continents, as discussed in 
Section 3.3. 


The geomagnetic field thus has characteristics that unavoidably suggest an 
origin in the liquid core: broad spatial variations of a global scale, and tem- 
poral variations on a time scale of 10° years for the dipole field and 10° 
years for the nondipole field. (In addition, there are local variations of up to 
a few hundred gamma, associated with magnetic material in the crust.) 

Information about the magnetic fields of other planets is deducible, in 
principle, from space-probe magnetometer measurements; nonthermal 
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electromagnetic radiation; and modulation of the solar wind by the planet due 
to an increase of its effective cross-section by a magnetic field. For the terres- 
trial planets, however, the only definite information is the negative results 
obtained by planetary probes. Mariner V detected a magnetopause near 
Venus which set an upper limit on its field strength of 0.001 to 0.01 times the 
earth’s [537]; the U.S.S.R. Venus probe set the limit even lower, 0.0003 
times the earth’s [534]. Mariner IV detected no field for Mars at a radial 
distance of 2 planetary radii, setting an upper limit on intensity of only 0.0003 
times of the earth’s [178, 211, 584]. Recently the lunar satellite Anchored- 
IMP failed to detect any lunar magnetic field. Furthermore, in passing behind 
the moon, it failed to detect any perceptible effect of the moon on the inter- 
planetary magnetic field. This latter observation indicates that if the moon has 
an electrically conducting interior, it must be insulated from steady-state 
interaction with the solar wind by a surface layer of extremely low conduc- 
tivity, less than 10-7 mho/cm [504]. 


3.2 Hydromagnetism and the Dynamo Theory 


We take as the starting point Maxwell’s equations, which are derived in 
any standard text on classical electromagnetism, such as Jackson [190] or 
Corson and Lorrain [81]. 


Fundamental Equations of Hydromagnetism 


From the Biot-Savart law relating current and magnetic induction and 
Ampeére’s law of force between current loops, the force per unit volume F 
exerted by a current density J and a magnetic-flux density B is, in electro- 
magnetic units: 

F=JxB (G.2.1) 


Thus if an electromagnetic field exists in a viscous medium, then to the 
equations of motion (2.4.15) there must be added (3.2.1): 


WW og Veer) ee. Oe G22) 


dt p p 


To eliminate either J or B, use Maxwell’s second, third, and fourth equations: 


Ampére’s law: V x B= 4zuJ (3.2.3) 
Faraday’s law: VxE=-— ’ (3.2.4) 
t 


and the absence of free poles: 
V-B=0 Giz) 


where « is the magnetic permeability and E is the electric field, related to J 
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and B by Ohm’s law in the form: 
J = o(E + v x B) (32.6) 


where o is the conductivity. In equation (3.2.3), there has been neglected on 
the right the displacement current E/e, where « is the dielectric constant, as is 
justified for low-frequency phenomena such as are important in the earth’s 
core [62]. 

Sometimes in place of the flux density B it is more convenient to use the 
magnetic field H, defined by: 


Hoo (3.2.7) 
Take the curl of (3.2.3): ‘ 
V x (V x B)=47uV x J (3.2.8) 
Substitute from (3.2.6) for J: 
V x (V x B) = 4apoV x (E+ vx B) (3.2.9) 
and substitute from (3.2.4) for V x E: 
7507 oan) 4muo| — = bey ee B)| (3.2.10) 


The condition (3.2.5) makes the left of (3.2.10) become — VB (see problem 
3.1). Rearranging (3.2.10) yields an appearance similar to (3.2.2): 


S =Vx(vxB)+9,VB (3.2.11) 
t 
where the “‘magnetic viscosity” ¥,, is: 
Vm = : (3.2012) 
4auc 


The effect of the magnetic viscosity ,, on the magnetic field B in (3.2.11) is 
similar to the effect of the kinematic viscosity v in (2.4.16) on the velocity 
field v. If the velocity v were zero in (3.2.11), then the solution for a continuum 
with boundaries of dimension L would be a decay of the flux density B pro- 
portionate to exp (—1,,/L”). The existence of hydromagnetism depends on a 
decay time L?/y,, long compared to the time in which deformation of the 
medium adds to the field through the first term on the right of (3.2.11). 

An infinite decay time L*/y,, is equivalent to a zero magnetic viscosity »,,,, 
so that the second term on the right of (3.2.11) becomes zero, and 


= =V x (vx B) (3.2.13) 
t 
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This situation, by (3.2.12), corresponds to infinite conductivity o; according 
to (3.2.13), the field changes only with motion of the medium, and hence is 
said to be “frozen” in the medium. 

Using (3.2.3), the force (3.2.1) can be written 


I< pe (<8) B (3.2.14) 
Amp 
Using the vector identity 
1V(B- B) = (B- V)B — (V x B) xB (3.2.15) 
this becomes 
2 
ea pe fe + 4zu(B - V)B (3.2.16) 
Sau 


The magnetic force thus can be said to be equivalent to a magnetic hydrostatic 
pressure 
jee 
Vi a G27) 
Sau 
plus a term equivalent to an additional tension along the lines of force. These 
magnetically caused stresses have an effect on a fluid similar to making it 
more viscous, and thus to decrease turbulence and to make any flowsmoother, 
more laminar. In the horizontal layer problem, (2.4.18), it in effect reduces 
the Rayleigh number relative to critical. As discussed in Section 9.3, a mag- 
netic pressure such as (3.2.17) can have a significant inhibiting effect on con- 
densation from an interstellar cloud. 
Substituting (3.2.16) in (3.2.2) and neglecting the mechanical and gravita- 
tional terms, we have 
2 
ee ee + RE (3.2.18) 
dt p \87p 4rup 
If we substitute B, + B, for B and vy, + v, for v in (3.2.13) and (3.2.18), 
where B,, v, are small disturbances, and neglect the products of small 


quantities, then we obtain (see problem 3.4) that disturbances can be prop- 
agated along the magnetic field lines at velocity 


2 \1/2 
t4 = ( z ) (3.2.19) 
8iup 


known as the Alfvén velocity [1, 82]. 
The Earth: Effect of Rotation, the Dynamo 


The closeness of the magnetic dipole axis to the axis of rotation, discussed 
in Section 3.1, suggests that the rotation has an important effect on the hydro- 
magnetic regime in the earth’s core. It therefore seems appropriate that the 
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fields of velocity v and magnetism B be referred to axes fixed in the earth. 
Hence the equations of motion (3.2.2) must be modified to refer to rotating 
axes by replacing the potential of gravitation V by a potential of gravity U, 
including the centrifugal force term 4w?s? (2.1.33), and by adding a Coriolis 
term 2w x v (see problem 4.2). Making in addition the substitution from 
(3.2.14), we have as the system of equations to be solved: 


ee pay 0 — kaney + yy V'v fe x BB (3.2120) 
dt p 4rup 

OB 2 

ial x (v x B) + »,, VB (3.2.11) 


Equation (3.2.11) was derived using the absence of free poles, (3.2.5), but 
for the velocity field we must impose the continuity of matter (assumed 
incompressible), 

V-v=0 ZZ) 


In the spherically bounded core, the fields v and B are most appropriately 
represented as vector spherical harmonics, with spheroidal (in geomagnetism 
called “‘poloidal’’) and toroidal parts, as was the elastic displacement field 
u in (2.2.34). But if the first term on the right of (3.2.11) is more important 
than the second, then the problem immediately is much more difficult because 
interactions between the two fields, and hence between different harmonics, 
are necessary to maintain the magnetic field B/u. We therefore wish to com- 
pare the decay time L?/y,, with the time scale observed in geomagnetic 
phenomena, such as the westerly drift. 

The length scale L we can take to be the radius of the core, about 3 x 10° 
cm. The magnetic permeability ~ of a substance that is hot enough to be 
molten is essentially that of a vacuum, | emu. The electric conductivity o 
of a metal at temperatures above the Debye temperature decreases with 
increase in the temperature due to the greater scattering, such as was deduced 
in connection with deriving the Lindemann melting law. Thus the conductivity 
of iron would be about an order-of-magnitude less than that observed at 
normal temperatures: that is, about 3 x 10~* emu. The 20 percent admixture 
of silica to iron in the core, inferred in Section 2.5, may reduce the conduc- 
tivity another order-of-magnitude [582]. Using 3 x 10-*emu we get a 
decay time L?/v,, of about 10° years: much more than the circuit time 
of 4 x 10° years deduced from the secular drift of about 0.1°/yr. Thus 
the advective term V x (v x B) in (3.2.11) must be much more important 
than the diffusive term. 

However, it is of interest to determine the minimum velocity field v neces- 
sary to maintain a magnetic field B/u against energy loss due to ordinary 
electrical resistance, or Joule heating, J?/o. The equation appropriate to this 
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problem would be (3.2.10) with the rate 0B/dt set zero: 
V x (vx B) = —»,,V°B G22) 


A detailed numerical attack on this problem was made by Bullard and 
Gellman [57] who assumed that the magnetic field could be represented by a 
sum of vector spherical harmonics, 


B=u p) (5,4 4, (3.2.23) 


where S, is a spheroidal and T, is a toroidal vector spherical harmonic of a 
particular degree and order, / and m, and variation with radius r as defined by 
(2.2.37). The velocity field was similarly expressed as 

v= >(S, + T,) (3.2.24) 
The degree and order of each term in the velocity field to be taken into 
account were specified, as well as its radial variation, in the form of a simple 
polynomial in r. Left as unknowns to be solved were the magnitudes of the 
velocity terms, plus the magnitudes of the unobservable toroidal terms of the 
magnetic field, T,, coupled to the observables S, by the specified velocity 
field. 

The simplest likely velocity field generating the main dipole term S, of the 
magnetic field required both a 7, and an S,? motion in the velocity field. Such 
a system roughly satisfies the requirement of conservation of angular momen- 
tum, which here appears mathematically as the Coriolis term 2 x v in the 
equations of motion (3.2.20). A 7), S,? velocity field couples the S, magnetic 
term to T, and 7,” plus higher-order terms in the magnetic field. Since the 
number of terms thus coupled is infinite, computer limitations prevent a 
mathematically rigorous proof that the specified system is possible. The main 
conclusions reached by Bullard and Gellman were that the toroidal fields in 
the core coupled to the dipole field of surface intensity 0.6 [' must have a 
magnitude of about 1001; and that the maximum velocities required to 
maintain such a field are about 0.01 cm/sec radially and 0.04 cm/sec horizon- 
tally. The average velocity yields a westerly drift of 0.13°/yr [57]. These 
results depended on the assumed conductivity of 3 x 10~* emu. In addition, 
more recent calculations including higher-degree terms have failed to obtain 
a convergence toward a particular solution—indicating that for the material 
parameters selected, a major part of the ohmic dissipation must occur in 
higher-degree motions [469]. 

Although these numerical results leave in doubt the existence of a homo- 
geneous dynamo in the real earth, it has been proven that they can exist for 
certain artificial models [474]. 

The manner in which magnetic and velocity fields interact, and the role of 
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Figure 3.3: Generation of a toroidal 7, magnetic field by interaction between a poloidal 
S, field with a T, velocity field. From Elsasser [109, p. 604]. 


the earth’s rotation therein, is not easily perceived in the rather mathematical 
formulation of a vector spherical harmonic representation. In the case of a 
core rotating relative to the mantle, starting with the poloidal magnetic term 
S,, it is possible to visualize how a velocity term 7, applied thereto will 
generate the magnetic term 7, as sketched 
in Figure 3.3. However, the completion of 
the chain T, magnetic — S,2° velocity > T,?¢ 
magnetic > 7, velocity + 7,25 magnetic > 
S,?° velocity —> S, magnetic is not so easily 
visualized in terms of stretching and snapping 
of magnetic field lines by velocity flows. 

On a more local scale, a mechanism where- 
by a rising eddy can generate magnetism is 
pictured in Figure 3.4 [307]. If there is ther- Figure 3.4: Rotation of fluid 
mal convection, there will exist a series of about a rising convection stream. 
streams rising in some places and sinking else- 
where. Consider a rising stream in the northern hemisphere; at the bottom 
of the column fluid converging horizontally from the south will turn to the 
east relative to the rotating frame because it has more angular momentum 
than an element attached to the frame, while fluid from the north will turn 
to the west because it has less. Both of these turns will impart a counterclock- 
wise rotation to the rising fluid. Now if there is a toroidal magnetic field with 
field lines normal to the axis of the convective stream, the field lines will be 
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lifted and simultaneously twisted. If the twist is 90 degrees, there is created a 
loop of magnetic force in a plane perpendicular to the original lines. A con- 
sideration of the effects produced by a sinking current leads to the conclusion 
that the components of the loops about meridian lines will cancel, but that 
the components about parallel lines reinforce each other: that is, the resulting 
net loops lie in meridional planes. Since these loops are all in the same direc- 
tion, they will tend to coalesce and form a poloidal dipole field. 

The smaller the eddies generating the aforedescribed process, the quicker 
they will die out because of viscosity, that is, have a short decay time L?/». 
However, the dipole (as well as other long wave variations) formed by the 
coalescence of the magnetic loops they create is much more persistent—a long 
L?/y,,. The model is steady state only in a statistical sense, since individual 
small eddies die out relatively quickly. 

If there existed adequate estimates of the field intensities and velocities in 
the core, then the energy dissipation entailed could be calculated. 

Dot multiply equation (3.2.6) by J/c: 


2 
ey By sy-< B) (3.2.25) 
oO 


The term on the left of (3.2.25) is the rate of ohmic dissipation per unit 
volume. To transform the right into terms of the magnetic and velocity fields, 
replace J by (3.2.3): 


Je 1 


oa Ee EO ed (3.2.26) 
Use the vector identity 
(V x B)-E=B-(V x E) — V- (Ex B) G22) 
plus (3.2.4) to replace the first term on the right of (3.2.26): 
Jeeua! E 1 ve x B) + (V x B)<(v x B)| (3.2.28) 


The first term on the right of (3.2.28) is minus the rate of change of the mag- 
netic energy per unit volume, B?/87u. To the last term on the right apply the 
vector identity 


o ~ Amp 


(V x B)- (v x B) = v- [Bx (V x B)] (3.2.29) 
and substitute for the factor in brackets from the equations of motion 
(3220); 
dy 


1 
Fi a =P 


+2Vp VU +20 x¥—9Vh) 
p 


(3.2.30) 
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The terms on the right are, respectively: (1) the rate of change of kinetic 
energy; (2) the rate at which pressure forces increase energy; (3) the rate of 
release of gravitational energy ; (4) the rate of conversion of rotational energy; 
and (5) the rate of viscous dissipation, all per unit volume. To obtain the 
total energy exchanges, substitute (3.2.30) in (3.2.28), integrate throughout 
the volume of the core, and apply Gauss’s theorem (see problem 3.2) to the 
second term on the right of (3.2.28): 


2 2 
| le de 
vo v Ot \87ru s 4rpu 
] 


+| pre (Sve Vy 2 Up + VU + 20 xv + 9V¥) dr 
V ot p 


(3.2.31) 


where dz is an element of volume and dS an element of surface area. The 
second term on the right is the flux of electromagnetic energy across the core- 
mantle boundary; because of the relatively low conductivity of the mantle, 
this energy exchange is small compared to some others [57, 180]. 

From the numerical values obtained in the Bullard and Gellman model of 
100 I for B, 0.02 cm/sec for v, and 10 gm/cm* for p, the magnetic-field energy 
density B?/87u is 400 ergs/cm*, but the kinetic energy density pv?/2 is only 
4 x 107° erg/cm’. Hence the energy rates in (3.2.31) would be dominated by 
the magnetic term. Using the decay time L?/y,, of about 10° years to deduce a 
rate and integrating over the volume 47L*/3 of 10? cm?, we get a rate of 
energy dissipation of about 101° ergs/sec. However, these numbers apply only 
to the principal low-degree term of the model. The failure of the numerical 
calculations to converge, together with the much shorter time scale indicated 
by the westerly drift, suggests that the energy dissipation in higher-degree 
eddies is probably orders-of-magnitude more important: perhaps as much as 
the 101° ergs/sec. The likelihood of a lower conductivity also indicates higher 
energy requirements. 

Possible sources of the energy dissipated in the core which have been 
suggested are: 


1. Radioactivity. The energy generation of about 107% erg cm™ sec, or 
10-° cal gm! yr~}, required is somewhat less than the minimum rate for 
dunite in Table 2.3. However, only a minor fraction—on the order of 10-?— 
would be available for conversion into magnetic energy instead of flowing out 
of the core as heat. 

2. Cooling and Crystallization. If the core is cooling because of the con- 
siderable thermal conductivity of the mantle, then energy will be released in 
a manner conducive to convection by crystallization of iron from the melt at 
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the interface between the liquid and solid core. However, if the energy require- 
ments are as much a 101 ergs/sec, then the estimated cooling rate would have 
to be on the order of 10° °C/AE [416]. 

3. Gravitational Energy. If the core were still forming by separation of the 
denser core material from the mantle, then ample energy would be available. 
However, the most recent considerations of core formation by separation 
from the mantle have concluded that it would be a self-accelerating process 
that would go to completion in a relatively short time [32, 400]. 

4. Precession. The moments-of-inertia ratios (C — A)/C differ between 
the earth as a whole and the core by about 0.0008; hence, by (4.3.26), there 
would be a difference in the rates of precession of the core and the earth as a 
whole if they were uncoupled. In actuality they are coupled by friction and 
magnetic induction, so that in effect the mantle exerts a torque on the core. 
Mathematically, this effect appears as an extra term (w x @) x r in the equa- 
tions of motion (3.2.20), where ¢ is the precession vector. This term, known 
as a Poincaré force, arises by allowing for the precession in transforming from 
inertial to body-fixed coordinates. Since the relative precession is only about 
one-fourth the total precession, only one-fourth of this force needs to be 
balanced by other terms in (3.2.20): 


t\(w x @p) xr & [2 x v| & —!_(VxB)xB (3.2332) 
Anup 
Whence an estimate of the characteristic velocity is: 
p= ORE ee octane (3.2.33) 
8 |w| 
and of the magnetic field: 
Blu =~ (rp |w X | R®)/? w 297 (3.2.34) 


Since the field appears as a vector cross-product in (3.2.32), this value must 
be regarded as the geometric mean of the poloidal and toroidal components. 
An estimate of the poloidal component B, at the core-mantle boundary can 
be made by requiring that its cross-product with the velocity be sufficient to 
balance the ohmic dissipation of the field, as in (3.2.22): 


using values from (3.2.33-34) and 3 x 10-6 for o. This value is somewhat 
more than that obtained by extrapolating the surface field down to the core, 
about 41’, which implies considerable shielding. If we adopt 7 I’ as a com- 
promise, a By of 120 I’ results. 
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The velocity (3.2.33) is at right angles to the rotation vector, and hence 
predominantly radial. The horizontal components of velocity we would 
expect to be somewhat larger; we can estimate them by taking the B’s on the 
right of (3.2.32) to be the two toroidal components: 


2 
ae Br 


ip &Y ————— ~ 2.3 x 10° cm/sec (:2:35) 
Sup |w|R 


about one-tenth the mean secular drift rate. The total work done by the mantle 
on the core can be estimated as the product of the magnetic stress B?/4mp by 
the toroidal velocity vp integrated over the surface: 


2 


Va UA 4aR*) ~ 2.3 x 10" ergs/sec (3.2.36) 
4mm 


Thus, of the possible energy sources for the geomagnetic dynamo, preces- 
sion appears definitely to be significant [258, 486]. Whether it is the only 
important energy source remains to be seen. A model of the dynamo 
accounting for its more detailed manifestations, such as the secular drift, is 
needed to deduce what other mechanisms are involved as well as a better 
estimate of the electrical conductivity. 


Flow Patterns in the Core 


As discussed, the advective term V x (v x B) in OB/dt, (3.2.11), seems 
appreciably more important that the diffusive term »,, V*B in the main part of 
the core. We should expect some influence of both the mechanical viscosity » 
and magnetic viscosity, however, on the boundary layer at the core surface 
in which there is a transition between a rigid coupling of the core to the mantle 
and the free flow characterized by (3.2.13). This layer is also important to any 
effect of precession on the dynamo. A detailed consideration shows that the 
boundary layer will also depend on the velocity with which disturbances 
propagate—that is, the Alfvén velocity v4 (3.2.19)—and obtains a thickness 
of (vv,,)'/2/v,4 [343, 375, 376]. Using the viscosity for molten iron observed at 
surface pressure, 0.005 cm?/sec, together with the conductivity 3 x 10-* emu 
and core surface magnetic field intensity of 4 I yields a boundary layer of 
only 68 cm. While there may be an increase in the mechanical viscosity by two 
or three orders of magnitude, it seems clear that the boundary layer is thin, 
and hence that knowledge of the external field and its rates of change will lead 
to some knowledge of the velocity field by (3.2.13). Since the mantle is too 
warm to contain any ferromagneticsources, the external field at the core surface 
is known by extrapolating downward the scalar potential (2.1.3) and its rate 
of change. 

Taking into account the fact that the radial component v, of the velocity 
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field is zero everywhere on the core-mantle boundary, and hence that the 
horizontal derivatives are zero, and using the incompressibility (3.2.21), we 
get from (3.2.13), 

2B, _p (1.2%, mcotO, 1 0, 

at 06 es rsin 6 0A 


r 006 rsin@ @A 


The horizontal components of velocity, v, and v,, can be expressed as a two- 
dimensional vector which is the sum of an irrotational and a rotational veloc- 
ity field, 


(i230) 


v=-Vr,y+rx Vx (3.2.38) 


where the subscript JT denotes the horizontal component of the gradient. 
y and x in turn can be expressed conveniently as scalar spherical harmonic 
expansions. 

Application of (3.2.37) and (3.2.38) to the downward extrapolated field 
leads to a current system that is mainly horizontal—that is, mainly in the 
component y—plus a strong upcurrent south of Africa and a strong down- 
current centered on eastern Europe. The maximum horizontal velocity is 
about 10 km/yr [202]. 


Secular Change 


Two principal hypotheses have been suggested for the secular change of the 
geomagnetic field, including the westward drift. One is that they are hydro- 
magnetic waves: that is, the free oscillations obtained solving the equations 
(3.2.11) and (3.2.20) in terms of vector spherical harmonics are analogous to 
the elastic free oscillations of the mantle. The other is that they are the con- 
sequence of electromagnetic coupling between the mantle and the main part 
of the core, together with conservation of angular momentum in the eddies 
that rise to the surface of the core. 

In the hydromagnetic-wave hypothesis, the secular variation does not 
necessarily entail transport of material. Instead, there is a propagation of wave 
disturbances. The motions of irregularities in the external field correspond to 
the motions of wave forms in the core, and hence the rates of motion of 
particular harmonics in the field should be the phase velocities of the cor- 
responding modes of oscillation in the magnetic field of the core. 

The velocities of hydromagnetic waves in the core will be considerably 
modified from the Alfvén velocity, (3.2.19), by the rotation of the earth. In 
the equations of motion (3.2.20), neglect the body force plus viscous terms, 
VU + vV?v. Solutions for the free oscillations are then obtainable by assum- 
ing that the main part of the flux density B is symmetric about the rotation 
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axis (i.e., expressible as j)(w x s)/w, where s is the vector from the axis), 
assuming the remainder of the magnetic field and the velocity v are small, and 
neglecting products of small quantities. There is one boundary condition: 
the velocity normal to the boundary is zero. The result of the calculation is a 
set of normal modes for the magnetic field. However, there is no indication 
that there should be a selective excitation of westward traveling waves [259]. 

In the electromagnetic-coupling hypothesis, the magnetic field and the 
material in the core are moving together, and the apparent westward drift is 
explained as a rotation of the part of the core giving rise to the variations which 
is slower than the rotation of the mantle. This situation would occur if the 
rotation of the mantle was coupled with the rotation of the deeper main part 
of the core, from which the dipole predominantly originates, while the outer 
core would rotate less slowly because of conservation of angular momentum 
in a convecting system involving up and downcurrents. The mantle would 
rotate with the main part of the core rather than the outer part if the coupling 
between mantle and core was predominantly electromagnetic through the 
interaction of the magnetic field with the conducting medium of the mantle 
rather than mechanical through the viscous drag at the core-mantle boundary 
[56, 345]. 

The electromagnetic-coupling hypothesis is of interest in that it should be of 
additional observational verification because variations in the strength of the 
coupling should result in variations in the rotation of the earth. So far, both 
the observational data and the numerical parameters of the hydromagnetic 
model have not been of sufficient precision to relate the two phenomena 
clearly [345, 346]. 


Electrical Conductivity of the Mantle 


The existence of an electromagnetic coupling depends on the electrical 
conductivity o of the mantle. If the magnetic-flux density B 1s time varying, 
then by Faraday’s law (3.2.4) there will exist an electrical field E and, by 
Ohm’s law (3.2.6), a current density J. The mantle conductivity is small 
enough, however, that we can ignore its effect on the magnetic field, which is 
thus representable as the gradient of a scalar potential, such as (3.1.3). 
However, we now want (3.1.3) extended to take into account the time varia- 
tion and the response of the mantle to externally, as well as internally, 
generated fields [235, 268, 335]: 


l=1 m—1 R 


R 41 r l . 
a (C) h,” + (a) | an ml oivt (3.2.39) 
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In obtaining solutions for a conducting mantle, it is convenient to use a vector 
potential A defined by: 


VxA=B (3.2.40) 
whence, by (3.2.4), 
= “ —Vo 16.241) 
t 


in which is an arbitrary scalar function. B is left unchanged by a transforma- 
tion 


A—>A’=A+VA (3.2.42) 
where A is a scalar; to keep E unchanged as well, 
OA 
g> 7 =o- a (3.2.43) 


It is convenient to choose A so that 
V-A=0 (3.2.44) 


since then 0g/0t must be zero, and hence ¢ is ignorable in a time-varying 
solution. Applying Ampere’s law (3.2.3) and Ohm’s law (3.2.6) (with v zero), 
to (3.2.40) and (3.2.41) yields 


Vv s A) —4nuo (3.2.45) 


From (3.2.39) V x A is representable as a gradient of a scalar, 
VxA=yuVV (3.2.46) 


whence, taking the permeability ~ as a constant in the mantle, 


A=rx Vy (3.2.47) 
and 
Vp = 4rropu * (3.2.48) 


in which r is the position vector and y is a scalar. So there is obtained again 
the scalar diffusion equation, as in (2.3.4). Assuming constant o, as well as yu, 
(3.2.48) is solvable in spherical coordinates as the product of spherical Bessel 
functions and surface spherical harmonics. However, in this case we are 
interested in the variation of o radially, and its effect on different frequencies 
of variation in the external magnetic field. Hence, after substituting 


= R(r)P,"(6) emote) (3.2.49) 
y 


and separating variables in a manner similar to (2.1.2-5), there is obtained an 
equation in R, to be solved either numerically or assuming a particular form 
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Figure 3,5: Electrical conductivity in the mantle. Based on Eckhardt et al. [104. p. 6285], 


for the radial variation of a: 


r aa + 2r das (1 + 1)R, = 47opiwr? (3.2.50) 
dr® dr 


The variations in the surface magnetic field obtained by substituting (3.2.49) 
into (3.2.47) and (3.2.47) into (3.2.40) can be compared to observed values 
and an adjustment made to determine the radial variation in o that best fits 
the data. The electrical conductivity as deduced from the temporal variations 
of the external field is given in Figure 3.5 [104]. It has an increase of about four 
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orders-of-magnitude between 400 and 800 km deep, the same zone in which 
other properties of the mantle undergo considerable change. It thus is thought 
to be associated with the increase in conductivity of the silicates with rear- 
rangement of their crystal structure. 


3.3 Paleomagnetism 


Ferromagnetism 


Paleomagnetism has undergone a great development since 1950. The basic 
physical phenomenon upon which paleomagnetism depends is that of ferro- 
magnetism. Certain materials are observed to have a spontaneous magnetic 
field: in the absence of an external magnetic field they will still be magnetized. 
Such magnets are, of course, quite familiar. If a magnetic field H is imposed 
on a ferromagnetic substance, the ferromagnetic substance will acquire a 
magnetic field M related to the field H by 


M = 7H (3.3.1) 


where x is the magnetic susceptibility defined with respect to unit mass. The 
susceptibility 7 is a function of temperature according to the rule 


— Nw) 


= ea (3.3.2) 


where N is the number of atoms per unit volume, yu is the magnetic moment 
per atom, k is the Boltzmann constant, and @ is known as the Curie tempera- 
ture. The Curie temperature is itself a function of an arbitrary parameter A: 


9 — AN (u") 


z (3.3.3) 


The theoretical derivation of A depends on quantum-mechanical theory in 
which an apparent internal magnetic field Aw is caused by an interaction 
between the spins of electrons of neighboring atoms. The existence of the 
Curie temperature is due to the thermal agitation overcoming this tendency 
toward magnetization. In actual laboratory samples the susceptibility normally 
is considerably less than that predicted by theory due to the division of a 
sample into blocks of differing magnetization called domains. Although there 
is correlation between the susceptibility and the grain size of crystals, the 
domains do not appear to have any necessary relationship to the crystal 
grains. Ferromagnetic substances also have a saturation point, a maximum 
imposed field H above which there is no increase in the magnetization that 
can be attained. The principal magnetic minerals are given in Table 3.2. As 
is evident from the table, there is a sharp reduction in the magnetization 
possible with the addition to the iron of other elements, oxygen and sulfur, 
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TABLE 3.2: MAGNETIC PROPERTIES OF MINERALS 


Curie Point Saturation, M Maximum Field, H 


Mineral Formula (°C) (emu/gm @ 24°C) (Oe) 

Magnetite Fe,0, 578 92-93 20 

Hematite Fe,O, 675 0.5 7600 

Pyrrhotite Beee5 310 62 15-20 
(~ < 0.13) 

Iron Fe 770 21,500 1.8 


Based on Lindsley et al. in Clark [74, p. 546]. 


and the compounds are properly called ferrimagnetic rather than ferromagnetic 
because the magnetic properties are really the result of unequal and opposing 
atomic spin moments. Both magnetite, which has a spinel structure, and 
hematite, which has a rhombohedral structure, are anisotropic in their 
magnetic properties. The strength of the magnetization depends on the relative 
direction of the crystal structure and the imposed field H [188, 213). 

In application magnetite is by far the most important of the magnetic 
minerals and the apparent degree of magnetization of a sample normally 
depends on the proportion of magnetitecontent, the suceptibility being slightly 
less than the proportion of magnetite in the rock. Magnetization is found in 
many types of rocks: sedimentary, both mechanical and chemical; igneous, 
both extrusive and intrusive; and metamorphic. This variety of locale is the 
consequence of several different ways in which remanent magnetism, the 
imposition of magnetism by an external field, can occur: 


1. TRM. Thermoremanent magnetization is probably the most important. 
It is the magnetization that occurs when a rock cools from above to below 
the Curie temperature. The temperatures of the Curie points given in Table 
3.2 are all obviously intermediary between the temperatures of lavas or 
plutonic intrusions, and the normal temperatures at the earth’s surface. A 
rock that acquired magnetism by TRM will typically have a magnetization of 
about 2.5 x 10-3 emu/gm. This TRM is quite stable; by tests on samples in 
the laboratory it is unaffected by temperatures up to about 450°C. 

2. CRM. Chemical remanent magnetization includes all types of magnet- 
ization that arise from changes of a chemical nature occurring at temperatures 
below the Curie point, such as crystallization in metamorphic rocks and 
chemical recombination of iron oxides in sediments. CRM is thought to 
occur by the process of nucleation, the aligning of the elements of a crystal 
in the process of crystallization. The intensity of CRM in a field comparable 
to that of the earth is about one-tenth that of TRM. 
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3. DRM. Detrital remanent magnetization. In the deposition of a sedi- 
ment from a fluid, the particles that are of magnetic susceptibility have some 
freedom to align themselves with the magnetic field. There will be some scatter 
with this alignment, of course, depending on the degree of turbulence and the 
strength of the couple between the particle and the field, in turn depending on 
the mechanical shape of the particles. 

4. VRM. Viscous remanent magnetization, refers to a modification of the 
magretization due to thermal effects at temperatures well below the Curie 
point. This is mainly of concern as modifying the magnetization acquired 
by TRM or CRM [77, 188]. 


Application to the Earth 


If we assume the earth’s magnetic field to be a dipole perfectly aligned with 
its rotation axis, then a particle acquiring remanent magnetism will align 
itself in its meridian and thus have zero declination D, and it will have an 
inclination J, depending on its latitude. It will also have an intensity of 
magnetization M, dependent on the strength of the field F at the time of 
deposition. If we can reconstruct the original orientation of a magnetized 
sample obtained from a geological formation, then, assuming the perfect 
dipole field, we can determine the location of the North Pole at the time of 
deposition from the direction of magnetization of the sample. 

The validity of the aforedescribed procedure depends, of course, on how 
closely the earth’s magnetic field approximates the perfect dipole aligned with 
the rotation axis. Remanent magnetization of relatively recent geologic 
deposits indicates that this has been true for the last few million years, pro- 
vided that we allow for complete reversal of the field at intervals on the order 
of 500,000 years. This reversal process takes only about 10,000 years. This 
recent remanent magnetization also indicates that the present separation of 
the dipole from the rotation axis of 11.5 degrees is exceptionally large; nor- 
mally it is less. The application of remanent magnetization from much more 
remote geological times to the determination of the direction of the pole 
depends on the assumption that the dominant character of the magnetic field 
is that of a dipole aligned with the rotation axis. As discussed in the previous 
section, this is still not assured theoretically. It is difficult to imagine, however, 
how an ordering mechanism other than the rotation could lead to a field of 
comparable strength [77, 519]. 

Because of the many possible sources of error, paleomagnetists have placed 
great emphasis on sampling procedures and application of statistical tests. A 
single paleomagnetic result is generally that of what is called a rock unit, a 
deposit of rocks within one geological period in one geographical area on the 
order of some tens to hundreds of kilometers in extent. This rock unit in turn 
is sampled at as many exposures as possible, each exposure known as a site. 
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At each site are taken several samples, the orientation of each sample being 
separately determined in order to reconstitute the original horizontal plane 
and direction of north. Finally, in the laboratory each sample normally is 
cut into three or four specimens to determine the magnetization and make 
checks of internal consistency. A typical rock unit may comprise five sites, or 
forty samples, or a hundred specimens. For the results of a rock unit to be 
acceptable it must comprise at least five samples; it must yield a pole position 
which has a 95 percent probability ring of less than 25°; and it must have a 
stability indicated either by its nonalignment with the present field or by 
laboratory tests [188]. 

As of October, 1963, there were established about 90 Precambrian rock 
units, 240 Paleozoic (0.23—0.6 AZ) rock units, 125 Mesozoic (0.06-0.23 2) 
rock units, and 195 Cenozoic rock units. As with most geophysical measure- 
ments, the distribution geographically is far from ideal, with a great concen- 
tration of measurements in Europe and North America [188]. 


Results of Paleomagnetic Determinations 


The usual method of reporting paleomagnetic results is in the form of a 
plot of the apparent pole position on an equal-area projection. Figure 3.6 is 
an example of all such plots for one particular period, the Permian period. 
This figure demonstrates a general characteristic that applies to all periods: 
there is a much closer agreement among points on the same continent than on 
different continents. An exception to this rule is India, for which the paleo- 
magnetic poles plot differently than those for Europe and northern Asia. 
Figure 3.7 is a combination of such plots for the five continents for which 
there are rock units for six or more geological periods. In nearly all cases the 
points shown for Europe and northern Asia and for North America are based 
on several rock units, but those for Africa and South America often are based 
on only one or two rock units. The figure generally is interpreted on the basis 
of a combination of polar wandering and continental drift. According to all 
data, 500 million years ago the Pole was somewhere in the middle of the 
Pacific Ocean. Since then it has migrated toward the present North Pole by 
way of Siberia, coming within 60 degrees about 400 million years ago, and 
within 20 degrees about 100 million years ago. In addition, the paleomagnetic 
data indicate the North America and Europe were much closer together and 
in a considerably lower latitude in Paleozoic time. It further indicates, more 
sketchily, that South America and Africa were close together, near the South 
Pole, and that Antarctica, Australia, and India, were also considerably 
farther south. The breakup of these relationships and the drift to the present 
position is interpreted to have occurred at the end of the Paleozoic, about 
200 million years ago [188, 554]. 
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Figure 3.6: Paleomagnetic poles for the Permian period. Based on Irving [188, p. 119]. 


Variations in Intensity and Polarity 


Pertinent to the question of the correctness of the assumption of the 
earth’s field being predominantly a rotationally aligned dipole, the infor- 
mation on past intensity of the magnetic field, from measurements of 
magnetization M and susceptibility x, is much sketchier than the information 
on direction. The measurements that have been published indicate that the 
field was perceptibly weaker in the past, perhaps about 10 percent of the 
present field. However, it is very indefinite as to how much the magnetization 
M may have decreased due to the VRM [188]. The information on polar 
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Figure 3.7: Approximate continental mean paleomagnetic poles. Approximate time past 
in 10° years. Based on Irving [188, pp. 110-128]. 
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reversal is more definite, particularly for the past four million years. From 
well-established sequences of lava flows, dated by the K-Ar method in 
Iceland, France, Hawaii, the continental United States, and the Soviet 
Union, polar reversals occurred about 0.85, 1.85, 1.95, 2.4, 3.0, 3.1, and 3.35 
million years ago. In these cases laboratory examination of the rocks in 
which the apparent reversal occurred reveals no characteristic suggesting a 
reverse polarity upon magnetization. For the older paleomagnetic data, the 
indications are that polar reversals occurred less frequently, and a puzzling 
fact is that all thirty-five of the paleomagnetic poles shown in Figure 3.6 have 
the same polarity as the present field, even though the poles probably 
extended over the entire 50 million years of the Permian period [83, 85, 95, 
96, 188]. 
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Figure 3.8: Comparison of magnetic anomaly profile observed across East Pacific Rise 
at 51°S with reversed profile and calculations from z model of field intensity, susceptibility, 
and thickness of magnetized layer 1.7 km. From Vine [419, p. 1409]. 
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Use of Magnetic Anomaly Patterns 


The reversals of the geomagnetic field have been used to date different 
strata in sedimentary cores and, most interestingly, to correlate magnetic 
anomalies at different locations in the ocean floor. It was first suggested by 
Vine and Matthews [420] that there existed an approximate symmetry of 
magnetic anomaly patterns about oceanic ridges caused by the magnetization 
of new oceanic crust as it cooled at the ridge and the subsequent spreading 
of crust to each side of the ridge. An example of such a pattern across the 
East Pacific Rise is given in Figure 3.8. If the spatial pattern in Figure 3.8 is 
compared to the time scale established from lava flows, the two patterns 
match for an average rate of spreading of 4.4 cm/yr, provided an extra pair of 
reversals about 0.7 and 0.8 x 10® years ago are added. Similar patterns are 
observed in several other locations, with rates of motion varying from 1 to 
45 cm/yr. Also observed in magnetic anomaly patterns are transcurrent 
faults up to 1200 km in length [419, 420, 557]. 


Paleoclimatology 


The findings of paleomagnetism have stimulated a good deal of new 
activity in paleoclimatology, the determination of past climates, and hence 
latitudes, from biological and meteorological indications, such as: the 
existence of coral, which requires temperatures above 18°C if it is of a type 
depending on algae symbiosis; the existence of carbonate deposits which 
normally occur only below latitudes of 30 degrees; the absence of rings in 
trees, which indicates a low latitude tropical climate; the existence of 
laterite soils indicating, again, a warm, rainy climate; the existence of 
evaporites such as gypsum and wind-deposited sediments, both indicating 
hot, dry climates; striations in the rock such as would be caused by glaciers; 
the ratios of certain isotopes such as O18/O18 which depend upon temperature; 
the balance between various species of organisms; etc. Again, the information 
available is much greater for North America and Europe than elsewhere. In 
the case of these continents the paleoclimatological evidence does corroborate 
the paleomagnetic evidence in indicating that the climate in these areas was 
equatorial in the late Paleozoic, about 250 million years ago [188]. 


PROBLEMS 


3.1. Prove the vector identity 
Vx (V x B) = V-B — V°B 


3.2. Prove Gauss’s theorem: 


[ vexae = px-nds 
V S 
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where the integration on the left is over a volume V enclosed by a surface S, over 
which the integration on the right is made; x -n is the outward normal component 
of the field. 


3.3. Prove the vector identity 
Vv X (v x B) = (B- V)v — (v- V)B 


Discuss the physical interpretation obtained by substituting this expression in the 
equation for aB/ dt (3.2.12). How does it express the carrying along of the field by 
the fluid? How does it express stretching of lines of force? 


3.4. In equations (3.2.13) and (3.2.18) substitute By + B, for B and vy + v, for v. 
Assume B, < By and v, « vo. Neglecting the products of small quantities, show that 
a small disturbance B,, v, will be propagated at the Alfvén velocity (3.2.19). 


3.5. Prove Cowling’s theorem: an axially symmetric motion of a hydromagnetic 
system cannot maintain a dynamo. 


3.6. Estimate the order-of-magnitude of each of the terms in the equations of 
motion (3.2.20), using the numerical values associated with the Bullard and Gellman 
model. Which terms are most important? It is stated in the text that the effect of 
the magnetic field is to make the flow stiffer, more laminar. What magnetic Rayleigh 
number might express this effect, analogous to the thermal Rayleigh number 
(2.4.18)? 


3.7. To the equations of motion with only magnetic-force terms (3.2.18), add the 
Coriolis term —2w x vy. Assume the vectors and B are parallel. Derive the result 
that the Alfvén velocity, (3.2.19), will be modified to 


lw B?2 lw\2 1/2 
275 * ize * (ie | 


where / is the wavelength of the disturbance traveling with velocity v ,. 
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Chapter 4 


DYNAMICS OF THE 
EARTH-MOON SYSTEM 


The present state of the solar system is that of a few widely separated 
chunks whose courses are evidently the result of a very long process of 
sorting out and settling down. The interaction between these chunks is 
primarily that of Newtonian gravitation. Because of the great difference in 
masses between different bodies of appreciable interaction, the principal 
manifestations of this interaction are orbits that differ very little from the 
perfect ellipses which the theory predicts in the case of only two bodies. 
Consequently, the mathematical development of the orbital behavior of 
natural bodies in the solar system normally takes the form of perturbations 
of a perfect Keplerian ellipse. 

There are small but significant departures from Keplerian motion, how- 
ever, which indicate, first, that peculiar circumstances within the framework 
of Newtonian mechanics—many more near-resonances than would occur by 
chance, etc.—are important in determining the present arrangement of the 
solar system, and second, that non-Newtonian interactions dependent on the 
nature of planetary constitutions have resulted in appreciable long-term 
transfers of energy and angular momentum. 

_The plan of this chapter is first to develop the essentials of Newtonian 
theory in terms of Keplerian motion plus small perturbations thereof, and 
then to apply this theory to the system for which the most detailed data is 
available: the earth-moon system. The main purposes are to limit the 
circumstances of origin and long-term evolution and to deduce properties of 
the earth and moon affecting their own motions and motions of artificial 
satellites. In Chapter 5 we make similar application to the planetary system. 
Also a small part of the earth-moon system—its dust—we shall leave to 
Chapter 5, since its serious consideration involves the capture of material 
from the interplanetary medium. 


4.1 Generalities on Celestial Mechanics 


Elliptic Motion 


Assume that we have a particle of negligible mass attracted by another 
point mass M in accordance with Newton’s law. Assume further that the 
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origin of coordinates is at the mass M. Newton’s law for the acceleration of 
the particle can be expressed in vectorial form, using u for GM, as: 


f= —GM- = —p-— (4.1.1) 
r r 


The acceleration vector fF is therefore colinear with the position vector r. 
If we define the equatorial plane as the plane determined by the position 
vector and the velocity vector fr, the particle will never depart from the 
equatorial plane because there is no component of acceleration out of the 
plane. Hence, in converting from rectangular to spherical coordinates, 


cos y cos A 
x =r(cos ysind 
sin. p 
we can set equal to zero the latitude and its derivatives with respect to time 


g and @. Differentiating twice with respect to time we obtain (4.1.1) in polar 
coordinates: 


x=rcosd 


¥ 
z= fcosA—rAsina 


rsind 


y=FsindA+rAcosa 
¥ = FcosA — 2rA sin A — rAsin A — (A)? cos A = —p cos A/r? 
j= Fsind + 2f%AcosA + rAcosd — r(A)? sind = —p sin Afr? 


The point from which the longitude 4 is measured is arbitrary, so we can 
also set A zero, but not A or A. The equations of motion thus become: 


r—7r(ar=—& (4.1.2) 


re 
ri + 27h = 0 (4.1.3) 

If we multiply (4.1.3) by r, it is evident that it is immediately integrable to: 
r3,=h (4.1.4) 


where h is constant. Equation (4.1.4) states that angular momentum, r°A, is 
conserved. To integrate (4.1.2), replace 1/r by u. Then: 
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From (4.1.4): 
dtr 
a en 
whence 
du_du dr dt i. __F 
di dr dt dA rh h 
and 
dtu _4/_f\dt_ Fre 
re | at hh wh? 
or 
7 ea 
F= —h*u aa (4.1.5) 


Substituting from (4.1.4) for A and from (4.1.5) for 7 in (4.1.2), and replacing 
r by 1/u everywhere, yields 


—+u=5 (4.1.6) 


(4.1.7) 


n 


q2 


Figure 4.1: Orbital ellipse. 
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Figure 4.2: Orbital orientation. 


If in the equation for an ellipse (see Figure 4.1), with origin at the center, 


7 ”” 
scale a 1 (4.1.8) 
we substitute ae + rcosffor &, sin f for 1, and a(1 — e?) for b?, and solve 
the resulting quadratic equation for r, there is obtained for the positive root: 


_ _a(l — e’) 
(1 + ecos f) 
or 
i 1 e 


: = a qe) cos f (4.1.9) 


Comparing (4.1.7) and (4.1.9), we see (4.1.7) is the equation of an ellipse 
with origin at the focus and: 


yee eee, (4.1.10) 
e 

A eS (4.1.11) 

h = Vua(l — e) (4.1.12) 


The size of the orbit of the particle thus can be expressed by the semimajor 
axis, a, of the ellipse; the shape, by the eccentricity, e; and the location of the 
particle in the ellipse by /, called the true anomaly. Equations (4.1.9-12) also 
apply to hyperbolic motion with a < Oande > I. 

Position in the orbital plane also can be expressed by the q coordinate 
system, shown in Figure 4.1. To completely specify the location of the particle, 
we need the three Euler angles shown in Figure 4.2: the longitude of the node, 
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Q,; the inclination, I; and the argument of pericenter, w. These angles constitute 
the rotation: 


R,, = R;(—Q) : R,(—J) 7 R,(—o) 
cosQ —sinQ 0) /1 0 0 cosm —sinw 0 


sin Q cosQ 0}/0 cos —sinI){singw cosw 0 
0 0 1/\0 sind cos I 0 0 1 
(4.1.13) 


which defines rotation from the q to the x coordinate system. In the notation 
R,(«), i denotes the axis of rotation and « denotes the angle rotated, being 
positive for a counterclockwise rotation as viewed from the positive end of the 
axis toward the origin. 

Another way of locating the particle in the ellipse that is sometimes more 
convenient is the eccentric anomaly, E. The eccentric anomaly, as shown in 
Figure 4.1, is the angle subtended at the center of a circle of radius a, tangent 
to the ellipse, at the point on the circle whose & coordinate is the same as that 
of the point on the ellipse. From Figure 4.1 we get 


qi = § — ae = a(cos E — e) (4.1.14) 

Using (4.1.8) we then obtain 
go = n=aVl —esinE (4.1.15) 
r=V9?2 +42 =a(l — ecos FE) (4.1.16) 


For the rate of motion of the particle in its orbit, we can use (4.1.4) chang- 
ing 4 to f. Equation (4.1.4) is more readily integrated if the true anomaly is 
replaced by the eccentric anomaly. Differentiate (4.1.9) to obtain dr/df: 


2 
dr _ _ paul) ee a 
df df a(1 — e”) 
Substitute g, for r sin f from Figure 4.1: 
reqs 
a — a 4.1.17 
are if ( ) 
From differentiating (4.1.15-16) we obtain 
dr = q, dE (4.1.18) 


i= 
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Using (4.1.17-18) to eliminate dr, (4.1.16) for r, and (4.1.12) for h, (4.1.4) 
becomes 


a1 — e(1 — ecos E) dE = Vall — e*) dt (4.1.19) 
(4.1.19) integrates to: 
E—esnE=M (4.1.20) 
where 
M = n(t — ty) 
and 
SI (4.1.21) 


The time f, is the time of passing pericenter. The quantity M is known as 
the mean anomaly, and the quantity n as the mean motion. Equation (4.1.20) 
is known as Kepler’s equation and (4.1.21) as Kepler’s third law [86, 206, 282]. 


Perturbed Equations of Motion 


The foregoing developments apply solely to motion in a purely central 
field, but our interest in dynamics is largely due to the fact that the force 
fields are perceptibly noncentral. If the forces are gravitational, then they 
can be represented as gradients of scalars, and (4.1.1) can be replaced by 


i= VV (4.1.22) 


where the scalar potential V has a noncentral form. Even for this noncentral 
field, however, the Keplerian ellipse and its orientation can be regarded as a 
coordinate system, alternative to rectangular or polar coordinates. At any 
instant the situation of an orbiting body can be described by the inertially 
fixed rectangular components of position (x, y, z) and velocity (#, y, 2). In 
place of these six numbers the six numbers of the Keplerian ellipse (a, e, /, 
M, w, Q) may be used. The relationship between the two systems can be 
expressed by the rotation from a coordinate system in the orbital plane 
referred to perigee to the inertially fixed system: 


x = R,,(Q, J, w)q(a, e, M) 


(4.1.23) 
x = REO, 1 aala, ¢, M) 
where the rotation matrix R,, is defined by (4.1.13) and: 
a(cos E — e) rcosf 
q = aJ/1 — esinE\ = rsin f (4.1.24) 


0 0 
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from (4.4.14-15) and Figure 4.1; and 


—sin E —sin f 
i= 164 — Seep) ee ee 
1 —ecosE V1 ave 


from (4.4.14-19). 

The Keplerian ellipse (a, e, 1, M, w, Q) corresponding to the position r and 
velocity t of a particle at a particular time is known as the instantaneous, or 
osculating, orbit. If the potential field V differs from a central field, this ellipse 
will be continually changing. However, if the field differs very slightly from a 
central field—as is the case for any situation of significant duration—we 
should expect that the parameters of the ellipse would change slowly, and 
hence that the ellipse would constitute a coordinate system convenient for 
representing the position and velocity of the particle. The problem is to con- 
vert (4.1.22) from rectangular coordinates to Keplerian ellipse coordinates, 
or elements, as they are more conventionally called. First we convert (4.1.22) 
from vectorial to subscript notation, and second we change the equations of 
motion (4.1.22) from three second-order equations to six first-order equations 
by treating the velocity components as variables in the same manner as the 
position components: 


en ee |< 4.1.26 
a ( ) 
d OV 

ee ee ee 4.1.27 
dt Ox ( ) 


where x,;, ; denote inertially fixed rectangular components of position and 
velocity respectively. The rates of change dx,/dt and dz,/dt in (4.1.26-27) can 
be expressed as functions of the rates of change dS,/dt of the six Keplerian 
elements, where S, represents any of a, e, i, M, w, or Q. 


i= 1,2,3 (4.1.28) 


6 a 
pa ee ee (4.1.29) 


where 0x,/0S;, is obtained by differentiating (4.1.23-24) and 02,/0S, by differ- 
entiating (4.1.23—25). In the central formulas of (4.1.28-29) we have followed 
the convention that summation takes place over subscripts repeated in a 
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product. The summation symbol will be omitted hereafter. To complete the 
conversion, for each element S; in turn: (1) multiply (4.1.28) by —02,/0S,; (2) 
multiply (4.1.29) by dx,/0S,; and (3) add the resulting equations together: 


_ 0%; Ox; dS, Ox, 0%; dS, _ Oe, ey 2 ov (4.1.30) 
dS, OS, “dt “0S, 0S, dt as, OS 0x, 
or 
dS OF 
Ss = = 4.131 
[S;, S, dt aS, ) 


summing over k, where 


G24 On. Ot: 0%; 
S,S,)=—-:— - eT 4.1.32 
[Si Sil dS, OS, 9S, OS, ( ) 


known as Lagrange’s brackets, and 
F=V—T (4.1.33) 


F is known as the force function; it is the negative of the Hamiltonian used in 
physics. V is the negative of the potential energy, and T is the kinetic energy: 


T = 1,4, (4.1.34) 


summing over i. 

There are now two principal problems: (1) the formulation of the Lagran- 
gian brackets [S,, S,]; and (2) the transformation of the potential V from 
rectangular or polar coordinates to Keplerian elements. 

The form of (4.1.32) indicates that [S,, S,,] is the negative of [S,, S,] and 
that [S;,, S,.] vanishes, so there are fifteen different Lagrangian brackets to be 
determined by differentiating (4.1.23). A property of the Lagrangian brackets 
which facilitates their evaluation is their time invariance (see problem 4.1). 
The complete set of nonzero results are: 


[(Q,]) = —[/, Q) = —na(1 — ee?) sin 7 

[Q, a] = —[a, Q] = (1 — e?)) cos I na/2 

[Q, e] = —[e, Q] = —na’*e cos 1/(1 — e?)! (4.1.35) 
[w, a] = —[a, wo] = (1 — e?)!/*na/2 

[w,e] = —[e, w] = —nate/(1 — e*)? 


[a, M] = —[M, a] = —na/2 


Substituting these expressions in (4.1.31) and solving the six simultaneous 
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equations for the dS,/dt yields: 


da_ 2 OF 
dt naoM 
de_1-¢ or (1— ey ar 
dt na’e 0M nae dw 
do _ —cos J OF : (1 — e”)? OF 
dt na(1 — ey)? sin I ar na’e de 
at ae ar ,; ar (4136) 
dt nai(i—e’)*sinI@w na(1 — e?)* sin I dQ 
dQ__ 1 CF 
dt na(1 — e)!? sin I Ol 
iM__1-¢aF 298 
dt nae de nada 
It is customary to express the force function as: 
jy ee (4.1.37) 
r 


where R, comprising all terms of V except the central term, is known as the 
disturbing function. To express u/r — T in the Keplerian elements, use 
(4.1.25) and (4.1.9): 


een : 
fT" _—- (42+ 4°) 
r r 2 
aH ea ipa of Seca eee 
pr 2W—e) 
ue “ 2 
= OD —-(1- 
; mal — & + 2ecoss/) — (l= )] 


—- 452 (4.1.38) 
Hence in all equations of (4.1.36) F can be replaced by R except in the last, 
which becomes, using (4.1.21), 


d = 2 
dM n joe ae (4.1.39) 
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The symmetries and similarities of the brackets in (4.1.35) suggest that 
further simplifications may be made by change of variables from Keplerian. 
Let us try to find a set L, G, H such that 


[M,L]=1, [M,G]=0, [M, H]=0 
lov ol 0, [w,G] =—1, lazal—0 (4.1.40) 
[SPL O0, [2,6] =o; Oya 1 


The only nonzero bracket in (4.1.35) involving the inclination, J, is the 
first. From (4.1.32) we must have: 


[Q, H] a = [Q, 7] = —na*(1 — e*)'* sin I (4.1.41) 
whence 


H = na*(1 — e”)'* cos I (4.1.42) 


As a check, we find (remembering n is w1/2a-9/?): 


[Q, H] = = [Q, e] (4.1.43) 
[Q, H] oH =: [Q, a] (4.1.44) 
da 


Similarly from [w, G] (0G/de) and [M, L] (0L/da): 
G = na(1 — 1/2 (4.1.45) 
i — ia a a) (4.1.46) 


We thus obtain the somewhat simpler Delaunay equations: 


_ OF > Ge 
~ @M aL 
OF OF 
one gape is! 4.1.47 
0m c 0G ( ) 
mee _ _ oF 
~ aQ ~~ OF 


The Lagrangian and Delaunay forms—(4.1.36) and (4.1.47)—are not the 
only forms of the equations of motion, and are indeed limited by their de- 
pendence on the accelerations being representable as gradients of a scalar 
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potential. A form of more general application is the Gaussian: 


2 
a= 7 [essing + p—| 
h fr 


_ 5 [S sin f + T(cos E + cos f)] 
1 

l=-rWcosu 
h 

= rW sinu ae 

hsin I 

@ =P) — 7 Scosf +: (1 ae sing — OW sin 
h e e Pp Pp 


i =F] —pscoss+ = sr + T(t +“) sinf — 7 W sin u cot | —@ 
h an Pp Pp 


where S, T, Ware the radial, transverse, and normal components of accelera- 
tion; also 


p = a(i — e’) 
= ay pa(l — e’), the angular momentum 
n=v1-é 

1 
——— 

e 
and 

u=o-+f 


To integrate the equations of motion (4.1.22) or (4.1.36) or (4.1.47) or 
(4.1.48), the best technique depends on, first, the nature of the disturbances, 
as expressed by the disturbing function R of (4.1.37) or the orthogonal force 
components S, T, W in (4.1.48); and second, the purpose of the integration. 
For some disturbances and purposes, such as the trajectory of an artificial 
satellite, the problem is simple (since computers were developed): numerical 
integration suffices. For other disturbances and purposes, the problem is still 
unsolved: this is particularly true of many aspects of orbital evolution impor- 
tant to an understanding of the long-term behavior of the solar system 
[146, 206, 318]. 


Disturbing Functions 


Even for many cases of the simplest disturbance—the gravitational attrac- 
tion of another body besides the central body—a full deterministic solution 
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GM J Gm 


Gm* ne GM 


Figure 4.3: Three-body problem. 


has not been attained. Since the perturbation is gravitational, it may be 
treated as a disturbing function R, known as a third-body disturbing function. 
In Figure 4.3, let M be the central body; m, the body whose orbit we wish to 
determine ; m*, the third body which is the source of the disturbing attraction 
r,r*, and p the intervening distances; and S the angle at the central body as 
indicated in Figure 4.3. If we referred the positions and velocities of the three 
bodies to the center of mass of the system, then the accelerations could be 
expressed as indicated by the arrows in Figure 4.3. However, in practice the 
coordinate origin is more conveniently taken as the central body M. Then in 
expressing the acceleration of the orbiting body m the accelerations of the 
central body must be subtracted: 


To express the acceleration #; as the derivative of a potential, OF/dz,, 
we integrate (4.1.49) with respect to x, to get: 


MTSE 
r p 


(4.1.50) 


m*x* -x 
nae ie 


To eliminate the third side length p, use the law of cosines, and develop in 
a binomial series: 


mn — 
— = m*(r? + r** — 2rr* cos S)? 


%*% OO pk 2 t 
=7 3, Vile) — 2% cos s| (4.1.51) 
Pe 4=0 
1 


where ( ra denotes the binomial coefficient. This representation is appro- 
i 


priate for r < r*; ifr > r*, division by r is appropriate. Collecting together 


170 Dynamics of the Earth-Moon System 


all terms containing each power of r/r*, (r/r*)” (see problem 2.2), we get for 
(4.1.50): 


M+m 


y= +R (4.1.52) 


where 


m* (oe) r n 

Ree 35 =) P,,,(cos S) (4.1.53) 
r* n=2\r* 

Finally, to separate the coordinates of m and m* referred to M, we can apply 

the addition theorem (see problem 2.4) to P,,9(cos S). 


R= GTS (Z) B2 ~ bom) CE, Pan(sin O)Pan(Sin 0°) 
r m=0 


r* n=2 (i + m)! 
x cos m(a — «*) (4.1.54) 


where 6,,, is the Kronecker delta (1 if m = 0, 0 if m ¥ 0) and (6, «), (6*, «*) 
are declination and right ascension of m, m*, respectively. Declination 6 is 
the same as latitude g, whereas right ascension « differs from longitude A 
as used in Section 2.1 in that it is measured from an inertially fixed, rather 
than a body-fixed, point [47, 86, 282, 318]. 


Integration 


If the accelerations from (4.1.49) directly or from gradients of (4.1.52, 54) 
are used in a numerical integration, then on the order of 100 integration steps 
per revolution of m must be taken—which limits the total integration to 
something like 1000 to 10,000 revolutions before round-off error is excessive. 
If mis a planet we are thus limited to about 10~° of its total lifetime. However, 
most of the effort is used up calculating short-periodic variations which are 
not of interest. If the disturbing function or accelerations can be averaged 
over the revolution, then the duration of the integration can be greatly 
lengthened. This averaging obviously can be done numerically. If r « r* 
orr* < rso that a form such as (4.1.54) converges rapidly, then the averaging 
can be done more efficiently analytically, by converting the spherical co- 
ordinates r, 6, « and r*, 6*, «* to Keplerian elements, in a manner similar to 
that described in Section 4.2 for variations of the gravitational field, and 
dropping the terms containing the mean anomaly M. Then for the third-body 
disturbance problem the length of the integration step will be limited by the 
rate of change of the other orbital elements—which for m*/M on the order 
of 10-3, will be on the order of 10-3 times the mean motion n. Hence the total 
integration can be carried on the order of 1000 times as long, or still 10-2 
of the total lifetime. 

So for a better understanding of the long-term properties of dynamical 
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problems, resort must be had to analytical techniques. Normally such tech- 
niques start from a form of the equations of motion which isolate the rapid 
change M, but which also has the simplest possible form, such as the Delaunay 
equations (4.1.47). Equations of this form are known as canonical, and may be 
abbreviated as 


= GS (4.1.55) 


where the p,’s (called action variables) are L, G, H and the q;,’s (called angle 
variables) are M, w, Q. The first and obvious attack on equations such as 
(4.1.55) is to manipulate them so that the variables can be separated, similar 
to the solution of Laplace’s equation in spherical coordinates (2.1.2). Failing 
this, it may be possible to transform to a different set of variables p;’, g;’ with 
force function F’ for which the solution is known. The fact that the motions 
(p;,9;) and (p,', g;,) are both derived from single scalars F and F’ respectively 
suggests that the transformation between the two can also be expressed in 
terms of a single scalar. With the aid of Hamilton’s principle (see problem 4.3) 
this is shown to be true. 

The course of the analytical solution of most problems is thus to success- 
ively eliminate the more rapidly changing angle variables so that a manage- 
ably few (it is hoped) variables remain. Thus, for example, in the three-body 
problem of Figure 4.3 with m « m* « Mandr w r*, if we refer m’s orbit to 
the plane of m*’s orbit, it can be shown that the first action variable L must be 
virtually constant because of the short period of the corresponding angle 
variable M, and the third action variable H must be virtually constant because 
of the short period of the angle variable 2 — «*, where «* is the longitude 
of m* measured from the same inertially fixed point as is Q. These virtual 
constancies are the result of the corresponding disturbing forces 0R/OM, 
OR/0Q. cycling too rapidly to build up appreciable integrated effects on the 
orbit: they are “averaged out.”’ The remaining motion consists of oscillations 
of the second action variable G dependent on the location of the pericenter w. 
Since w in turn depends on G, these oscillations may be large enough so that 
w does not go through a full cycle from 0 to 27, but instead librates. Physically 
the situation is one in which the energy—equivalent to L—and the component 
of angular momentum normal to m*’s orbital plane—equivalent to H—are 
essentially conserved, but the total angular momentum—equivalent to G— 
has wide oscillations. Geometrically, the mean distance a stays nearly con- 
stant, but the eccentricity e and inclination J may have wide oscillations of 
opposite phase; that is, é has opposite sign to / [47, 146, 318]. 


4.2 Orbital Dynamics of the Earth-Moon System 


The dominant characteristics of any dynamical system not undergoing 
rapid change are determined by the distribution of the masses on which the 
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gravitational attraction depends. If these masses are collected together in a 
few discrete bodies tightly enough that motion within any body is very small 
compared to motions of the bodies relative to each other, then assuming the 
bodies to be perfectly rigid should obtain a good first approximation to their 
motion, and any effects of nonrigidity should be susceptible to treatment as 
perturbations of such motion. We thus break down the sizable topic of the 
dynamics of the earth-moon system, including their satellites into rigid and 
nonrigid sections. 


Artificial Satellite Orbits 


The simplest dynamical problem in the earth-moon system is that of the 
artificial satellite, its simplicity arising first from the nature of our interest 
in it—more as a means of measuring the natural environment than as a 
phenomenon whose history we wish to deduce for its own sake—and second 
from its negligible effect on other bodies. The main characteristics of a satel- 
lite’s motion are determined by the gravitational field, most conveniently 
expressed in spherical harmonics (2.1.17). To relate this field to the motion of 
the satellite we want to convert coordinates from spherical {r, y, 4} to the 
Keplerian elements {a, e, J, M, @, Q} which can be considered as an alter- 
native coordinate system. This conversion has two main parts: (1) the effect 
of rotation, expressed by the three Euler angles Q — 0, J, and w, where Q, 
I, w are shown in Figure 4.2 and 6 is the Greenwich sidereal time, the angle 
between the inertially fixed vernal equinox (« = 0) and the body-fixed prime 
meridian (A = 0); and (2) the effect of change from circular to elliptic co- 
ordinates shown in Figure 4.1, necessary because the true anomaly f does not 
change uniformly with respect to the independent variable, time. 

The effect of a general rotation Q — 6, J, w ona spherical harmonic is a 
formidable piece of algebra; however, in the present problem it is somewhat 
simplified by the fact that we are interested only in the potential on the 


Equator 


Figure 4.4: Orbit-equator-meridian spherical triangle. 
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“equator,” the orbital plane, of the new system. Using the relationships be- 
tween the parts of the spherical triangle in Figure 4.4, and (2.1.15-16), there 
is eventually obtained: 


GM ae 
ees ie) ed) 
Yr it,m\Pr / p=0 


c | Cin | cos [7 — 2p)\(m + f) + m(Q — 6)] 
in i—modd 

SA i—m even : _ - 
+ {| sin — 2yo +f) + mQ—H)} 420 


where 


LB.) SO —— SOS 
inst) . t!(1 — 1) — m — 2012" 


21) cost ZO MN TAC me le (4.2.2) 


s=0\ S c Cc 


= ! 
OTr= ot sin] 


in which k is the integer part of (/ — m)/2, t is summed from zero to the lesser 
of p or k, and c is summed over all values making the binomial coefficients 
nonzero. The radius R in (4.2.1) is conventionally taken to be the mean 
equatorial radius a,, which we shall substitute hereafter. 

The second transformation, circular to elliptic, replaces r and fin (4.2.1) 
by a, M, and e. Again, the general case involves a lot of algebra, but there is a 
considerable simplification for the most important terms, which we would 
expect to be those from which the most rapidly changing angle, M, to be 
missing. These terms would be obtained if we apply a simple averaging with 
respect to M of the potential V in equation (4.2.1): 


27 
p=+| vam (4.2.3) 
27 Jo 
Using (see problem 4.4) 
2 
r 
dM = ENT df (4.2.4) 
we get 
pee aes 
7 = SES (2) B Fins DGnl 0 
Qa ism\Q@/ v=1 


: {] Cim | cs [(l — 2p)o + m(Q — 6)] 


SE i—modd 


a [Sen] sin [1 — 2p)o + m(Q — 8)]} (4.2.5) 


Cr 1—m odd 
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where 
1 p’—1 ] _ 1 Id fe l —_ 2p’ e 2d+l—2p’ 
pa ee oe E 4.2.6 
inol@) (1 etre ey o, iy + I — a ( d (;) 
in which 


The development given here is somewhat abstract, but necessary to gain 
full use of the satellite orbits to determine the gravitational potential V; it is 
worthwhile to derive the Keplerian form for specific cases /mp (see problem 
4.6). 

The most important perturbations we would expect to arise from the 
largest coefficient C,,, or S,,. As discussed in Section 2.1, the largest is Cyo, 
or —J,. Looking at (4.2.5), we see that it gives rise to only one long-period 
term that corresponding to p = 1: 


GMa, 


a? 


Vo = —J, F9)(1) Goi) 
GMa,’ 3sin?I —2 


=- “a 4.2.8 
‘ag al — ce 


Using /2a + Vo for F in the equations of motion (4.1.36), we get no long- 
term variation in the action variables, a, e, J, but do obtain a contribution to 
mean anomaly motion M as well as precessions (2 and @ of the node and 
perigee: 
2 
= _3ndeae” cos I 
2(1 — e*)?a? 

es at ey 4.2.9 
= See G2" 
In (4.2.9), n? has been substituted for GM/a’, by (4.1.21). A more “physical” 
derivation of the precession of ( can be obtained considering the satellite to 
be distributed uniformly around its orbit and using the relationship (2.1.32) 
between the oblateness and moments of inertia to derive the torque T in 
Euler’s equation (4.3.2) (see problem 4.7). 

Equation (4.2.9) indicates that a close satellite orbit can be closely repre- 
sented as a secularly precessing ellipse. Hence the perturbations due to the 
small terms C;,,,, Sj. can be represented as linear forced oscillations: that is, 
the potential V,,, can be substituted for F in (4.1.36) and the equations inte- 
grated assuming 4, e, J constant and M, w, Q, @ secularly changing on the 
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right. For instance: 


AO 1 GM a. oa Ging) OF :mp(1)/O1 
— na(1 — e)? sin oe (*) i ) 
(aoe ms) 


| Cim [Osi [(l — 2p)o + m(Q — Dy 


a San I—m odd 


S, i—meven 

ie | 4 cag nO = Dy (4.2.10) 
Ce i—m odd 

The unavoidable appearance of the much higher rate 6 in the denominator 

indicates that the perturbations due to tesseral harmonics (m # 0) will be 

appreciably smaller than those due to zonal harmonics (m = 0). 

In addition to the long-period terms discussed so far, there will be an infinite 
set of short-period terms of argument [(/ — 2p)w + 7@—2p+q)M+ 
m(Q — 6)], (1 — 2p +q) #0, with an eccentricity function G,,,(e) of 
O(e'') as a factor. Most of these can be ignored, but there will always occur 
terms for which 


(i — 2p)d + I — 2p + g)M + mQ — 8) < I cycle/2 days (4.2.11) 
These terms can be quite significant because they affect the semimajor axis a, 


as indicated by the first line of (4.1.36), which in turn affects the mean 
anomaly M through Kepler’s law (4.1.21): 


a | Se Ate dt 


3GMG, Fy Gunkt ad 2p a q) 
=— : er (4.2.12) 
a’((1 — 2p) + (1 — 2p + gM + m(Q — 8)) 
xX sinusoidal terms 


The integration in (4.2.12) depends on the rate in (4.2.11) not being too close 
to zero. If the starting value is close enough to an equilibrium point, it can 
occur that the argument will not go through a complete cycle, but will librate; 
this can be the case, for example, for some of the 24-hour communication 
satellites, for which @ + M + Q —@ is often less than one cycle/year (see 
problem 4.15). 

Perturbations of the type of (4.2.10) have been used to deduce considerable 
detail about the earth’s gravitational field, as shown by Figure 2.5. The 
difficulties are mainly statistical: lack of sufficient orbital variety to dis- 
tinguish between different terms /m, km, | — k even, having the same argu- 
ments in (4.2.5); lack of sufficiently well-distributed tracking to yield uniform 
observation over all cycles [(/ — 2p)w + m(Q — 6)]; and errors in tracking 


station positions [80, 206]. 
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The principal dynamical neglect is atmospheric drag. At the altitudes of 
geodetically useful satellites, the force of drag per unit mass can be expressed 
by (see problem 4.8): 


ae ae pv? (4.2.13) 


where Cp, about 2.4 for a sphere, is a ‘‘shape” factor; A/m is the area/mass 
ratio of the satellite; p is atmospheric density; and v is velocity relative to the 
atmosphere. Since the drag force is always contrary to the velocity vector, its 
effect is not “‘averaged out’’ by the rotation of the earth or the orbit, and an 
energy loss results. This loss causes a contraction of the orbit and a speeding 
up of the satellite to counteract the increased gravitational pull, in accordance 
with Kepler’s law (4.1.21). The atmospheric density decreases very rapidly 
with altitude, enough so that even for rather moderate eccentricities the drag 
can be considered almost related to the perigee radius, r,,; from (4.1.38): 


Ave 2aer = omal ~ = A = oma| © S| (4.2.14) 


foe a(1 — e) 


Since AT < 0 and Aa < 0, necessarily Ae < 0, so that the orbit becomes 
more circular [212]. 

Recently the perturbations of artificial satellites of the moon have been 
used to determine the moons’ gravitational field. The dynamics developed so 
far are equally applicable to this problem, although there are differences of an 
order-of-magnitude in some of the parameters (e.g., the rotation rate 6) and 
the data analysis problem differs appreciably [208]. 


Motion of the Moon 


These dynamics are also applicable to the moon itself, a natural satellite. 
However, it is far enough out that the disturbances due to the third-body 
effect of the sun, (4.1.50), are much more important than the variations in the 
earth’s gravitational field. If we express the disturbing function of the sun by 


its spherical harmonic form, (4.1.54), and apply to P,,, (sin an mo and 
im(Sin ste "| mee the same development as was applied to em ¢) 


sin 
ae of (2.1.17), we get a form similar to (4.2.5) 


ee) ey (S$) - 4) ae 0 Fans Final 


a* impgni\a* ye (i+ 
* Hyp e)Gy,;(e*) cos [((1 — 2p)w + (1 — 2p + q)M 
— (1 — 2h)wo* — (1 — 2h + j)M* + m(Q — O*)] (4.2.15) 
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In (4.2.15), FimpWZ) and Fim,(1*) are expressed by (4.2.2); H),,(e) is a new 
function arising from r! instead of r—‘1, but still of O(e's!); and G,,;(e*) is 
given by (4.2.6) only for the long-periodic case (/ — 2h + j) zero. However, 
there are several practicable simplifications to (4.2.15): (1) a/a* is 1/386, so 
that / = 2 terms are dominant; (2) GMJ,a,2a-3/GM*a’a*- is 1/19,830, so 
that the appropriate reference plane is the ecliptic, the earth-sun orbit, whence 
only /mh = 201 and 220 terms are nonzero; and (3) e* is only 0.0168, so that 
J = 0 terms are dominant. Equation (4.2.15) thus becomes: 


R,* = S DY {BF aop(L)Hapa(@) cos [(2 — 2p) + (2 — 2p + q)M] 
+ FP oa,(1)Hopq(e) cos [(2 — 2p) + (2 ~2p + g)M + 20 — a*)]} 


(4.2.16) 


As with oblateness effects on close satellites, the secular effects will arise from 
the term pg = 10; we need only to substitute m*a?/2a** for J,Ma,?/a® in 
(4.2.8-9). Making the further substitution of n*? for Gm*/a**, and n® for 
GM/a* (from (4.1.21)), we get 


3n 
Q x — =— cos] = —3m’ncos I 
4 n 


3n* (4.2.17) 


a [5 cos? J — 1] = 3m’n[5 cos? I — 1] 


n 
where m is the ratio of the sidereal month to the sidereal year, 0.0748. Using 
5.15 degrees for I, (4.2.17) yields that the node Q should recede at a rate of 
1 cycle/239.2 sidereal months, or | cycle/17.92 years; and that the perigee w 
should advance at a rate of I cycle/9.00 years. The observed periods are 18.60 
and 8.86 years respectively. Most of the discrepancy is due to neglected 
higher-order effects of the sun rather than to J, the planets, etc. 
If we also neglect the e of 0.0549 in (4.2.16) and set / equal to zero, then the 
only nonzero term for m = 2 becomes: 
2 
Ry" = Ore: cos 2(a — a*) (4.2.18) 
4a** 
then, since « contains M, there is from the first line of (4.1.36) a bimonthly 
perturbation of the semimajor axis, which in turn gives rise to a bimonthly 
perturbation of the mean anomaly by a derivation similar to (4.2.12): 


A,Mo. = 2m? sin 2(a — «*) 
= 0.00628 sin 2(a — a*) (4.2.19) 
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This perturbation is known as the variation; the exact solution incorporating 
the variation found by G. W. Hill in the latter part of the nineteenth century 
is the basis of the theory elaborated by E. M. Brown which is used for the 
accurate calculation of the moon’s orbit today. The precision of this calcula- 
tion is now on the order of 10 meters for the moon’s position, entailing several 
hundred Fourier series terms to express all the significant higher-order inter- 
actions of the solar perturbations [47, 49, 51, 318]. 


4.3 Rotational Dynamics: Rigid 


Free Oscillations 


Although the orbital perturbation of the moon by the earth’s oblateness J. 
is relatively minor, the torque exerted by the moon (and sun) on the earth’s 
bulge—better expressed now in terms of the moments of inertia C, A, related 
to J, by (2.1.32)—is significant in causing a variation of the earth’s rotation 
with respect to inertial space. The pertinent equations are Euler’s equations, 
which state that the rate of change of the angular momentum H, inertially 
referred, is equal to the torque T. Let the force vector be F, then Newton’s 
law (4.1.1) can be expressed for a particle of mass m: 


eet (4.3.1) 
dt 


The torque T is x x F; applying the operation xx to (4.3.1), we get 
T=H (4.3.2) 
where, since X X xX Is zero, 
Hi nix <x (4.3.3) 
Equation (4.3.2) can also apply to a continuous body, with proper definition 


of the angular momentum H. Let us switch to subscript notation. Then a 


component H, of H can be written as an integration over mass elements 
dm = pdv: 


ne 


Hi, =| PEs jn jE, dv 
vol 


= C,0, (4.3.4) 


where w, is the component of rotation about the j axis, provided that the 
moments of inertia C;, are defined as: 


Ci, -| PEs jeEpIm® jm AV -| P(X, 2,95, — %4%,) dv (4.3.5) 
vol vol 


(since #;, 18 €;,;,,0,%,,). In (4.3.45) repetition of a subscript in a product 
indicates summation. 
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Given a body of certain specifications, we can more easily calculate the 
moments of inertia C;, and rotation w, with respect to body-fixed axes than 
with respect to inertially fixed axes. However, usually the torque T in (4.3.2) 
is more easily calculated with respect to inertial axes. The principal relations 
between two sets of axes we have described are the Euler angles Q, J, w 
shown in Figure 4.2 and used in the rotation matrix R,,, (4.1.13). In the pres- 
ent context, the x coordinate system is inertially fixed and the q coordinate 
system is body fixed. The total rate of change H,,.¢. Will be a combination of 
(1) the change referred to body-fixed axes H,,gy, and (2) the effect of the 
motion of these axes with respect to inertially fixed space. This motion of the 
body axes is best written as the rotation w about inertially fixed axes momen- 
tarily coinciding with the body axes. Then if we are given precession rates 
Q, 1, » we can write 


0 i 0 
w = R,(y)\ | 0} + RiZ)] [0] + R,(Q)] 0 
y 0 Q 
Q sin Jsin y + Icos yp 
= (QsinIcos p — /siny (4.3.6) 
QOcosI + @ 
then 
Hace = Leas, +w x H ; (4.3.7) 


The simplest case of the Euler equation is when the torque T is 0. Taking a 
body such as the earth: Cy, = Cy = A; Cy, = C; C;, = 0, i AJ; and 
assuming A, C, fixed, (4.3.2) and (4.3.7) become 


AQ@, (Cc = A)W.W3 
Ads) (A = Caw) = 0 (4.3.8) 
Cs 0) 


which yields that w 3 is a constant. Defining 


C—A 
i= 


Ws (4.3.9) 


gives two equations for «,, w2 which can be used to separate the variables by 
differentiation; the end result: 


Wy cos 
| = +| fo + B) (4.3.10) 


We sin 
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The period 27/n will be, from (4.3.9), 27A/w3(C — A), or for the earth 305 
days; a perfectly rigid earth would oscillate with this period in response to a 
random shock [86, 199, 451]. 


Precession and Nutation 


To calculate forced oscillations, the applied torque must be calculated; it 
will depend on both the disturbing body and the moments of inertia of the 
planet. , 

We require the torque on a planet of moments of inertia A, A, C (where C 
is about the axis of rotation) by an external body of mass m at distance r at 
inclination J to the equator of the planet, as sketched in Figure 4.5. The 
torque T about an axis in the equatorial plane exerted on the planet by an 
external body mat (r*, y*, A*) can be expressed as the integral of the torques 
on mass elements dM of the planet. However, if the system is isolated, 
angular momentum is conserved, i.e., H is zero. Hence by Euler’s equation 
(4.3.2), the torque at the external body must be opposite and equal to that on 
the planet, and we can write 


TO", Ca — Ee 


mee (4.3.11) 

0g* 
where U is the total potential of the planet per unit mass of the external body. 
Since we assumed that the distribution of mass in the planet was expressible 
by the moments of inertia A, A, C, then the only term in the potential (2.1.17) 
contributing to the derivative in (4.3.11) is the second-degree zonal term, the 
coefficient for which is connected to the moments of inertia by (2.1.32) (in 
which a = R): 


G(C — A) 
r*8 


U = P.9(sin p*) (4.3.12) 


Equator 


Figure 4.5: Geometry for torque. 
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M/ 


Equator 


l-axis (fixed) 
Figure 4.6: Geometry of precession. 
However, the body is continually moving around the planet in orbital motion; 
we require the torque averaged over this motion. Hence the zonal harmonic 


P. (sin g*) should be transformed to orbital elements, the same as for the 
orbital perturbation problem. From (4.2.1): 


U=G(c- A) ¥ Fen(l) cos [(2—2p\o+f)] (4.3.13) 


Neglecting the eccentricity of the orbit, the averaged potential becomes: 


G 
(U) = GC — Fin) (4.3.14) 
whence 
o(U) Gm OF a1 
eee! See aye 
is ae ary, 
= : =f (C — A) sin 2I (4.3.15) 


Using (4.2.2) to evaluate Fo. 

To obtain the rate of precession of the earth’s rotation axis, let the direction 
of the earth’s rotation axis be z and the direction of the normal to the ecliptic 
be y (see Figure 4.6). Then the direction x of the equator-ecliptic line of inter- 
section will be: 


ye oe (4.3.16) 
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Referred to inertially fixed axes with the 3-axis normal to the ecliptic, the three 
directions are: 


1 cos @ 
x = R,(—¢){0) = (sin » (4.3.17) 
0 0 
0 
y= (0 (4.3.18) 
1 
0 sin J sin » 
z= R,(—@)R,(—/)( 0) = ( —sinI cos g (4.3.19) 
1 cos [ 


The total angular velocity w is a combination of the constant rotation n 
about z and the motion of the z-axis about y: 


WQ=nN+Zxi (4.3.20) 


The angular momentum is: 
H = Cnt + AL xz (4.3.21) 


To obtain the Euler equations, take the right of (4.3.7) and equate it to the 
torque T: 
Cnz + Ar x z= —Tx (4.3.22) 


The minus sign appears on the right because the torque exercised by the 
disturbing body in the ecliptic on the equator will be clockwise. 

Precession is a steady rate ¢ of w and a fixed inclination J. Hence differen- 
tiate (4.3.19): 


sin I cos » —sin J sin » 
z= (sin/ sing), = sin I cos y } ¢ (4.3.23) 
0 0 


since @ is specified to be zero. 

We are still at liberty to choose the l-axis from which the angle y to x 
is measured; to simplify matters, let us make it the x-axis itself before sub- 
stituting from (4.3.17, 19, 22) in (4.3.23) to get: 


sin [ —sin I cos I 1 
Cni 0 )@+A 0 g? = —T(0 (4.3.24) 
0 0 0 
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Since ¢ is much smaller than n the A¢? term in (4.3.24) will be much smaller 
than the Cn¢@ term. So neglect the second term in (4.3.24) and write the first 
line as: 


Cn sin Ig = —T (4.3.25) 
or, substituting from (4.3.15) for T: 
a Cae (4.3.26) 
9 Oe 


In “planetary” units (G, earth’s mass, earth’s radius all unity), the time unit 
is 806.8 seconds, or n is 0.0588. Using 


n = 0.0588 
— a = J, = 0.0010827 
CSUs: 
My = 0.0123 
PF aeO0)27 
a= 3) deo 
m, = 333,000 
r, = 23,400 


there results 


—0.0010827 0.0123 5, 333,000 
( oe 


ae 5° 4 oe 23.5°) 
0.332 x 0.0588 


> 
— cos 23. 
" 2 60.27° 23,400° 


—0.0830(5.12 + 2.38) x 10-° 
= —6.23 x 10 = 6.68 x 10-7’ rad/day = 2.44 x 10~“/yr 


and 


P = 77 = 25,800 yr [86,199,451] (4.3.27) 
yp 


Lunar Librations 

The moon’s rotation 6 about its own axis equals the mean motion in its 
orbit. However, because of the inclination of the moon’s orbit with respect 
to its equator, and because the rate ue is nonuniform, by (4.1.59), the earth can 
exert a torque on the moon. If this torque were zero, then there would apply 
three relationships, known as Cassini’s laws: 


1.6=M+o04Q. 
2. Inclination = constant. 
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Orbit 


Equator 


Ecliptic 


Figure 4.7: Relationship between planes pertaining to the moon’s orientation. 


3. The lunar figure pole, ecliptic pole, and lunar orbit pole are in one great 
circle (see Figure 4.7). 


Departure of the actual orientation of the moon from Cassini’s laws is 
known as physical libration. 

To set up the Euler equations, define the 1-axis as being the body axis in the 
mean direction of the earth and the 3-axis as being the rotation axis. Then, to 
the first order, 

A@, — (B — C)a.w; = 0 


Bei, eA ata (4.3.28) 
if 
. 3GM 
Cas ae ys (B — A)u 


where 4, v are the direction cosines of the earth with respect to the 2- and 
3-axes respectively; A, B, C are the moments of inertia about the 1-, 2-, and 
3-axes, and it has been assumed (A — B) « (C — A) or (C — B). 

Just as with the earth, there are both free-oscillation and forced-oscillation 
solutions to (4.3.28). The latter are considerably more complicated, however, 
by the extent to which the variations of the earth-moon orbit, as they enter 
through yu, v, and r, must be taken into account. 

The theory of the physical librations, together with observations of varia- 
tions from the purely optical libration due to the orbit, is used to deduce the 
ratios of moment of inertia differences (B — C)/A, (A — C)/B, (B — A)/C 
(not independent) in (4.2.31). The quantity (C — A)/MR? is now evaluated 
from its effect on the motion of artificial satellites around the moon. The 
combination of the determinations yields a ratio B/MR? close to that for 
a homogeneous body, 0.4. In the past, the (C — A)/MR? was deduced from 
the motion of the node Q of the moon’s orbit, after subtracting therefrom 
the solar, planetary, earth J2, etc., effects. The resulting B/M R? was implaus- 
ibly large. However, the error now appears attributable to an inadequate 
treatment of effects on the determination of Q from observations of the 
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moon’s latitude and longitude of the irregular variations in the earth’s rota- 
tion, mentioned in Section 4.5 [103, 224, 225]. 


Summary 


The rigid-body dynamics described in Sections 4.2-3 are of value both as 
enabling measurement of several parameters pertaining to the earth and moon, 
and as providing a reference framework for the nonrigid dynamics taken up 
in the next chapter. 

Table 4.1 is a compilation of useful parameters. “Planetary units” are 
units such that the gravitational constant G, planet mass M, and radius R are 
all unity. 


4.4 Effects of Elasticity and Fluidity 


In the response of the earth and the moon to their mutual attraction and to 
the attraction of the sun, we can categorize different levels of nonrigidity: 


1. Both the moon and the solid part of the earth are elastic in their response 
to small stresses. 

2. The earth has a fluid atmosphere, oceans, and core. 

3. Imperfections in elasticity, viscosity in the fluid parts, and interface 
frictions—either solid-fluid or solid-solid—can be expected to result in dis- 
sipation of energy. 


Bodily Tides 


We start by considering a perfectly elastic earth. The disturbing potential 
due to an external body, sun or moon, is that given by (4.1.54). However, 
since we are now interested in relative displacements of points within the 
earth, it is appropriate to replace the inertially referred 6, « by the body 
referred gy, A, which in turn necessitates replacing «* by «* — 6, where 0 is 
the Greenwich sidereal time. The acceleration derived fron this potential is 
small—about 10~7g—so the elastic response of the earth may be considered 
linear. If we further assume that all significant variation of elastic properties 
is radial, then the invariance of degree / of a spherical harmonic under rota- 
tion (see problem 4.11) requires that the potential Up,,, arising from elastic 
displacement of masses in response to a tidal potential term U,,, in (4.1.54) is 
a function of degree only. Combining these two conditions then if we rewrite 
the disturbing potential (4.1.54) as 


Vi = Un) (4.4.1) 
ih 
at the surface of the earth, r = R, we can write 


U7(R) = > k,U,(R) (4.4.2) 


of the Earth-Moon System 


‘[c0Z] BINey Wo14 


———_—— a ae 


Aunbijqo yuasolg 


ics O 


Dynam 


186 


760F'0 3 
e-OT X 8 I— s-OI X £6°0— s-Ol X FLV I— tL wonoul TepoNn 
e-O1 X PET s-Ol X 78'T s—Ol X 977 ol uoHoU seSI10g 
s-Ol X 9PL°T s-OT X SEZ 9-Ol X S0S9'z ewe uOnoW osI;~eWOUYy 
6680°0 ondip9e 0} uONeUIfOUT 
91b'0 Jojenba s,yjie9 0} uONeUT[OUI URE 
6rS0'°0 «9 Ay10119U999q 
EMG £°09 or0l X 8" DE Pd sxe 1ofewluasg 
IQIO Juasoig 
££0°0 *y JoquINU 9AOT JUSUISDR| ASIC, 
070°0 &y JoquinuU dAo7T ;enUD10g 
8$27200°0 s-OT X L199°7 well g UONE}OI UvOW JUDSOIg 
6£7°0 vee s-IN d Ayisuap sovjing 
OT 201 X 791 3—LT 3 WONess[a008 UBOW 
OT S7LZ‘0 sO] X 8€L'I T ¥ 10 %o SNIPel ULI 
oT £Z10'0 s20T X SEL W W 10 4 Sse 
uoo|/ 
60££°0 vO X $Z0'8 2IN I BILIOUI Jo JUSTIOU URI 
6Iee'0 rOl X €P0'8 zIW 9) BIVIOUI JO JUSUIOW IPjOd juasoIg 
09°0 °y Joquinu aao7J juauiesedsiq 
0£0 ®y Jaquinu dA07T [eNusj0g 
8850'0 s-OT X 672 wedi i) UOleJOI UBS JUSSAIg 
210 08°7 e-IN d Aysuap sovyjing 
OT 201 X 08°6 pew Age 3 UOMe19[9998 ULI 
LOE oT aOl X TLE9 T ¥ 10 *p snipes urs 
e18 OT z0l X LLO'S NN x4 10 W Sse 
yueq 
OT oT s-OI X L99 z-L sT1-W 2) JUBJSUOD [CUOTIEALID 
sHuQ suUuQ syuy) $85 suolsuowig joquikg Jajoweleg 


Alejour{g uoopw = Arvyourlg yweg 


eee 


WHLSAS NOOW-HLUVE AHL dO SUALANVUVd :[p ATAVL 


EFFECTS OF ELASTICITY AND FLUIDITY 187 


where k, is a constant dependent on the elastic properties. Since R/r* is small, 
let us restrict attention to the lowest degree term, / = 2: 


Up(R) = k,U2(R) (4.4.3) 


U,,(R) is thus a second-degree harmonic arising from masses within the 
surface R; hence, in accordance with (2.1.17), exterior to R it must be pro- 
portionate to r~?: 


Che (F) vaca) = (A) use) = (A) Kuan (4.4.4) 


The potential [1 + k,(R/r)?]U,(r) may be considered as a disturbing po-ential 
T, as discussed in Section 2.1. In determining its effect dg on a gravity meter 
at the earth’s surface, we must take into account the vertical displacement of 
the surface, as we did in calculating the gravity anomaly Ag in (2.1.45). 
However, since the surface of the elastic earth is not an equipotential, we 
cannot take the displacement as given by (2.1.43); instead, let us introduce 
another parameter h, and, neglecting / > 2, write: 


Np (4.4.5) 
g 
Then from (2.1.44), using [1 + k,(R/r)°]U,(r) for T, 
OT , Og 
ég=—-—+—N 
4 on On 
5 =0 = 3h kee e8 i, © 
r 
U; 
= —(1 — 3k, + h.)2— (4.4.6) 
r 


Another measurable quantity would be the variations in height 6¢ of an 
equipotential with respect to the earth’s surface, such as the height of a pond 
with respect to its bottom. The tide would raise the surface (1 + k2)U,/g, 
but then /,U,/g must be subtracted for the rise of the bottom: 


BEE k= hy (4.4.7) 


Accurate observations of the stars, such as those made by the latitude varia- 
tion observations, will show a tilt d& of the earth’s surface with respect to 
inertial space. This tilt is caused by the enhancement (1 + k,) of the potential 
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plus a horizontal displacement, which is taken into account by a third number 
1, subtracted from the factor: 
1 dU, 


= — 4.4.8 
dé =(1+k, DR dy (4.4.8) 


where y is arc distance. The three numbers hz, ky, J, are known as Love 
numbers, after the English physicist A. E. H. Love. For a specific model of the 
earth, such as constituted by Table 2.1 plus Figure 2.14, they can be calculated 
using the same equations (2.2.45) as are used for the free oscillations, but with 
the frequency o set zero and with the first boundary condition one that 
appropriately relates a potential (y, radial factor) with its gradient (y, radial 
factor): 

n+1 

R 


y(R) + ys(R) = (2n + 1)g (4.4.9) 


Setting » = 2 and using “‘planetary” units as defined in Table 4.1, we have 


hy = Y, 
=a (4.4.10) 
1+k,=yY; 


The calculated Love numbers agree fairly well with those observed with a 
gravity meter [1 — (3k,/2) + hg] and tiltmeter (1 + k, — h.). The greatest 
discrepancies occur for stations near the coast, apparently due to the loading 
of the crust by the ocean tide. However, even for sites away from the coast 
there are significant variations in [1 — (3k,/2) + hg]: from about 1.10 to 1.26. 
Observed values of (1 + k, — hz) range from about 0.54 to 0.82, centering 
at 0.68 [199, 274]. 


Latitude Variation 


The elasticity of the earth will affect the free period of oscillation of the 
rotation axis, derived in (4.3.7—10). In the elastic case, we must consider the 
possibility that time-varying changes in the earth’s shape will cause the axis 
of rotation to depart from the axis of figure. If the coordinate axis is taken to 
be the rotation axis, for absolute rigidity, then products of inertia will appear 
in the Euler equations. Substitute (4.3.4, 7) into (4.3.3) and convert to sub- 
script notation: 


d 
ay (C,j05) + €5,.0j;C,.o, = T, (4.4.11) 


Considering Cy, Cog, Cz3, and ws to be large, all other quantities small, 
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putting 7; zero, and neglecting all small products and increments in (4.4.11), 
obtains 


Cig + Cy@, — 5?Cy3 + W93(C33 — Co.) = 0 
Cros + Cyo@e + W3?Cy3 + @30;(Cy, — C3) = 0 (4.4.12) 


Define the direction cosines of the actual instantaneous axis of rotation as: 


l W/W 
Di | s/o, (4.4.13) 
n (s/s 


and let 
Cy = Cy =A, Cg =C, C3s=—G, Cy = —F’ 
whence the first two lines of (4.4.12) become (dropping the subscript from w): 
—G' + Al + wF’ + ma(C — A) =0 
eA OG, lw(A — C)=0 (4.4.14) 


The displacements due to rotation are the same as those due to a potential 
4q@*s? (see (2.1.33)), where s is the distance from the instantaneous axis; this 
increment to the rotation potential will be 


AU po, = ho*As? = Jo*[(e — Le)? + (Y — me) — (2 + ¥)] 
—wz(lz + my) (4.4.15) 


The extra gravitational potential produced by elastic deformation will thus be 
R 5 
Uroty = —0%kqa(Ix + my) (") 
‘a 
Seal lens ; 
= —w*k,R ‘le P,,(sin g)(l cos A + m sin A) (4.4.16) 
ie 
But in the gravitational potential (see problem 4.12) 
1 3 
ee o(*) P,,(sin ¢\(G’ cos 4 + F’ sin A) (4.4.17) 
r 
whence 
mok,R° = la? k,R° 


f= = ee, 2G = (4.4.18) 
3G 3G 
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Substituting for F’, G’, F’, and G’ in (4.4.14) obtains 


k.w*®R® kow*R® 
A+——]/ C-A==] Jom =0 
( 3G as ( 3G 


2p5 y= R® 
yee ee c-4~ “Jol =0 
a6 ag 


which can be solved in the same manner as (4.3.10) to yield a period 


(4.4.19) 


p At ko'R'/3G 


2 eas 4.4.20 
€-ASRmGG te 


The effect of elasticity is thus to lengthen the period. Substituting numbers 
from Table 4.1 gives a period of 448 days. Power-spectrum analysis of obser- 
vations of latitude variation gives, in addition to a sharp peak at 365 days (a 
forced oscillation), a rather broad peak centering at about 437 days—cor- 
responding to a ky of 0.284, which is within the uncertainty of the earth tide 
determinations [199, 285]. 


Ocean Tides 


The close agreement of the Love numbers observed with those obtained by 
the elastic calculation using (2.2.45) is somewhat illusory, since for the periods 
involved the oceans appear to decrease ky by about 0.06, while the fluid core 
increases it by about 0.08. Both of these effects are difficult theoretical prob- 
Jems [199, 285, 377, 418]. 

To take into account the ocean tide and its interaction with the elastic 
earth, let us start with a coordinate system I referred to the local vertical, as 
defined by Figure 4.8. In the figure, ws is the rotation axis. Hence referred to / 


Figure 4.8: Coordinate references for ocean tide problem. 
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coordinates, the rotation vector, in terms of the colatitude 6, becomes: 
0 
W = (w sin 6 (4.4.21) 
w sin 6 


The inertially referred equations of motion 


OW . Op; 

I, aS = 4.4.22 
eS Deo ine Gree 
where W is the body-force potential, p is density, and p,, is the stress tensor 
for zero-rigidity and incompressibility, p;; = —p, p;; = 0, i¥j, and p is 
hydrostatic pressure (““—,” because “+” corresponds to a dilation). Con- 

verting (4.4.22) to refer to rotating earth-fixed coordinates, we get 
ah + 2€;,00;h, = 


Ot ol, 


t 


ae (w ye :) (4.4.23) 


where 2e;;,c0,/, is the Coriolis term and V is the potential of centrifugal 
acceleration: 


2 
Ve ~ (ae u,*) (4.4.24) 


The body-force potential W is a combination of the fixed-potential Uo, the 
varying disturbing potential arising from the sun and the moon U,, and the 
tidal potential due to the response of the earth, Uy: 


W = OF + U, + Un, Uy » U, + Un (4.4.25) 
Define 
¢ = tide height with respect to mean sea level 


Assume that we are interested only in time-varying solutions of (4.4.23). 
Then U, + V may be omitted on the right. Furthermore, to eliminate the 
pressure, write (4.4.23) to apply always at the surface, where p = 0. The 
surface, however, has a time-varying displacement ¢ with respect to a fixed 
level (assuming solid earth absolutely rigid, see below), which we must take 
into account in its effect on the potential W: 


AWC ot or (4.4.26) 
r 


Then for a working potential we have: 


y= U,+U,—2¢ (4.4.27) 
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and (4.4.23) becomes: 

al, 7) 

ap t eis =F (4.4.28) 
Define 


h = ocean depth 


Consider an element of ocean with depth h/ and horizontal dimensions 26/, 
and 26/,. The amount of water per unit time entering the element in the 
positive i direction is Aw;,; leaving in the same direction, Awg,. Assuming 
incompressibility, we can write: 


Awn + Awy + Awz, = Awg, + Awog + Awgs (4.4.29) 


Taking into account variations in both depth A and velocity I, and taking the 
ocean bottom as a fixed reference, we have 


Awn = (4-243 I) (s — 5 0h) 28 


ol él, 
a(hl. 
z (nh - ) on) 251, 
Similarly, 
ee (mh Be 000 dh) 26) 
al, 
Ave (it Ahly) i 261, Cr) 
él, 
ae (1. ec) i) 251, 
al, 
and 
Aw;3 = 0 
Awo3 = 4 = 61,61, 
So (4.4.29) becomes 
at a(hi,) _ Ohi.) 
== -|3t+s 4.4.31 
Ot | él, a él, | ( ) 


Considering that 
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where a is the earth’s radius, (4.4.31) indicates that 
4 h 
O()) = (5) =F O(hs fe) & (hsb) (4.4.32) 


Hence the /, term of (4.4.28) must be negligible in its effect on the tide height 
compared to the /,, /, terms through (4.4.31), and we can neglect both the 
third equation and /, as it appears in the first two. Writing out the first two 
equations of (4.4.28), using (4.4.21): 


a _ eco Oh ae 
Ot ol, 
31 p (4.4.33) 
—2 4 2m cos 6/, = ee 
Ot ol, 
Assume 
CBG ett 
yp oe ett! 
and 
I= Ue (4.4.34) 
is = |i? ett 
Then (4.4.33) becomes 
ioV — (2m cos #)U = “ 
; , (4.4.35) 
ioU + (2w cos #)V = “as 
dl, 
Solve (4.4.35) for U and V: 
U\ _ 2w cos 0 —io Wael 1 (4.4.36) 
V —ic —2w cos 6}\dy/dl,) o? — 4w* cos? 6 


and substitute in (4.4.31) (applying (4.4.34)): 


0 
iol = alti sp + 2m cos 6 a) / — 4w* cos? 0) | 


1 
— at 2m cos 6 ay io a [to — 4w* cos” 0) | (4.4.37) 
i) Al, 


Equation (4.4.37) has never been fully solved for the actual earth, mainly 
because of the complications involving variations of the depth h. Equation 
(4.4.37) is really a differential equation in ¢ since, by (4.4.27), ¢ is in the 
potential function y, not only directly through the —g¢ term, but also 
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indirectly through its contribution to Up. The latter will have the following 
components: 


1. The potential of the attraction of the water tide, ¢, say U,. 

2. The elastic response of the earth to the disturbing potential, kU». 

3. The effect on the potential due to the upward displacement h,U,/g of 
the ocean bottom (since the equations apply at the free surface). 

4. The elastic response of the earth to the water tide, Xk,'U,,. 

5. The effect of the displacement of the sea bottom 2h,'U_,/g. 


If we represent y and ¢ as a sum of spherical harmonics of degrees /, 
pad b= 2h (4.4.38) 


then Love number theory can be applied to the elastic response and the poten- 
tial U, calculated from the formula for a surface layer py, (2.1.25): 


a\** Pw 
Anca ie) een 4.4.39 
ae =, +1 Sones 


where py, is the density of water. Then, taking 7Ga°p/a? ~ g, where p is 
mean density, 5.5 gm/cm?: 


Yiez > a + ky - eee — lig + (1 + kz — hy)U, (4.4.40) 


Ae 
since 
oU 
LE eae (4.4.41) 
or g 2g 


where 7 is any disturbing potential. Numerical values which have been 
obtained for standard elastic models of the earth are: 


ky ~ 0.30, h, ~ 0.60, 
ko 031, Fy’ 1,03, ke e020 


Hence the effective potential U, is reduced about 30 percent by elastic yielding, 
and the displacement effect —g¢ is reduced about 30 percent by the ocean 
loading plus elastic response. 


Return to (4.4.37) and assume: 


(1) 4 = constant 
(2) ocean loading negligible — py = 0 
(3) a rigid earth > kg =f, =0 (4.4.42) 


(4) location at the pole > cos 0 = 1, a cos 6 = 0 
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Then we have left (where /,, /, are any two arbitrary rectangular axes at the 
pole, such as those used for latitude variation): 


h Oy ay 
= ——_—_{— 4.4.43 
$ iii ( 
or, using (4.4.40), 
V°C Nee On ae = VE (4.4.44) 
a 


where V? is (0?/0/,”) + (02/0/.2) and ¢€ is the equilibrium tide, U?/g. In 
(4.4.44), V2Z is in effect the forced oscillation; setting it zero results in an 
equation for free oscillations which requires boundary conditions to solve, 
but which in any case will have the result that the tide ¢ will be proportionate 
to the depth h. 

Removing assumption (4) in (4.4.42) to obtain a global solution, the co- 
ordinate system must be converted from the local rectangular | to spherical 
coordinates, and the element of surface area 6/, 6/, replaced by a® sin 0 d6 da; 
(4.4.31) becomes 


at hile 
ea — He ara 4.4.45 
where 
ft = cos 0 (4.4.46) 
Then (4.4.35) becomes 
1 oy 
iV — 2040 = 
avi — pw? Op 
—— (4.4.47) 
a 
ioU -+- 2wpV = vi =! ov 
a Ou 
and (4.4.37) becomes 
pi ii) ey 2 2mph | 
ee —4w*'u? On  io(o® — 4w*u") dA 
alles Las, : ay — ee 2 2 2 (4.4.48) 
OAL io(o® — 4w7u”) Ou (1 — w*\(0” — 47") 0A 


Setting w = 0 separates the variables and, as might be expected, the solution 
yields that ¢ is representable as a sum of spherical harmonics. With w # 0, 
even for constant / the solution entails considerable mathematical manipula- 
tion. The case o = 2w was first done by Laplace, who assumed infinite series 
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of the form 
C _ f= > A; sin2* 6 gilot+ 2a) 


For values of the parameter 


of 10, 20, and 40, he obtained ¢/Z of 11.26, —1.82, and —7.43: that is, even 
for a constant depth, the tide varies significantly from equilibrium [100, 183, 
236]. 


4.5 Energy-Dissipating Processes 
Periodic Variations in the Earth’s Rotation 


The free-oscillation peak at 437 days in the latitude variation spectrum 
apparently is due to random disturbing effects. The peak is rather broad, 
leading to a Q of about 30 by (2.3.17). It is still not definite, however, whether 
the peak broadening is due to interactions between loosely coupled com- 
ponents of the disturbing impulses or to true dissipation, and, if the latter, 
whether it occurs in the ocean or the mantle. The phase lags in the earth tide 
measurements by gravimeter [1 — (3k,/2) + hg] average about 5 degrees, 
equivalent to a Q of about 11, by (2.3.13—15). 

Another source of information about mass and energy transfers in the 
earth is its rotation. Universal time (UT) is defined by the earth’s rotation; 
in comparison to ephemeris time (ET), defined by orbital motions, and 
atomic time (Al), defined by oscillations in the cesium atom, UT shows 
annual and semiannual variations characterized by: 


ET — UT = 0.0028 sin (2, — 38°) 
+ 0.0009 sin 2(a, — 110°) (4.5.1) 


where «,, is the longitude of the sun from the vernal equinox measured along 
the ecliptic. Differentiating (4.5.1) with respect to time and dividing by 13,750 
will give the variation of the rotation rate w in radians/unit time. Assuming 
that angular momentum Cw is conserved, we have a choice of either varying 
the moment of inertia C by moving masses relative to the rotation axis or 
changing the rotation rate of the solid earth by transfer of angular momentum 
to (or from) the atmosphere or ocean. Measurements of seasonal variations 
in zonal wind velocities appear to explain most of the annual term, but not 
the semiannual. North-south shifts of air masses sufficient to account for the 
semiannual term recently have also been observed in satellite orbits as a 
semiannual variation in oblateness J,, but appear to entail atmospheric 
pressure changes somewhat larger than observed (see problem 4.13) [261,285]. 
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Secular Changes in the Earth’s Rotation 


There are longer-term irregular changes in ET — UT apparently associated 
with coupling between core and mantle. More clearly established from obser- 
vations of the sun and the moon over the last 280 years is a growing secular 
difference ET — UT. This difference is expressed in terms of discrepancies 
AL. and AL, of the observed longitudes of the sun and moon, respectively, 
from the calculated longitudes: 


Nie, + 66TH f(D) 
AL, =a, +5,T +7,(1) 


where T is ET. a, 65, 4,, and by are empirical constants; nonzero values 
for these are indistinguishable from corrections to the longitudes at epoch 
and either mean motions (or semimajor axes, by (4.1.21)) or mean rates of 
rotation of the earth. The information of interest rests in the remainders 
fo(T) and f\(T), nonzero values of which require one or more of: 


(4.5.2) 


1. Variation in the gravitational constant, G. 

2. Numerical errors in the orbital calculation. 

3. Variations in the earth’s rotation rate. 

4. Transfer of energy between rotation and orbital motion, 


Of these effects, 1 and 3 would affect sun and moon alike; 2 and 4 would 
affect the sun and moon differently, but only 4 would be expected to make 
fo and f) proportionate to T*. The results obtained from analysis of the 
observations since 1680 are: 

fy = (8".22 + 0°.30)T?, fo = (1".23 + 0°.04)T? (4.5.3) 


for T in centuries. Expressing f, and f, as a combination of accelerations @ 
in the earth rotation and n), 7, in orbital motion, we have: 


(4.5.4) 
Vis = S(e =a “2 o) 1? 


To make (4.5.4) solvable for the three unknowns fy, @, 7,, let us assume for 
the moment that angular momentum H is conserved in the earth-moon 
system; if the assumption is correct, then 7, will be zero, and we do not have 
to write the more complicated condition involving the sun. Let m be the mass 
of the moon and M the mass of the earth; then: 


Mm 
M+m 
ew m[GM]}PPny"? + Cw (4.5.5) 


a rf + Co 
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neglecting the eccentricity of the moon’s orbit and using (4.1.21) (Kepler’s 
law, neglecting the mass of the moon). Differentiate (4.5.5), substitute 
numbers from Table 4.1, and set H zero: 


iy = 0.0227 (4.5.6) 


With the ratios n,/w of 0.0366 and n,/w of 0.00274, (4.5.3, 4, and 6) yield, 
as hoped, 
@ = —750"/cen? 


—17.0"/cen?* (4.5.7) 


fo =  0.40"/cen? 


Ny 


However, the anticipated magnitude of the acceleration 7, is less than that of 
perceptible errors in f, and f,. Hence the customary procedure is to utilize 
the best observed quantity, which is the effective discrepancy in acceleration 
of sun and moon, known as the weighted discrepancy difference WDD: 


WDD = fT) — — f(T) 


© 
= 5(% = ho) T? (4.5.8) 
22 No 


whence 
fy = —22".4/cen? = —1.09 x 10-* rad/sec? 


& = —986"/cen? = —4.81 x 10-** rad/sec® 


From this point, we shall not refer to 1,, so we let n, be replaced by n [93, 
285]. 

An interesting confirmation of the rates (4.5.9) has recently been obtained 
as far back as the middle Devonian period (0.38 4 ago) from a banded 
structure which appears on certain fossil corals. These fine bands (20 to 60 
per millimeter) have variations in intensity indicating both the number of 
days in the year (a measure of Aw) and the number of days in the month (a 
measure of Aw/n). Use of both these data in equations for conservation of 
angular momentum obtains the rates (4.5.9) with negligible change in the 
earth’s moment of inertia C [431]. 


(4.5.9) 


Tidal Friction in the Earth 


For angular momentum to be transferred from the earth to the moon, there 
must be, according to Euler’s equation (4.2.1), a nonzero average torque T 
exerted by the moon on the earth. If the tidal response (4.4.2) of the earth to 
the moon were instantaneous, then there would be zero net torque since the 
tidal bulge would always be symmetric about the earth-moon line. However, 
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Figure 4.9: Lag of tidal bulge. 


if there is imperfect elasticity with energy dissipation as always occurs in real 
materials, then, as derived in Section 2.3, there will be a phase lag gy. In the 
case of the earth’s rotation a lag will appear as the occurrence of the maximum 
tidal bulge for a given point after that point has passed the earth-moon line, 
since w >> n (see Figure 4.9), Hence the moon will exert a torque T on this 
bulge which opposes w, thus slowing down the earth’s rotation. The equal 
and opposite torque exerted by the bulge on the moon will add to the moon’s 
energy and angular momentum so that it moves farther out in its orbit and 
slows down. 
For the magnitude of the torque we can take the derivative of either term 
in (4.5.5) 
T = Cw = 3.98 x 10 dynes cm (4.5.10) 


For the energy of rotation lost by the earth we have: 
E= : (4Cw’) = Cod = —2.8 x 10’ ergs/sec (4.5.11) 
t 


and gained by the orbit, using (4.1.22, 37): 


a 
2a 2a? 


2 
=—m = na=1.0 x 10 ergs/sec (4.5.12) 


Al om GM» . 
ws — —-i mn — 


Hence 2.7 x 101° ergs/sec must be dissipated in the earth. 

The locus of this energy dissipation in the earth is not entirely certain; 
it is most likely to occur in the oceans, but also may occur by friction between 
blocks in the crust or by solid friction in the mantle. The dissipation of energy 
in the oceans is believed to occur almost entirely in shallow seas where 
restricted entry results in rapid tidal currents. To calculate the tidal dissipa- 
tion in a shallow sea, there are three possible integrations (as indicated in 
Figure 4.10): W, + W. is the mean rate of work per unit surface area done 
by the moon and sun on the surface of the oceans; W, is the energy flux per 
unit time and unit area across the entry to shallow seas; and W,, is the rate of 
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Figure 4.10: Tidal energy dissipation in the ocean. From Munk & MacDonald [285, 
p. 209]. 


work per unit surface area done by currents on the sea bottom. Whence 


E= (Wy + Wo) dS 
total sea surface 


=|W,dS 


entrance to shallow seas 


=| W,dS (4.5.13) 
area of shallow seas 


The integration over the total sea surface is indefinite because it depends 
on knowledge of the actual tide height over all the oceans, whereas the other 
two integrations are indefinite because of poor knowledge of the velocities of 
tidal currents. However, W, depends on the first power of the velocity, of 
currents, while W, depends on the third power, so that the W, calculation 
generally is considered more reliable. 

The energy flux into and out of the entrance to a sea is a product of the 
departure from normal pressure Ap and velocity u: 


W, = (u Ap) (4.5.14) 
The occurrence of dissipation then appears as a lag ¢ of the velocity u behind 
the pressure Ap, which depends on the height a of the tide: 


Ap = pga cos wt 


u = Uy COS (wt — ¢) eno) 


A calculation of the energy flux W, worldwide has obtained 1.7 x 101° 
ergs/sec as the estimated mean dissipation rate [280, 285, 390]. 
Orbital Evolution from Tidal Friction 


To obtain the lag angle 6 in Figure 4.9 and the variations of the lunar orbit, 
we need to calculate tidal potential U;, which in turn depends on the dis- 
turbing potential U,. From the considerations discussed in Section 2.3, in 
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particular (2.3.1), we should expect the rate of energy dissipation (4.5.11) to 
equal the net average rate of doing work averaged over a cycle. This work may 
be considered either as being done by the moon on the earth or by the earth 
on the moon. The latter seems a simpler calculation, so let us put 


E = (W) = (force x velocity) = m* (Ur a (4.5.16) 
i Ox; 7 

The potential Up appearing in the last formula of (4.5.16) will be that 

associated with the tide—that is, the tidal potential U; of (4.3.4). If we are to 

take into account the lag angle 6 in Figure 4.9, then (4.3.4) should be re- 

written to include time as an argument: 


U7(r, t + At) = k,U,(r, t) (4.5.17) 


an 
r(t)r'(t + At) 
where 

m) 


(ay — if} 


At 


To be able to write the derivative of Up in (4.5.16), we need to be able to 
express U,, and hence U2, in terms of the moon’s orbital elements (or, 
conversely, obtain the moon’s velocity in earth-fixed coordinates). If we 
express U, in the earth-fixed form of (4.1.54), the important term in the 
simplification represented by Figure 4.9 is /m = 22, the harmonic associated 
with an equatorial ellipticity. Taking the lag angle 6 into account converts the 
argument of the potential from 2(A — A*) to 2(A — 2* + 0): the 6 is sub- 
tracted from A*, the source longitude, not A, the disturbed body longitude. 
Hence we obtain as the a adaption of (4.1.54): 


U, = k,G —~ = Pasin Y)Po(sin g*) cos 2(A — A* + 6) (4.5.18) 


rrp? 1 


If the eccentricity and inclination of the moon’s orbit are neglected, then there 
is motion only in 4 and we can write for the combination of (4.5.16) and 


(4.5.18): 
= , [Wr :\ 


iy 


= —k,Gm*? x? = poate 2(A — A* + 6)](n — w) 
r 
5 
Zs = k,Gm¥~ > (o ~ n) sin 2|6} (4.5.19) 
ip 


The minus sign appears because the lag +P Rowe have: the samme Sipry pp phe 


w? 
F) ; tie bh oy 
s = wae © 


—— 


Ni -_ ~ Ca '? A 
oak LEP MEAAARY MASS. 
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rate n — w. Note that the setting equal of A and A* is not done until after the 
derivative is taken; in these equations the moon is playing a double role as a 
body whose orbit is perturbed and as a source of gravitational potential, and 
the derivative must be taken with respect to the coordinate of the perturbed 
orbiting body—the equations would be equally valid if it were a body different 
from the source of the potential. Substituting numbers from Table 4.1 in 
(4.5.19): 

E = 3.65 x 10” sin 26 ergs/sec _ (4.5.20) 


Allowing for the inclination reduces E to 3.08 x 10° ergs/sec, whence 


i. 27 0 eee 


(4.5.21) 


which is close to the mean 1/Q deduced from earth tide measurements, and 
26 = p = 5.0 deg (4.5.22) 


For the change in the semimajor axis, we can use (4.5.18) as the disturbing 
function in the first of the equations of motion (4.1.36). Making the same 
substitutions as in deriving (4.5.19), we get 


._ 2 /dUg\ 


na \ aM / 


k R® 
= 282 Gmt —; sin 2|6| (4.5.23) 
na iP 


Substituting from Kepler’s equation (4.1.21) for n and setting a for r—that 
is, neglecting the eccentricity of the orbit—we get 


Way ae Sn ae; Gar 
ay 2m M eae eo (4.5.24) 


Transforming (4.5.24) into a differential equation for dt in terms of da, we 
get for the time T for the semimajor axis to change from a, to ay: 


T =| at 


ag M22 qi da 
aim*G'? 3k,R° sin 2 |d| 
> M2 Aa??/2 
39 m*G"? k,R® sin 2 |d| 
To obtain the rate of change of the eccentricity, it does not suffice to use the 
angular momentum relationship (4.1.12) with the already deduced rates H 


(4.5.26) 
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and n or 4d, first because those rates were deduced assuming the eccentricity 
zero, and second because the parts of U, dependent on the orbital eccentricity 
and inclination are also important. Instead, the tidal potential Up of (4.5.17) 
must include all / = 2 terms, and must be converted to a form suitable for use 
in the Keplerian equations of motion, (4.1.36), similar to the spherical 
harmonic a. (2.1.56-60): 


Cem)! 
Up ime ke Gs ata Se = Le) Q2 ot m)! 2 Faget Fe (1*) 
Gang(€)Gapg(e*) cos oxen al Pampa ——} mo* a Geers a m®@)| (4.5.27) 
where 


Vompq = (2 — 2p)w + (2 — 2p + q)M + mQ (4.5.28) 


In using U, for the disturbing function in R in (4.1.36), the derivatives must 
be taken with respect to the nonasterisked quantities and the two not set equal 
until after differentiating. In this manner are obtained the energy dissipations 
and orbital changes consequent on the change in distance between earth and 
moon and their north-south relative motion. Also the effects of dissipation 
in the moon may be taken into account. If the moon had similar elastic 
properties to the mantle and a Q the same as the earth, (i.e., if Q was not 
frequency or amplitude dependent), its effect on the eccentricity would be 
about two-thirds that of the earth. The principal results are that the semi- 
major axis is increasing at about 3 cm/yr; the eccentricity at about +0.012 x 
10-°/yr; and the inclination at —0.52° x 10~°/yr. If it is assumed that the 
same tidal Q has always prevailed, then integrating back in time brings the 
moon back to the earth only about 1.6 A ago, at an appreciable inclination 
to the earth’s equator. Hence either the moon was created relatively recently, 
or tidal dissipation has been considerably less in the past than it is now [88, 
142, 199, 205, 254]. 


Spin-Orbit Coupling 


Another phenomenon that evidently is a consequence of tidal friction is the 
coincidence of the moon’s mean rate of rotation , and its orbital mean rate 
n: as the rotation w) is slowed down to about n, we would expect the dominant 
effect to be the torque exerted by the earth on the moon’s equatorial bulge, 
B — A. However, since the eccentricity of the orbit causes the instantaneous 
angular motion f with respect to the earth to vary from the uniform rate n, 
we should also expect that the existence of this situation would depend on 
some relationship between the orbital eccentricity e and the magnitude of the 
restoring torque, which, from (4.3.28) will be proportionate to (B — A)/C. 
For an eccentric orbit and initial rotation w, greater than mean motion n, 
we would expect w, to decrease until it was still greater than n but sometimes 
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Moon 


Earth fi 


Figure 4.11: Fixed lunar bulge. 


Jess than the instantaneous rate /—a situation that would cause a reversal in 
the location of the always lagging tidal bulge in Figure 4.9, which we must now 
consider as applying to the moon. This bulge reversal will cause a reversal of 
the torque m* 0U,/0A exerted by the earth on the lunar tidal bulge, where 
U, is defined by (4.5.18) with the roles of moon and earth interchanged. In 
the instantaneous rate of motion 4 of the earth in a moon-fixed reference 
system, we must replace 7 by the instantaneous rate f, and wy by the instanta- 
neous rate 6 (see Figure 4.11). Then for the averaged torque, if we neglect the 
inclination, we get from (4.5.18): 


ean = 


5 
—K,Gm**> (e sin (A — 4* + 5) 
r 


—D (5 sin 25) 


= — aes lie sgn (6 — f) dt 


ip 


D 27 R 4 A 
ge aes = Cea 25) 
a ae |, ee ae aes 
where we have replaced the constant factors by D and sin 26 by sgn (6 — f)/O, 
and have used (4.2.4) to replace dt. 

In the trapping situation, the range of the integration in (4.5.29) must be 
split into two pieces because of the sign reversal of 6 — f. Let us define the 
zero points of 6 — f by the slowly varying quantity 


7=9—-M (4.5.30) 


Then, using (4.2.4) again, the integration limits are at 


fed ie 3 x) (4.5.31) 
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where 
: 7 3e 
sin y = —— — — 4.5.32 
4 2en 4 ( ) 
The integral of (4.5.29) becomes 
= 22 (4e cos y — x) (4.5.33) 
7Q 


All of the time-varying quantities involved in this evaluation of the integral 
are governed by the ordinary Keplerian equations except 6, which connects 
lunar fixed longitudes to an inertial reference. The equation governing 6 in 
the short run is the Euler equation in longitude, the third of (4.3.28). Let us 
rewrite it in terms of the small quantity 7, with the torque (T) on the right: 


Cij + 2(B — A) ae sin 2n = (T) (4.5.34) 
Le 


Multiply (4.5.34) by 7 and substitute n? for GM/r? (from (4.1.21)): 


+2 
als — 4B — A)n* cos 2n | =E (4.5.35) 


where E is the energy of a system including the earth and the distribution of 
mass in the moon, both referred to axes which are centered in the moon and 
which rotate at a constant rate n, the mean rate of orbital motion. From 
(4.5.33), 


te = Dasa <9 (4.5.36) 


The rate of dissipation of this energy thus goes to zero at synchronous 
rotation, 7) = 0. Near this critical point the angle x is small, from (4.5.32). 
Hence letting sin y ~ x and substituting from (4.5.32), we get 


c= =o (25 = 2) (4.5.37) 
Q n 


Te 


The solution of (4.5.35) (see problem 4.15) gives 7 as a function of (B — A)/C. 
The main conclusion is that the synchronous rotation w, = n of the moon 
depends on the orbit once having been in the condition [141]: 


E aa. |> care (4.5.38) 
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PROBLEMS 


4.1. Prove the time invariance of the Lagrangian brackets; i.e., that 
0 
Ot (S:, S;] =0 


where S,, S; are any two orbital elements and [S;, S;,] is defined by (4.1.32). 


4.2. Derive the equations of motion for a particle in rectangular coordinates u 
rotating about the w, axis at a rate # with respect to inertial axis x by (1) using vector 
notation; (2) using tensor notation; (3) using the rotation matrix connecting the 
u and x systems: 

u = R,(4)x 


Which term in the resulting equation is the centrifugal acceleration? Which is the 
“Coriolis”? acceleration ? 


4.3. Given a force function F and canonical variables connected therewith by 
(4.1.55), prove Hamilton’s principle for 


t 
of ‘(Spa Ar r) ar=0 
ty a 


that is, between fixed points (p, q) at times ¢, and fg, variations of the integral will 
be zero for small variations (6p, 6q) and (dp, 6q) of the path. 


4.4, Using the equations of elliptic motion, (4.1.4-21), derive the differential re- 
lationship between mean anomaly M and true anomaly f: 


df a 
_/ (1 — aye 

dM Fr (a 

4.5. Derive equation (4.2.6) for the long periodic eccentricity function G, (e). Use 
(4.1.9). 


4.6. Derive an expression for the potential term V2. in terms of Keplerian elements 
{a, e, I, M, w, Q} using Figure 4.4: that is, do not use (4.2.2). 


4.7. Replace a satellite in a circular orbit of inclination J by a ring of the same total 
mass, and replace the equatorial bulge of the earth by a mass ring giving the same 
difference C — A in moments of inertia. Calculate the torque T exercised by the 
equatorial ring on the satellite ring, and thence the rate of change H of angular 
momentum of the satellite ring. Convert the moment of inertia difference C — A 
to J, and calculate 2 from H; compare the results with (4.2.9). 


4.8. Derive an expression for the drag force Fj, (4.2.13), by assuming the satellite 
to be a flat plate of atea/mass ratio A/M and the drag to occur by elastic collisions 
between atmospheric molecules and the plate. 
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4.9. The earth’s rotation shows an annual variation from a uniform rate which can 
be approximated by an expression for the lead in time 7 of 


7 = 0.028 sin(Al — 38°) 


where 4, is the longitude of the mean sun measured from the beginning of the year. 

If this variation is due to variations in the moments of inertia, what must be the 
corresponding variations in the gravitational harmonic coefficient J,? 

What would be the perturbations of a close satellite orbit due to these variations 
in J? 

If the variation in rotation rate is due to the motion of air masses, what would 
be the magnitude of the corresponding variations in atmospheric pressure? 


4.10. The J, of Mars is about 0.00197, and its equator is inclined about 25.2 deg to 
its orbit. Using the mass, radius, and rotation from Table 5.1 and assuming Mars 
homogeneous, derive the rate of precession of Mars’ rotation axis due to the torque 
exercised by the sun. 


4.11. Prove the invariance of degree of a spherical harmonic under rotation: that is, 
if V,,(~, 4) is a harmonic referred to one set of axes, then it will equal a sum of 
harmonics V,,,,,(y’, 4’) referred to another set: 


Vim(Y, A) = 2 Diam Vim (@' 2’) 
m’ 


4.12. Prove that the gravitational harmonic V,, is a function of the products of 
inertia F’, G’ 


1 3 
Va, =G (*) P.,(sin ¢)(G’ cos 4 + F’ sin A) 


where 


G’ -[ pyzdv, =F’ =| pxz dv 
vol vol 


4.13. The amplitude of the latitude variation—the motion of the principal axis of 
inertia with respect to the rotation axis of the earth—is about 5 meters for the 
combination of the annual forced oscillation and the 14-month free oscillation. 
What is the magnitude of the corresponding perturbation J, of the gravitational field? 
Should all or part of this perturbation affect close satellite orbits? If so, what will 
be the principal periodicity of the orbital perturbations and what will be the order- 
of-magnitude of the orbital oscillations? 


4.14. Calculate the energy rate E due to tidal torques exercised on the earth by the 
sun, using (4.5.19) and assuming the same lag as in (4.5.22). What are the cor- 
responding rates @ and n,? 


4.15. Given an equation of the “pendulum” form, 
y? = K + Lcos2y, Kee 


derive an expression for the period T of libration of y in terms of the elliptic integral 
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of the first kind: 
yp dy 
Ftk, y) “3 - al im k2 sin? p)i/2 


What will be the value of k? in this function? What will be the midpoint yo and 
extremes y,, of this libration? 
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Chapter 5 


DYNAMICS OF THE SOLAR SYSTEM 


The main parts of the solar system are given in Table 5.1. In addition to the 
principal bodies listed in the table, there are many smaller members of the 
solar system in three principal categories: asteroids, comets, and dust. 
Because of observational uncertainties, it is inappropriate to include them in 
the table; all that can be said is that their contribution to the mass of the solar 
system within observable limits—say, within Jupiter’s orbit—is orders-of- 
magnitude smaller than the earth. These small bodies are still of considerable 
interest, however, relevant to the origin and evolution of the solar system. 


5.1 The Planetary System 


By the ‘“‘planetary system’? we mean the bodies listed in Table 5.1. We shall 
also take up in this section the various satellite systems of the planets. 
The approximate orbital elements of the planets are listed in Table 5.2. 


Orbits of the Planets 


The motions of the planets are one of the earliest subjects of successful 
scientific investigation. These investigations combined long series of careful 
observations with elaborate and detailed calculations. It is still true, however, 
that in some cases the calculations disagree with observations by appreciably 
more than their likely errors. The difficulties generally are considered to fall 
in two categories: (1) the definition and determination of the parameters that 
form the basis of the reference framework which connects the theory and 
observation and of the numerical calculation of orbits, known as the system 
of astronomical constants; and (2) the complexities of the orbit computation 
itself. Although these difficulties are largely matters of geometry and of 
working out the consequences of Newtonian attraction, their precise solution 
is desirable if other inferences are to be drawn from the remaining discrepan- 
cies from observation or from the values of planetary or orbital parameters 
themselves. For example, the interpretation of the longitude residuals f(T) 
and f,(T) in (4.5.2-3) as caused by the transfer of angular momentum from 
the earth’s rotation to the moon’s orbital motion was originally suggested in 
the eighteenth century, but was not generally accepted until about a century 
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later because inadequacies in the derivation of the higher-order perturbations 
made f)(T) appear to be caused by the sun. 


Astronomical Constants 


The system of astronomical constants, together with numerical values, 
adopted by the International Astronomical Union in 1964 is given in Table 
5.3. The last prior revision to the system was in 1896. Revisions are rarely 


TABLE 5.3: THE I.A.U. SYSTEM OF ASTRONOMICAL CONSTANTS 


Constants Numerical Values 
Defining constants: 
Number of ephemeris seconds in one tropical s = 31 556925.9747 
year (1900) 
Gaussian gravitational constant, defining the k = 0.017202 09895 


AU (units: rad/day) 


Primary constants: 


Measure of one AU in meters A = 149600 x 10° 

Velocity of light in meters/sec c = 299792.5 x 10° 

Equatorial radius for earth in meters a, = 6378160 

Dynamical form factor for earth J, = 0.001082 7 

Geocentric gravitational constant (units: GE = 398603 x 10° 
ms" 7) 

Ratio of the masses of moon and earth B= 1/81.30 

Sidereal mean motion of moon in rad/sec (1900) ny * = 2.661699 489 x 10-6 

General precession in longitude per tropical p = 5025".64 
century (1900) 

Obliquity of the ecliptic (1900) € = 23°27 08".26 

Constant of nutation (1900) N= 19" 210 

Derived constants: 

Solar parallax To = 8.794 

Light time for unit distance tT 4 = 499°.012 

Constant of aberration « = 20.496 

Flattening factor for earth f = 1/298.25 

Heliocentric gravitational constant (units: GS = 132718 x 10% 
m°* s~7) 

Ratio of masses of sun and earth 332958 

Ratio of masses of sun and earth + moon 1/m = 328912 

Perturbed mean distance of moon in meters a, = 384400 x 10° 

Constant of sine parallax for moon sin 7 = 3422”.451 

Constant of Lunar inequality Ly = 6".440 

Constant of parallactic inequality P, = 124.986 


From Wilkins [441]. 
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made in order to facilitate comparisons of elaborate fundamental calculations; 
if a particular application requires a more accurate value than that given in 
the adopted set, it generally can be handled as a differential correction or as a 
special calculation of a limited number of variables for a limited duration. 
Thus some values in Table 5.3 are no longer the best; for example, analysis 
of trajectories of Ranger probes yields 3.98601 x 10‘ m*s~? as a better value 
of GE, while a more accurate value of the astronomical unit (AU) is 149,597, 
700 + 400 km. This value is the mean of two recent determinations of 
the light time 7, 499.0048 and 499.0036 sec, times the velocity of light, 
299,792.5 km/sec. 

In the case of planetary masses, recent improvements by analysis of 
radar-ranging and space-probe trajectories have been so great that in most 
cases there is appreciable change from the official values adopted by the 
I.A.U. in 1964. Two such solutions are given in Table 5.4. 

The names used in Table 5.3 are the names customarily used by astronomers 
working with ephemerides, etc. Since some of the names are rather cryptic, 
they are explained below. 

The selection of constants as “defining” or “primary”? depends mainly on 
the most accurate means of measurement. Time measurements have always 
been the most accurate, so those constants that are given with the most 
significant figures are related to mean motions: s, k, and n,. The parameters 
s and k might better be characterized as conversion factors, rather than 
constants. If we further specify 


d = 86400 (sec time/day) 
£ = 206264.80625 (sec arc/rad) 
mw = 3.1415926536 


TABLE 5.4: SUN/PLANET MASS RATIOS 


I.A.U, Adopted Improved Solutions 

(Wilkins [441]) (Ash et al. [20}) (Anderson [17]) 
Mercury 6 000 000 6021 000 + 53000 6005000 + 18000 
Venus 408 000 408 250 120 408 522.6 0.6 
Earth + moon 329 390 328900 8=—— 60 328 900 1.8 
Mars 3 093 500 3111000 + 9000 3098600 600 
Jupiter 1 047.355 1 047.44 0.02 
Saturn 3 501.6 3 499.1 0.4 
Uranus 22 869 22 930 6 
Neptune 19 314 19 070 21 


Pluto 360 000 400 000 + 40000 
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then we have two expressions for the mean motion 7 in inertially referred 
longitude of the earth around the sun in rad/sec: 
eR i) 

d(1+3 x 10°)?” 


27 — 0.01p/f 
S 


No 
(5.1.1) 


By (5.1.1), k is the mean motion a particle of negligible mass at a mean 
distance of 1 AU from the sun would have if there were no other planets. 
The term 3 x 10-8 appears in (5.1.1) because of a 7 percent error in the mass 
m at the time Gauss established k as a constant. The actual mean distance of 
the earth from the sun is larger by another factor 2 x 10- due to planetary 
perturbation. The quantity p appears in (5.1.1) because the tropical year 
defined by the number of seconds s is the time of a complete revolution with 
respect to the equinox, the point at which the earth-sun orbit, called the 
ecliptic, crosses the equator. However, as derived in Section 4.3, this point is 
moving at the precession rate —p/cen. Hence to obtain an inertially referred 
longitude the precession rate must be added. Note that the varying quantity 
w, the earth’s rotation rate, does not appear in the system; the “day” in 
terms of which the rate k is expressed is an exact multiple of the second defined 
by the tropical year 1900. 

It is only recently, however, that directional measurements have been 
supplanted by radar ranging in determining position and by artificial probes 
in determining relative masses, so only in 1964 were A, GE, and u adopted 
as primary constants, and 774, «, sin 7), and L, became secondary. 


ta, 
Ti — 
A 
CkA 
k= 
(& 
(5.1.2) 
’ Ca, _ Cans" + 8) 
SM) eS TE 
ay [(1 + #)GE] 
ete STA 8 Bee 
ae i+ yu sin zy 


In the third equation of (5.1.2), 8 expresses the effect of the sun on the mean 
distance of the moon from the earth; its value is 0.00090768. 
Several constants are included in Table 5.3 because they affect observations 
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from the earth of directions referred to the stars, which constitute an in- 
ertially fixed framework defined by a catalog of accurately observed funda- 
mental stars. These constants are p, «, N (all affecting the direction of the 
earth’s rotation axis), « (for the effect of the earth’s orbital motion), 75, 7) 
(for displacement of a station from the earth’s center in observing the sun and 
moon, respectively), and L, (for displacement of the earth from the earth- 
moon barycenter). 

The constant of parallactic inequality P, is the coefficient of the monthly 
perturbation in longitude of the moon arising from the P;, term in the Legendre 
polynomial development of the sun’s disturbing function, (4.1.53). 

The constant of nutation N is the amplitude of the principal periodic 
perturbation of the earth’s rotation axis by the moon, associated with the 
18.6-year period of the moon’s node. It is taken as a primary constant because 
the fluid core causes N to differ perceptibly from the value calculated by the 
rigid-body theory from (4.3.22) [17, 20, 288, 441]. 


Planetary Orbit Integration 


In integrating the motion of the planets, we have two distinct requirements: 
(1) in historical time, to calculate the orbits as accurately as possible to 
compare with observations; and (2) in geological time, to describe the evolu- 
tion of the orbits as part of the evolution of the solar system. A calculated 
orbit meeting requirement (1) is called an ephemeris, and is satisfactorily 
obtained by numerical integration. For the requisite accuracy, the integration 
must be done for the several planets simultaneously, because the departures of 
any planet’s motion from a Keplerian ellipse can have a perceptible effect on 
its perturbation of other planets through the disturbing function (4.1.50 or 
4.1.54). Since there is a wide variation in the masses and periods of the 
planets, there is a wide choice of such matters as orbital elements, integration 
step length, etc. in the application of this requirement of simultaneity. The 
largest simultaneous integration thus far carried out was for the five outer 
planets with a 40-day step for 120,000 years [76]. The most interesting result 
of the calculation was the appearance of a commensurability between Pluto 
and Neptune that prevents their approaching within 18 AU of each other. 
To obtain ephemerides for the inner planets, the orbits of the outer planets 
resulting from the afore described numerical integration can be taken as fixed: 
the manner of integration, however, either must be analytic or must be one 
that isolates the anomalistic motion in one variable if comparable duration 
of the integration is to be attained with the much shorter periods. 

To extend the integration of the orbit long enough to obtain several revo- 
lutions of node and perihelion, and hence any significant variation in the 
eccentricity and inclination, only analytical techniques suffice. In such 
analytic solutions Pluto is neglected, since its orbit intersects Neptune’s, as 
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are all short periodic (i.e., functions of anomaly or longitude) terms beyond 
the first order except the major near commensurability 5M — 2M, where 
S and J denote Saturn and Jupiter respectively, which has a period of about 
14,400 years. It is believed that the results are valid for several million 
years [48, 50]. Figure 5.1 is a representation of the variation in the eccentricity 
for the last million years. 

In these analytic solutions the equations of motion are essentially those of 
the Keplerian elements, (4.1.36), modified to remove indeterminacy in the 
origin of the angles if inclination or eccentricity go to zero: 


A=M+o4Q 
6=aoa+Q 


(5.1.3) 


The development of the disturbing function is similar to (4.1.54) summed 
over several disturbing planets /*, modified to take advantage of the small 


270° 


Figure 5.1: Variations of the eccentricity e of the earth’s orbit with perihelion longitude 
for the last 106 years. From Brouwer & Clemence [48, p. 50]. 
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eccentricities and inclinations. For the disturbing function term R,; per- 
taining to the perturbation of planet i by planet j, we have the form 


Ry = > dete" (tan 1) an) * 
- cos [(ky + kg + ks)A + (ko + ky — ks)A* 
— k,@ — k,@* — k,Q — kyQ*] (5.1.4) 


In R,,, the sum q, + 2 + 9s + 4a is called the degree. In the first approxima- 
tion, only terms of degree 0 are considered; in the second approximation, 
terms of degree 1 are added; and so forth. In integrating the Lagrangian 
equations at each approximation, the major difference from the technique 
applied to earth satellites described in Section 4.2 is that the node Q and 
perihelion © cannot be assumed to be moving secularly. Hence it can be 
shown by induction that in the end the formal solution will be made up of 
terms of the form 


te * 
m** 4 ——————-_ re,""e, 7*(tan I,)**(tan I,*)*4 
Tac Fags "eoneo (tan 1y*(tan To) 


a ar (dy + BAg* — Kye — Kyo* — kyQ — k,Q*) (5.1.5) 


where S, DP, 1, 915 Jas 935 G4 are positive integers or zero. Such a solution is valid 
only within a certain limited time from the epoch, because of the power of f 
which appears—analogous to the limited validity of a Taylor series develop- 
ment. 

Although the full description of the orbit (other than anomaly) by con- 
ventional series development is limited in the duration to which it is applicable 
to less than 10® years, similar techniques can place bounds on the range of 
variation of elements for a much longer time. The most restrictive of these 
is Poisson’s theorem, which states that to the second order there can be no 
secular change in the semimajor axis a. In terms of the Delaunay elements 
the same limitation will apply to the action variable L. For the perturbation 
of L we have, from (4.1.47), 


'eOF 
AL=| —dt ie 
to OM ol 
whence, to second order, 
F’= FQ) + Ds ie — "Ap, (t) 4, OF Ls xo] + (Sal 7) 
Op; 0q; 


In (5.1.7), the p,’s are L, G, Hand theq,’s are M, w, Q, so we can write to the 
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requisite order 


t t 
Ap,(t) =| a du, Ag) = —| ae du (5.1.8) 


Substituting (5.1.8) into (5.1.7) and thence in (5.1.6), it can be shown that if 
F, has the form 


Fy = > C(Lo, Go, Ho) cos {bi[My + M(t — to)] + elgo + G(t — to)]} 
(5.1.9) 


where ¢ is any angle other than M, then the derivative of any term in (5.1.7) 
of the form (0?Fo/0p; 0M)Ap, or (OF)/dp,;)(@Ap;/0M) which might give rise 
to secular or long periodic variation of L will be canceled out by another equal 
term of opposite sign (0F)/0q;)(0Aq,/0M) or [0?F,/(@q; 0M)]Aq;. (See 
problem 5.2.) Poisson’s theorem indicates that no significant change in the 
semimajor axis of the planets can have occurred since their motions became 
governed predominantly by gravitation (other than possible close encounter 
between Pluto and Neptune, which is ruled out on other grounds) [155]. 


For limitations on the variation of the eccentricity and inclination, there is 
only a collective condition known as the Laplace-Lagrange theory, which 
states that, to the second order, for N planets 


N 
> mn,aZe? = const 

y = (5.1.10) 

> nn,a, tan” 1; = const 


. 
_ 


This theory is thus an appreciable limitation on the variation of the orbits of 
the major planets but not on those of the smaller inner planets [47, 48, 50, 
pon 76 b55|. 


Properties of Orbits in the Solar System 


The considerable elaborations of the modern mathematical theory of 
stability have been applied to the evolution of the solar system, without 
attaining any significant bounds to the conditions of origin more restrictive 
than those obtained from the formal series developments of conventional 
celestical mechanics. Hence it seems more promising to describe the properties 
of the planetary system in more specific detail in the hope of finding features 
that suggest particular mechanisms. Since some of these features may pertain 
to satellite systems rather than to the planetary system itself, it is appropriate 
at this point to list satellite orbit characteristics, as has been done in Table 5.5. 
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poe Dynamics of the Solar System 


Of features suggesting particular mechanisms, starting with the more 
obvious, we can enumerate: 


1. The regularity of planetary orbits. All planet orbits have small eccentrici- 
ties, small inclinations, and (viewed from the north pole) counterclockwise 
orbital motion, as is the rotation of the sun. 

2. The similarity of the various satellite systems to the planetary system. 
Most satellites have small eccentricities and inclinations, some of them very 
small indeed. Of the 16 satellites with semimajor axes of less than 20 planet 
radii, 14 have an eccentricity less than 0.008; 6, less than 0.001; and 2, less 
than 0.00005. Fifteen of these satellites have an inclination to the planet 
equator of less than 2 deg, and 11 have less than 20 min. Furthermore, we 
have 


> planet masses > satellite masses 


w 10° 


~ a 
sun mass > planet masses ( 


3. The Titius-Bode law. The ratio of successive planetary semimajor axes 
is rather constant: if we count the asteroids as a planet and disregard Pluto, 
we get for this ratio about 


Sr ioe 000 6.4112} 
a, 


4. The concentration of angular momentum in the planets. If the sun 
condensed from dust which had moved with Keplerian velocities, its rotation 
would be 200 times as great. However, over 0.99 of the angular momentum 
is concentrated in the major planets which constitute little more than 0.001 
of the total mass. (See Table 9.6.) 

5. The positive correlation of rotation rate with the mass of the planet. 
The angular momentum density defined as the quantity 


es ee (5.1.13) 
M M 
varies almost directly proportionate to M°/®, as indicated in Figure 5.2. 
The principal exceptions to this rule are the terrestrial planets which have the 
greatest likelihood of having undergone significant tidal friction [254]. 

6. The occurrence of many more near commensurabilities in the solar 
system than can be attributed to chance. Among the several planets and 
satellites of the solar system, there are 46 pairs of bodies whose ratio of mean 
motions is less than 7. Between 1/7 and | there are 17 ratios of integers | to 7. 
For any small limit «, there are several more pairs of mean motions with a 
ratio differing less than e from one of these integer ratios than would be 
obtained by chance, as shown in Table 5.6. 
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Figure 5.2: Angular-momentum density of planets. From MacDonald [254, p. 522]. 


In addition to the mean motion pairs summarized in Table 5.6, there are 
commensurabilities connecting three satellites of Jupiter; Io, Europa, and 
Ganymede: 

n, — 3n, + 2n, 


ny 


Zio" (5.1.14) 


and the four large satellites of Uranus: 


ieee Saas _ 0.90528 (5.1.15) 
ny 
Perhaps the most remarkable is that which exists between the motions of 
Neptune and Pluto: 


3A, — 2dy — ©, w0 (5.1.16) 


TABLE 5.6: NUMBER OF MEAN MOTION RATIOS no/Ny WITHIN A LIMIT € OF AN 
INTEGER RATIO 


€ 0.0119 0.0089 0.0059 0.0030 0.0015 
Number observed 33 26 20 13 6 
Chance 17 13 9 3 2 


From Roy & Ovenden [347]. 
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In numerical integrations carried over 120,000 years this rate oscillated about 
zero with a period of 19,670 years in such a way as to prevent Pluto ever 
coming within 18 AU of Neptune [76]. 

There are apparent couplings between mean motions and rotation rates: 
for the rotation of Mercury 


wey aut (SET) 


2 
and for the rotation of Venus: 


w & Sng — 4ny (5.1.18) 


where ny, and ny are the mean motions of the earth and Venus, respec- 
tively [78, 143]. In addition, there are many commensurabilities involving the 
asteroids [155, 396]. 


Resonances 


Possible explanations for the aforestated characteristics of the planetary 
system can be categorized according to ascending complexity and hence 
uncertainty of interaction: 


(a) gravitational; 
(b) tidal; 

(c) collisional; 

(d) hydromagnetic. 


It is desirable to explain as much as possible by the first two categories, since, 
for the latter two to operate, the solar system would have to be greatly 
different in condition from what it is now. The features that seem most likely 
of explanation are the small eccentricities and inclinations and the com- 
mensurabilities, since they all appear to constitute stable states which can be 
attained without any major transfers of energy or angular momentum 
(i.e., transfers very small compared to the total energy or momentum of a 
planetary orbital motion). The angular momentum density distribution 
shown in Figure 5.2 is possibly explicable as a consequence of collisional 
processes in the creation of planets out of smaller bodies, in which the 
rotational angular momentum is acquired as a small differential between 
orbital angular momenta (see problem 5.3). For the overall distribution of 
mass and angular momentum in the solar system, items 3 and 4, a model of 
the origin of the solar system is necessary, with significant nonmechanical 
processes in operation, as discussed in Section 9.3. 

The mathematical treatment of a commensurability, where only purely 
gravitational forces are effective, is an elaboration of the stability theory 
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Circled points at 
steps of 10,000 days 


Period of path 
500 years 


Period of libration 
19,670 years 


Figure 5.3: Path of Pluto in a reference frame rotating with Neptune, showing libration 
of path with respect to the sun-Neptune line. From Cohen & Hubbard [76, p. 12]. 


applicable to a pendulum. In the case of Pluto’s orbit as perturbed by Neptune, 
there is said to exist a case of resonance, since the critical angle 3A, — 2Ay —, 
never goes through a full cycle, but instead librates +38 deg about 180 deg. 
As a consequence, Pluto never approaches within 18 AU of Neptune, despite 
its perihelion distance, a,(1 — e,), being within Neptune’s orbit, ay (see 
Table 5.2). If we take a reference frame rotating with Neptune about the sun, 
Pluto’s path is as shown in Figure 5.3. The orientation of this path with 
respect to the Sun-Neptune line varies with the +38 deg libration as indicated 
in the figure. Exact commensurability—that is, 3A, — din — &» = 0—occurs 
only when Neptune is at the extreme of its libration with respect to the path 
of Pluto. At this point, the main effect of Neptune on Pluto which is not 
averaged out in a 500-year period is an along-track acceleration exerted at the 
nearest small loop in Pluto’s path. 

To study this libration analytically, we require all terms of the disturbing 
function of the form (5.1.4) or the form (4.2.15) which contain arguments 


or 7) 4G), = 2A = Go) 
i[2o + 3M + 2(Q — A*)] (5.1.19) 


where i is any integer. In (5.1.19), we have defined 6 so that it oscillates about 
zero, and on the second line have used asterisked symbols to designate 
elements of Neptune’s orbit and unasterisked symbols for Pluto’s orbit. 
From the second line and (4.2.15), we see that the coefficient must be O(e!*') 
and hence that the terms with i= 1 will most likely be dominant. The 
nonappearance of the longitude of the node (except as part of the longitude 
of perihelion), together with the results of the numerical integration, indicates 
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that perturbations out of the orbital plane are not important. Hence we can 
reduce the variables to 6, w, a, and e, and write 


R x —C (a*/a) ecos 4d (5.1.20) 


where the eccentricity of Neptune’s orbit has been neglected. The manner in 
which the ratio a*/a appears is a practical difficulty; a series such as (4.2.15) 
would converge very slowly. In some treatments of this sort, a numerical 
averaging is applied. In any case, given the restriction that Pluto never comes 
close to Neptune, C is a positive function of order m*/M (~10~*) times the 
central term GM/a. 

The existence of a resonance implies that in the terms on the right of the 
equations of motion (4.1.36 and 39) variations of the elements are significant. 
From (4.1.36 and 39), (5.1.19), and (5.1.20): 


: 6 OR 6C 2 
— = —esind 
na 06 na 
b—e OR (1 —e*)¥* OR l—2 28 
SS SS ae 
na’e 00 na’e dw na — 
(i= 21/2 R _ 42)1/2 
pp eta) as = = tee Con (5:1.21) 
na’e de na®e 
—- 2 * 
0 = 3 _i=2e OR GOR is 


a 2 
mint (6500+. ae con® — ie 
da ae na 
Thence 
Oise le 
a eee 
0a dae ae as 06 
Using Kepler’s third law (4.1.21), 
: DUC 
6 2 esin é (5.1:22) 


since, from Table 5.2, e? > Ca/GM. In this crudest approximation, then, 6 
satisfies a simple pendulum equation (problem 4.15). A complete solution 
takes into account the other variations in (5.1.21). One solution using a 
transformation from the Delaunay equations (4.1.47) confirms the 20,000- 
year libration in 6 and obtains a secular motion of @ with a period of 
15.5 x 10° years [182]. 

The asteroid orbits also demonstrate some resonance effects, as discussed 
in Section 5.3. 
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5.2 Energy-Dissipating Processes 
Major Planet Q’s 


In recent years, much about the properties of satellite orbits and the 
couplings between planetary rotation and orbital motion has been explained as 
the consequence of tidal friction. The treatments are extensions of the methods 
described in Section 4.5. The properties of significance are the smallness of 
several of the eccentricities, inclinations, and semimajor axes, as listed in 
Table 5.5. The existence of satellites so close to the major planets sets a severe 
upper bound on the planetary dissipation factor 1/Q; since these satellites 
all have periods greater than that of planetary rotation, perceptible dissipation 
in the planets would have long since driven off the satellites, as has happened 
in the case of the earth and moon. Assuming that the satellites have been in 
orbit since the origin of the solar system 4.5 x 10° years ago, and using this 
duration as the time in (4.5.26), sets lower limits of more than 50,000 on the 
Q’s for Jupiter, Saturn, and Uranus. It might be hoped that secular accelera- 
tions determined from observations of some of the satellites would furnish 
further evidence of tidal friction. In practice, however, the accelerations 
estimated either have the wrong sign or only give a loose lower bound on Q: 
e.g., 10¢ for Jupiter from the absence of a perceptible acceleration for Io. 

However, confirmation of small planetary 1/Q compared to satellite 1/Q 
is obtained from the very small eccentricities: if the satellite acquires a rotation 
equal to its orbital angular rate, then the resulting tides can transfer only 
energy, not angular momentum, since there is only variation in distance, not 
any systematic along-track lag giving rise to a couple. If angular momentum, 
proportionate to [a(1 — e*)}!/?, (4.1.12), is conserved while the semimajor 
axis a decreases with the energy, then eccentricity e also must decrease until 
it is virtually zero and the effect negligible. Dissipation in the satellite has a 
similar damping effect on the inclination [139, 145]. 


Orbit-Orbit Coupling 


As the satellites move outward at differing rates due to tidal friction in the 
rotating planet, their mean motions eventually will attain a commensurable 
relationship such as (5.1.14 or 15). Their gravitational interaction will 
then transfer angular momentum from one satellite to another, so that 
thereafter they will move outward together with periods coupled. If we assume 
that tidal acceleration is significant only in the inner satellite, then the 
situation is similar to (5.1.22), with the addition of a small term dn7*/dt for 
the tidal acceleration: 

2 * 
sind = 2 (5.2.1) 
dt’ dt 
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where k? is 27Ce/a®. Assume a small 6 negligibly different from sin 6; then the 
solution of (5.2.1) is: 
O = KK Si i eee D292 
Kowal Crs 
where K is a constant. Hence, the effect of the tidal torque on 6 is a phase 
shift. To obtain the energy transfer between satellites and thence the accelera- 
tion dn/dt of the outer body, use Kepler’s law and substitute the averaged 6 
in the first equation of (5.1.21): 


 @®k2 dt 
= (5.2.3) 


Hence once a close commensurability (i.e. small 6) is attained, it is maintained. 
Furthermore, since dn*/dt < 0, a similar substitution in the second equation 
of (5.1.21) obtains a positive (é), this reinforcing the commensurability. 

The solution discussed here is for the case n/n*, which is approximately 2/3; 
the same sort of analysis would apply to other ratios, such as 1/2. Also there 
can be orbit-orbit coupling which involves the inclination and node instead 
of the eccentricity and perimeter. The most marked such coupling is between 
the satellites Mimas and Tethys of Saturn. Integration of their orbits back 
in time obtains a zero inclination of one body 1.14 x 10"'Q sec ago, or 
2 x 10° yr using the minimum Q of 7 x 10* estimated from the semimajor 
axes [140, 546]. 


Spin-Orbit Coupling 


In the process of tidal deceleration of rotation described by (4.5.29-34), it 
is possible that the eccentricity e and moments-of-inertia difference (B — A)/C 
may be large enough to cause a stabilization of the rotation rate w at a ratio 
to the orbital rate n higher than 1:1. In an eccentric orbit, the torque caused 
by the gravitational attraction of the central body for a tidal bulge will tend 
to impart a rotation rate w approaching that of the angular rate fat pericenter. 
Once a commensurability has been attained, then stabilization of the rotation 
rate would depend on the torque exerted on the fixed bulge (B — A)/C. 
Figure 5.4 shows the geometry pertinent to such spin-orbit coupling, of 
which the most marked case is Mercury, (5.1.17). The same Euler equation in 
longitude, the third of (4.3.28), applies, as was used in the case of the moon, 
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| b) 


A | 


S 
Figure 5.4: Spin-orbit coupling geometry. From Goldreich & Peale [143, p. 426]. 


(4.5.31); however, now in place of (4.5.30) we make the substitution 
= § — — 5.2.4 
n 5 (5.2.4) 
where k is any integer. In place of (4.5.34) we thus obtain 


Ci} + : a (B — A)> sin 27(cos 2f cos kM + sin 2f sin kM) 
i 


> cos 2y(cos 2f sin kM — sin2fcoskM)=0 (5.2.5) 


If @ is close to kn/2 and (B — A)/C «1, 7 changes very slightly in one 
orbit. Averaging the functions of r, f, M over an orbit obtains the same power 
series G,,,(@) as appeared in developing the spherical-harmonic gravity field 
of the earth (4.2.5) or the third-body disturbing function (4.2.15); using 
Kepler’s law (4.1.21), we get: 


Cij + 3n°(B — A)Groq-2)(e) sin 2n = 0 (5.2.6) 


Solutions of (5.2.6) as the pendulum equation (problem 4.15) obtain stable 
librations about spin rates of kn/2 dependent on the magnitude of Gyo(z_9)(e). 
For the case of Mercury, we have 


3 

+:°: 0.654 G27) 
If there are tidal torques, then the averaged tidal torque (T) must be added 
to the right of (5.2.6). The tidal torque from (4.5.29) is 


2p5 
T= ao sin 2 [6] (5.2.8) 
le 


The possibility of stable libration then depends on 
(T)| < 3n*(B — A)Gao-2)() (5.2.9) 
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Substituting 1/2Q for sin 2 |6| and numbers for other variables (k, = 0.05) 
obtains for Mercury: 
B—A Tx (oe 


Cc OQ |Gaox-2)(e)| 


The dissipation factor Q for an oceanless planet like Mercury must be well 
over 10; hence stability of resonant spin states near k = 2 requires only 
plausibly small values of (B — A)/C. 

The probability of capture into a resonant spin state, however, depends on 
the nature of the dependence of the tidal torque (T) on the rate 7. Assume 
that tidal friction is slowing the spin of the planet from a rate much higher 
than the orbital motion n, and that the tidal torque (T) added to the right of 
(5.2.6) is constant. The first integral of (5.2.6) is then 


(5.2.10) 


+2 
ce — }(B — A)n*Gaoq,-2(e) 008 2g = (T)n + Ey (5.2.11) 


where E = E, + (T)y is the energy. 

In Figure 5.5, the upper curve is a plot of 77/2 versus 7, using (5.2.11), with 
a greatly exaggerated magnitude of (7). If the torque (T) were constant, then 
the spin would follow the curve from left to right until it reached 7.x, OF 
zero 7). It then would return along exactly the same curve, and there would be 
no capture. If, however, the torque had a sign dependence on #7—as we have 
generally taken it to have in Section 4.5—of a plausible form such as 


(T) = -K(v fi :) (5.2.12) 


then the return to the left after reaching 7,,.x would be along the lower curve 
in Figure 5.5. Hence there would be a finite probability of capture proportion- 
ate to 0E/AE, where dE and AE, shown in Figure 5.5, are: 


UPA my 
aE = —K{ (v +2) ay 
n 


m1 


e (5.2.13) 
Spee i adn 
nom 


If we assume the right side of (5.2.11) to be negligibly small for the purpose 
of evaluating 7, then we obtain, taking 7. — , = 7, 

| (5.2.14 

AE 1+ 7V2BB— AGna oir? =O" 

Since (B — A)/C is very small for any planet, the constant part V of the tidal 

torque must be very small for any finite probability of capture to exist. If the 
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Figure 5.5: Schematic diagram of 77/2 versus 9 for (T) = —K(V + 7°/n). From Gold- 
reich & Pearle [143, p. 428]. 


tidal torque is of any type whose entire sign dependence is on the rate, 
(i.e., V = 0), then a plausible (B — A)/C, such as 10-5, for Mercury would 
be quite sufficient to stabilize its rotation in the k = 3 state [78, 143]. 

The trapping torque also may be exercised by another orbiting body, as 
well as the central body, as appears to be the case for the spin-orbit coupling 
of Venus, (5.1.18). In this case the capture probability depends also on the 
mass and distance of the torquing body. Extending the theory (5.2.4-14) to 
the case of Venus we conclude that the (B — A/C of Venus must be implausibly 
large, 10-4, in order to stabilize the rotation in resonance at a period of 
—243.16 days. The physics of the essential problem—the dissipation of 
sufficient energy of libration, OE, around the resonant angular velocity— 
needs to be examined more closely. The explanation most recently suggested 
is a fluid core viscously coupled to the mantle in Venus; maximum capture 

-probability occurs if the core responds to angular velocity changes with a 
time lag of about 3 x 10* years [143, 144]. 


5.3 Small Bodies of the Solar System 


In this category are included comets, asteroids, meteors, and dust. They 
are of interest as indicators of properties of the interplanetary medium; as 
likely sources of meteorites; and as examples of certain dynamical phenomena 
pertinent to the origin and evolution of the solar system. In this section we 
shall describe the mechanical properties of these small bodies and their orbits, 
and discuss the dynamical problems associated with them. 


Comets 
As of 1960, 566 comets had been discovered and observed well enough to 
establish an orbit. These orbits, after perturbation by the planets, are 
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classifiable as [321]: 


Elliptic, P< 200 years 94 
Elliptic, P > 200 years 117 


Near parabolic 290 
Hyperbolic 65 
Total 566 


No perturbations attributable to comets having been detected—even between 
halves of a split comet—estimates of their mass must be made from their size 
and brightness. Such estimation is difficult because of variation in intrinsic 
brightness with distance r from the sun proportionate to about r~*; 10”” grams 
is generally given as an upper limit. 

If integration of the orbits is carried backward from the elements established 
by observation, it is found that most orbits observed as hyperbolic have 
entering elements on the elliptic side of parabolic. In one study, 29 of 33 
hyperbolic orbits were changed to elliptic. The most hyperbolic value of 1/a 
which remained was —66 x 10-® [295]. In another study, 14 of 21 orbits 
changed back to elliptic [40]. It has not yet been established that any orbit 
was definitely hyperbolic beyond the uncertainty of the observations. What 
does seem certain is that the majority of comet orbits have energies —2u/a 
close to zero, and hence large semimajor axes. Table 5.7 gives the number of 
comets per 0.00005 interval of 1/a observed 1850-1952 for which the mean 
error for 1/a was estimated to be less than +0.00010, or which were observed 
for more than six months. 

The average published mean error of 1/a was + 0.00003, with a considerable 
spread. These errors are large enough that all the negative values in the table 
could be erroneous; the distribution n of calculated 1/a could have been (but 
was not necessarily) the result of a distribution of all positive 1/a with a 
sharper peak in the interval 0.00000 to +0.00004. On the other hand, there 
tends to be a bias toward small 1/a because these comets are generally 
brighter and their orbits more interesting to calculate. If these two factors are 
taken into account, the true distribution of 1/a could very plausibly be the 
hypothetical “elliptic” distribution 1, given in the table. An equally probable 
“hyperbolic” distribution nz, is given to show that it is much less likely that 
the true 1/a is distributed symmetrically about 0, let alone predominantly 
hyperbolic. 

To provide the listed number n,, per century, the total population of comets 
per interval of 1/a must be vastly greater for small 1/a, since the frequency of 
appearance of a given comet is inversely proportional to its period, a?/?. 
Hence we apply a factor (1/a)~*/*/100, using the mid-value of the interval, to 
obtain a hypothetical total of comets in each interval of 1/a with eccentricity 
sufficiently large to come within range of observability. The sphere of 
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TABLE 5.7: DISTRIBUTION 1/a@ OF COMETS 


Number per Interval 0.00005 of 1/a 
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Actual Hypothetical Distributions 
Calculated 
Distribution ‘‘Hyperbolic” “‘Elliptic’  ‘‘Elliptic”’ 
(obs/cen) (obs/cen) (obs/cen) Total 
(AU-) (n) (ny) (nz) [(1/a)-*/? ny/100] 
—0.00015 to —0.00011 1 0 0 
—0.00010  —0.00006 1 1 0 
—0.00005  —0.00001 4 | 0 
0.00000 +0.00004 5 He 6 2,900,000 
+0.00005 +0.00009 8 8 5 86,000 
+0.00010 +0.00014 3 Pe 1 7,600 
+0.00015 +0.00019 1 1 1 4,600 
+0.00020 +0.00024 1 1 1 3,100 
+0.00025 +0.00049 1,0 1.0 1.0 1,400 
+0.00050 +0.00074 0.8 0.8 0.8 520 
+0.00075 +0.00099 0.6 0.6 0.6 250 
+0.00100  +0.00199 0.25 0.25 0.17 30 
+0.00200 +0.00499 0.05 0.05 0.08 4.7 
+0.00500 +0.00999 0.05 0.05 0.043 0.67 
+0.01000 +0.01999 0.015 0.015 0.017 0.093 
+0.02000 +0.03999 0.002 0.002 0.004 . 0.004 


Based on Oort [296]. 


observability is about 2 AU, hence the eccentricity required for observability 
is more than 1 — 2(1/a). Thus if comets also have a distribution in eccentricity 
e that is similar for all 1/a, then we have a further factor which relatively 
enhances the number of small I/a in the hypothetical population. 

Finally, the interval of 50 x 10~® in Table 5.7 is considerably smaller than 
the root-mean-square change A(1I/a) per perihelion passage, which is about 
+700 x 10°. If we started out with a population of comets of perihelion 
distance a(1 — e) less than 2 AU and lI/a as listed in the last column of 
Table 5.7, then the rms perturbation of +700 x 10 * would cause many of 
the comets to be lost, and the remainder of the distribution on the elliptic 
side of zero to be somewhat smoothed out. Since the perturbation is essentially 
an impulse close to perihelion—much more severely so than the satellite drag 
discussed in Section 4.2, (4.2.14)—a comet that stays elliptic will return to 
nearly the same perihelion location. If the observed population consists of 
such return comets, the distribution of 1/a would have long since had its 
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peak considerably smoothed out. Hence it is necessary that the comets of 
small 1/a < 0.0001 be new to the inner regions of the solar system, which in 
turn requires that they have received some perturbation near aphelion. The 
only known sources of perturbations at distances on the order of 10° AU 
(0.5 parsec) are stars; from the known density and motions of stars near the 
sun, it is estimated that in 10° years 20 solar masses of stars pass within 
2 x 10° AU of the sun, each taking a time on the order of 3 x 10* years to 
do so [295, 296]. 

The directions of cometary orbits at first glance appear rather randomly 
distributed. On taking a sufficiently large sample, however, the locations of 
perihelia of long-period comets show a correlation with the plane of maximum 
stellar population called the galactic plane. These locations are summarized 
in Table 5.8, which divides the celestial sphere into equal areas [404]. The 
distribution of perihelion directions also shows some correlation with the 
motion of the sun relative to the nearby stars, which is in the direction 
1, 22°, b; 25°. Since it takes a comet of 0.00002 1/a about 5 x 10° years to go 
from aphelion to perihelion, the distribution should have no apparent 
relationship to stars close to the sun at present. 

Dependence on passing stars to perturb comets to within 2 AU of the sun 
entails (1) a total number of comets several orders-of-magnitude larger tian 
that given in Table 5.7 since such a perturbation for a comet at more tian 
5 x 10*AU will have a very small probability: this population has been 
estimated as 10"; and (2) very few observable comets of semimajor axis 
between 1000 and 10,000 AU, since near perihelion these comets will be 
perturbed to different energies, while near aphelion there are rarely any stars 
to perturb the comets toward the sun. 


TABLE 5.8: DISTRIBUTION OF COMET PERIHELIA 
IN GALACTIC COORDINATE SYSTEM I* 


Galactic longitude 180° 270° 0° 90° 180° 
Latitude 90° 
42° 
0° 


Ae 


mae 


* Relatable to ecliptic system by Euler angles 280°, 62°, 0°: ig = R,(62°) R;(280°)iz. 
Based on Tyror [404]. 
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Comets that have definitely elliptical orbits appear to be less bright than 
near-parabolic comets, as if they had been depleted chemically. Some 
comets—Encke, D’Arrest, Wolf I—which have relatively close perihelia are 
observed to suffer an acceleration corresponding to a mass loss on the order 
of 0.002 to 0.005 per revolution [435]. 


Dynamics of Comet Orbits 


The dynamical problems associated with comets can be put in two cate- 
gories: (1) those associated with their current or recent history; and (2) those 
associated with their origin. As with other matters in the solar system, the 
difficulties in solving problems in category (1) has prevented a serious attack 
on problems in category (2). 

In the recent history of a comet, we are concerned about perturbations 
near perihelion by planets and perturbations near aphelion by stars. Since 
Jupiter is so much more massive than the other planets, we should expect to 
get a good approximation to the actual motion by considering only Jupiter’s 
perturbations. We are thus concerned again with the three-body problem, 
(4.1.49-50), but in an entirely different manner than in previous applications. 
The primary question now is the change in energy, or 1/a, on a single passage; 
the secondary question is what parameters of the orbit remain invariant, or 
nearly so, in order that we may predict in at least a statistical manner the 
future course of the orbit. Let us express the force function F—the negative of 
the energy—in the form it would have if the origin of the coordinate system 
were at the center of mass of Jupiter and the sun. Then, from (4.1.37 and 50), 
neglecting the mass m of the comet, 


* 
ae (5.3.1) 
2a p 
To determine the rate of change of energy we have, using (4.1.55), 
F nO he OF oi Gr 
OE yea Eee (5.3.2) 


dt 0q; Ae Ee 

The explicit derivative 0F/dt depends on the motion in longitude «* of 
Jupiter: 

_ _Gm* ap 5, 


S30 
ot da* p* Oa* ( ) 


From the law of cosines, 


per” + r** — 2rr™ cos S (5.3.4) 
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And from the spherical triangle in Figure 5.6, 


cos S = cos (Q — a*) cos (w + f) — cos I sin (Q — a*) sin(@ + f) 


(5.3.5) 
whence, assuming Jupiter’s orbit circular, 
Ch arene (5.3.6) 
Oa* dQ 
But from (4.1.47) —dF/0Q is —H. Thence 
dF _ OF 
= = — Hn a.337 
dt dt ee 


and, replacing «* by n* as appropriate for assuming Jupiter’s orbit circular, 
we must have: 
fo in* =. const (5.3.8) 


Replace H by its expression from (4.1.42) and F by its expression from (5.3.1) 


* 
FS a Gms + n*na*(1 — e”)/? cos I = const (5.3.9) 
a p 


Before and after each passage Gm*/p is very small compared to other terms 
in (5.3.9). Neglecting this term, dividing (5.3.9) by GM/2, and using Kepler’s 
law, (4.1.21), for both the comet and Jupiter, we get 


2 
oi 


op JVa(l — e’)cos I ~ const (5.3.10) 
a “a 


known as Tisserand’s criterion, long used to determine whether an observed 
comet is a return of a previously observed comet. We can use Tisserand’s 


Comet 


(w + f) 


Jupiter I 
vi » 
aS Jupiter’s orbit 


Figure 5.6: Jupiter orbit: comet orbit: Jupiter-comet plane spherical triangle. 
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criterion together with (4.1.47) to calculate the change A(I/a) in a passage: 


* 
A(;) a ly AH 


a GM 
2n* (totAt OF 
oa GM Jt,—at a0 
e Ptptat 
wy Antar [7 F Ocos S) 4, (5.3.11) 
M Jtp-at p> — OQ 


using (5.3.1 and 4). The time limits At should be such that the term Gm*/p in 
(5.3.9) neglected in (5.3.10) is negligibly small. Integrations of (5.3.11) or 
other forms of A(1/a), plus the application of statistical distributions, are 
unavoidably messy, but in general they obtain the result suggested by (5.3.11) 
that A(1/qa) is of the order of m*/M: that is, 10-°; more precisely, as previously 
mentioned, +0.7 x 10 *rms for a in AU [415, 436]. Using (5.3.10) and 
assuming A cos J small compared to Ae and a*A(1/a), we get 


O(Ae) = —O[AC/a)] (5.3:12) 
Whence for perihelion distance q = a(l — e), 

O(Agq) « aO[A(1/a)] (6.3.13) 
and aphelion distance Q = a(1 + e), 

O(AQ) = 2a?A(1/a) (5.3.14) 


that is, a perturbation at perihelion causes a major change in aphelion and 
little change in perihelion distance. Hence as long as a cometary orbit is not 
perturbed to hyperbolic, it will continue to return to be perturbed again. 
The perturbation at aphelion by a star has an opposite effect of greatly 
changing the perihelion distance while little affecting the aphelion distance. 
There are two main theories of origin of comets. One theory, based mainly 
on the fact that the energies 1/a are predominantly elliptic—that 1s, assuming 
that the n, column in Table 5.7 is applicable—is that the comets were always 
part of the solar system; that their aphelions were perturbed outward by 
planetary perturbations; and that their perihelions in turn were perturbed 
outward by stellar perturbations. Manifestly such a process will be inefficient 
in that most comets will be lost permanently. However, the total mass of the 
10! or so comets required is still a good deal less than the mass of one major 
planet. In support of this theory attempts have been made to explain residuals 
in the orbits of Uranus, Neptune, and Pluto by a cloud of comets beyond 
40 AU of about 10 to 20 earth masses [438]. This theory was originated by 


Oort [295]. 
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Figure 5.7: Accretion hypothesis of comet formation. 


The other theory, based mainly on the fact that the energies 1/a are very 
small—that is, assuming that the n,;; column in Table 5.7 is applicable—is 
that the comets are collected from interstellar dust. As the sun moves through 
a dust cloud, the dust particles describe hyperbolic orbits about the sun ina 
reference frame fixed with the sun, as shown in Figure 5.7. The particles thus 
are “focused” on the axis of the sun’s motion. Impacts of particles at the axis 
will destroy the transverse components of velocity and reduce the energies of 
motion from hyperbolic to elliptic. Within a certain distance of the sun, 


the radial component of velocity will be less than the escape velocity, /GM ir 
(see problem 5.4), and thus conglomerations of these particles will be drawn 
back toward the sun. The main weaknesses of this theory are that the energy 
dissipated in the loss of transverse velocity would be expected to vaporize the 
dust, and that observed comet orbits are not nearly as often hyperbolic as 
elliptic. This theory was originated by Lyttleton [250]. 


Asteroid Orbits 

The orbits of about 1600 asteroids are known; probably over 30,000 more 
are within reach of modern telescopes. The largest asteroid, Ceres, has a 
radius of 385 km; nine others are estimated to have radii of 100 km or more. 
Perhaps 200 have radii of more than 25 km. The mass of one asteroid, Vesta, 
has been estimated from orbital perturbations; combination with a radius of 
comparable observational uncertainty gets a density of about 8 gm/cm® [000]. 
The rates of rotation of 27 asteroids are known: these periods of rotation 
range from 2.1” to 16.8”. Why asteroids rotate so rapidly is a problem; they 
are yet another strong contradiction of the rule shown by Figure 5.2. 

The total mass of asteroids is estimated to be 10° grams. Virtually all this 
mass is in asteroids with orbits of small eccentricity and inclination and semi- 
major axes between 2.1 and 3.1 AU. The most prominent dynamical property 
of the main body of asteroids is the distribution of their mean motions 
expressed as a ratio n/n* to the mean motion of Jupiter, shown in Figure 5.8. 

The mean motions in Figure 5.8 are, in terms of the theory of Section 4.1, 
the total mean motion M + @ + Q. If we define 


aun ate (5.3.15) 


239. 
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then for an asteroid that has a mean motion ratio n/n* near the integral ratio 
kj, the angle of interest q, is: 


gy = jk — kat (5.3.16) 


In the third-body disturbing function form of (4.2.15) the combination of 
(5.3.16) occurs exactly only for j =k, when (/ — 2p) = (J — 2h) =™. 
However, the situation is closely approximated in any case where (/ — 2p)/ 
(J — 2h) is jk. Then if 


s= M22) (5.3.17) 
i 
and 
; a * 
y= une (5.3.18) 
where 
y = s(jw — kw*) + m(Q — O*) (5.3.19) 
a significant term of the disturbing function can be written 
R = f(a, e, I)g(a*, e*, [*) cos 2p (5.3.20) 
From the equations of motion (4.1.36) 
ye  CENUE ies 
é=—— = sin 2 3.3.28 
na 0M na fe 3 ( ) 
whence 
_  sjM sj3n . 3(3)) eu 
= = = | — 2 = — ein Dioeez 
a A pe oe ( ) 
which integrates to 
“2 
Ke a) fe cos 2y (5.3.23) 
a 


The constant of integration K is an energy, which is the sum of a kinetic 
energy y* and a potential energy [3(sj)?/2a?] fg cos 2y. If this energy K is 
small enough, then the angle y cannot go through a full cycle, since p? must 
be positive; instead, p will librate about the value 7/2. Now in a group of 
asteroids characterized by mean motions in the vicinity of a particular 
kn*/j, at a given time we would expect to see most of them in the vicinity 
where w is changing the slowest: that is, near where # is 0. By (5.3.22), this 
requires 2p to be 0 or z, and hence |y| to be at a minimum or maximum. 
The former would apply if the asteroid were not trapped in a libration; the 
latter, if it were trapped. The probability of trapping would depend on the 
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magnitude of the potential “well” 3(sj/)?fg cos 2y/2a? relative to other 
disturbing potentials. We would expect this “well”? to be deeper for semi- 
major axes Closer to Jupiter’s: that is, smaller values of n/n*. This appears to 
be the case in Figure 5.8: the smaller ratios on the right have peaks in the 
distribution, whereas the larger ratios of 8/5 or more appear to coincide with 
hollows, indicating that |y| is at a maximum. These hollows are known as the 
Kirkwood gaps. For these cases where a gap occurs at the commensurability, 
a refinement of Figure 5.8 obtains maxima near [46] 


Ae 0103) (5.3.24) 
j 


For the larger ratios of n/n*—smaller ratios of a/a*—-we would expect the 
/ = 2 terms of the form (4.2.15) to be dominant, and hence s(j — k) to be 
even, so that the difference w — w* would be zero for 2y to be zero; this 
effect is also observed. Also, since Jupiter’s orbit is essentially the reference 
plane, the sk = 2 terms corresponding to /mh = 220 in (4.2.15) must have 
the largest coefficients. The asteroid inclinations being small, the /mp = 220 
terms also must have the largest factor F,,,,(1). Hence to obtain a difference 


guk—j (5.3.25) 


a higher-order term must give rise to the near commensurability. The param- 
eter g is in fact called the order of the commensurability, and is plotted along 
the top of Figure 5.8, since the most pronounced effects should be associated 
with the lowest orders. Substitution of (1 — 2 sin? wy) for cos 2p in (5.3.23) 
obtains the standard form for the pendulum equation. However, the solution 
in the form of elliptic integrals (see problem 4.5) is not too meaningful, since 
for the large a/a* involved there normally will be several significant terms of 
the form of (5.3.20). Hence the usual procedure is to transform the Delaunay 
elements, (4.1.47), and associated force function F so that the slowly changing 
difference q, of (5.3.16) is one of the angle variables; eliminate one or two 
pairs of variables analytically by series development, if possible; and then 
proceed by numerical integration, sometimes even averaging the force 
function numerically around the asteroid orbit and Jupiter’s orbit. 

In addition to the clustering of asteroid elements about certain values of the 
semimajor axis a, indicated by Figure 5.8, there are (after removal of periodic 
perturbations) clusterings with respect to eccentricity e, inclination /, and, in 
a few cases, © + Q = w + 2Q. Such a clustering is called a family. The 
w + 2Q grouping is perhaps most interesting. If we set the inclination J equal 
to zero in the formulae for secular motion due to third-body perturbation, 
(4.2.17), we get zero for @ + 2Q. Hence if a family were created by the 
breakup of a single asteroid, we should expect that they would drift apart 


242 Dynamics of the Solar System 


much more slowly in @ + 2Q than in any other angle elements or combina- 
tion thereof. Backward extrapolation of w + 2Q for a couple of families does, 
in fact, indicate a coming together within the last 10° years [45]. 


Collisions 


The possibility of collision between asteroids is of interest pertinent to the 
origin of meteorites. If we consider N asteroids of radius R to be uniformly 
distributed in a torus of volume V, then the probability of a collision per unit 
time will be 


P= 7R°—N (5.3.26) 


where U is the average relative velocity. Taking U to be 5 km/sec (roughly 
one-third the Kepler orbit velocity), R to be 1 km and V to be 10% cm? gives 
about 6 x 10°48 N/yr. The main limitation on N is that the total surface area 
of the asteroids not exceed a limit set by the Gegenschein, a diffuse glow of 
maximum intensity in a direction almost exactly opposite the sun in the night 
sky. This limit is estimated to be 8 x 10!°km?. Hence if the asteroids were 
all of 1-km radius, the occurrence of a collision would be an extremely rare 
event. An increase in the probability is obtained by assuming a distribution 
of radii R of the form 

dN = CR’? dR Opn) 


A lower limit of about 10-* cm on R is set by the Poynting-Robertson effect, 
described below. The value of p that appears to best fit the data is about 3.28. 
However, the data pertain to asteroids that are considerably larger than the 
bulk of the population important as contributors to collisions. Also p may 
be a function of position in the asteroid belt, because of varying probabilities 
of collision. 

In addition, the meteorite origin question raises the problems of (1) the 
relative size of bodies to produce significant fragmentation, discussed in 
Section 7.1; and (2) the portion of bodies deflected into orbits which result 
in subsequent collision with the earth. The latter problem is severe for the 
chondritic meteorites, which, as discussed in Section 8.4, have relatively 
short cosmic-ray exposure ages. Hence special attention has been paid to 
those asteroids that have a high probability of collision with the earth. 
Thirty-four asteroids have been identified having orbits intersecting Mars’ 
orbit; of these, eight, called the Apollo group, also cross the earth’s orbit, as 
shown in Figure 5.9. These asteroids are also of interest as possibly being the 
remnants of comets. 

For the dynamics of close approach to, and collision with, a planet, we 
require a generalization of the elliptic-orbit theory of Section 4.2 to hyperbolic 
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Figure 5.9: Asteroids with cometary orbits. From Richter [334, p. 26]. 
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orbits. Equations (4.1.9) for r and (4.1.38) for v® still apply; from the latter, 
setting r = 00 obtains the semimajor axis a as a function of approach 
velocity u: 


a= (5.3.28) 
Uu 


Then from the rectangular coordinate equation for a hyperbola 


tany = — wa ve (5.3.29) 
a 


and from the right triangle OAF in Figure 5.10 


: d 
sin yp = — 
ae 
ae 
tan a mee (5.3.30) 
y 
d? 
~~ (ae? — a? 
whence 
d 2751/2 
Be E e () (5.3.31) 
a 
and 
1 
ai (5.3.32) 
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Figure 5.10: Hyperbolic orbits. 
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so for the deflection angle y 
' — “uy? 
sindy = V1 — sin? y = (! 4a a (5.3.33) 
Be 


In Figure 5.10, the capture effective radius o is the distance d, and R is the 
distance of closest approach, the pericenter: 


R= a(l —e) (5.3.34) 
Substitute for e from (5.3.31) and for a from (5.3.28): 
4 21/2 
R= al fog eae (5.3.35) 
u a 


Let s be the velocity of escape, J2u/R (problem 5.4), replace uw by Rs?/2 in 
(5.3.35), and solve for o: : 
o=RV14 87/0 (5.3.36) 


Instead of relative velocity of approach u we normally have the Keplerian 
elements of the asteroid orbit and the planet orbit. Let the z-axis of a rec- 
tangular coordinate system be the radial coordinate through the planet orbit 
at the point of closest approach; the z-axis, the normal to the planet orbit; 
and the y-axis, the tangent to the planet orbit neglecting its eccentricity. 
Then the components of relative velocity will be, using (4.1.4): 


Ari? nev? 
uz = P= (v?—-—) & (v° -—, 
- ae 


rf cos I — n*a* & a cos I — n*a* (5:3:37) 
a 


uy 


: ees 
u, rf'sin I a ~ sin J 
whence, using (4.1.12, 21, and 37): 


2 
wv + i (c0s" I + sin? I — 1) — 2n*hcosI + n**a*? 


2 1 eee 2, COse. ik 
= oa — watt = &) S55 + 4 
3) 1 aq aa eos 
= a* _ al -} 2V/a(1 = e”) all (5.3.38) 


But the quantity inside the brackets of (5.3.38) is the same as the Tisserand 
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Figure 5.11: Close approach. 


criterion, (5.3.10), earlier derived as constant: that is, on a close approach 
the total velocity u is unchanged—as would also be expected from the 
symmetry of the hyperbola in Figure 5.10. 

From Figure 5.11 we get (see problem 5.5): 


a? = . 


a S250s59 
1 + cot? « esc? J ( ) 


The deflection angle y is calculable from (5.3.36) using the planet u* for wu, 
u? from (5.3.38) and d? from (5.3.39). Then for the final components u,’, u,’, 
Toa 


Uz Uy . 
u, / = \u,/ cosy — (y ve (5.3.40) 
u,’ u, z 


The changed elements v’, h, J, and thence a, e can be found by inverting 
(5.3.30 

The value € of radial difference at intersection of the node will be at the 
true anomaly f = —a, so that, from (4.1.9), 


Em a(1 — e?) 


= — 7* 
1+ ecosw = 2) 


The possibility of significant close approach thus will depend on « being in 
a certain interval Aw. Assuming a uniform rate @, and assuming a certain 
distance dmax a8 significant for a planet, the interval Aw can be expressed in 
terms of u, u,, and J to obtain a probability of close approach per revolution: 


d? axl 
Peer 3.4 
asin I |u,,| Cee) 
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Thus given orbital elements a, e, J of a small body, and a set of planets with 
specified d,,,,’s, an algorithm can be constructed to calculate the dis- 
tribution of lifetimes per planet with mean 7,; to select a planet at random 
by weighting proportionate to 1/7,; to select at random a time ¢ and distance 
d of close approach to this planet; and either to terminate with collision or to 
deflect, yielding new elements a, e, J and leading to a repetition of the process 
[18, 298, 303, 432, 433]. 

If the body has an orbit of appreciable eccentricity and inclination, then 
the aforedescribed process may have to be modified to take into account the 
oscillations of e and J and the nonuniform motion of perihelion, w, as 
discussed at the end of Section 4.1. 

The results of such statistical, or ““Monte Carlo,” calculations demonstrate 
the effectiveness of Jupiter’s great capture radius, (5.3.36): the time constant 
for any Jupiter-crossing orbit is relatively short, about 10° years, while for 
Mars-only crossers it is on the order of 10° years. The time constant for the 
Apollo asteroids is about 10’ years, which is in attractive agreement with 
the cosmic-ray exposure ages of meteorites (Section 8.4). However, there are 
at least three difficulties with the Apollo asteroids as sources of stony 
meteorites. 

First, the fact that none of the eight Apollo asteroids has ever been ac- 
cidentally rediscovered makes it improbable that the total number of earth- 
crossing asteroids of radius more than 0.5 km is over 50 (see problem 5.7). 
Hence the Apollo asteroids fail by about two orders-of-magnitude in providing 
sufficient mass yield of meteorites (see Section 8.1). 

Second, if the Apollo asteroids are ordinary asteroids perturbed into 
earth-crossing orbits, then the population of ordinary asteroids would have to 
be so large that 10 to 100 times as many meteorites would be obtained directly 
from the main belt as would be obtained from Apollo asteroids. Such 
meteorites would have exposure ages on the order of 108 to 10° years, much 
longer than those observed. Hence a more plausible origin for both Apollo 
asteroids and stony meteorites is the extinct and disintegrating nuclei of 
comets, in particular that small part of the comet population with aphelia 
inside Jupiter’s orbit [303, 433]. 

Third, twice as many chondritic meteorites are observed to fall in the 
afternoon as in the morning. Such a distribution requires that the majority 
of the meteorites overtake the earth—i.e., that their orbits have larger 
semimajor axes than the earth, and that they are close to perihelion at time of 
collision. Monte Carlo calculations further indicate that to attain a bias as 
high as 2:1, the perihelion must be quite close to 1.0 AU; the aphelion, quite 
close to Jupiter; the inclination, rather small; and the lifetime less than 107 
years, in order that the orbit not be changed too much by planetary per- 


turbations [539]. 
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It is hard to find sources satisfying such severe restrictions. Periodic comet 
orbits with aphelia inside Jupiter are neither observed nor theoretically 
calculated to have a sufficient concentration of perihelia near 1 AU. Perhaps 
there are instabilities in the Trojan (g 1/1 in Figure 5.8) or Hilda (q 3/2 in 
Figure 5.8) groups which greatly enhance their probabilities of collision [539]. 


Dust 


In addition to the separately identifiable bodies, it is evident that there are a 
lot of smaller particles which are loosely categorized as dust. Evidences of this 
dust are meteors; certain types of comet tails; impact measurements on 
rockets and space probes; and the zodiacal light: a broad, faint band of light 
symmetrical about the ecliptic and decreasing in intensity rapidly with in- 
creasing angular distance from the sun. The zodiacal light is caused by the 
scattering of solar light from dust particles. 

The principal force in addition to gravitation that must be considered is 
that of radiation pressure. For the pressure p on a surface of reflectivity « 
at angle @ to the direction of the sun, assuming diffuse reflection: 


pal x) = cos 6 (5.3.43) 
iG 


where nv is the vector normal to the surface; c is the velocity of light; « varies 
from 0 for perfect absorption to 1 for perfect reflection; and s is the solar flux: 


6 
SR Lele “ af ergs cm sec"! (5.3.44) 
for rin AU. The effect of the pressure in (5.3.43) is to blow away particles of 
large enough area-to-mass ratio A/m: that is, particles of less than about 
0.5 w diameter. For particles of intermediate size, 1-800 uw, the Poynting- 
Robertson effect is important, causing them to spiral in toward the sun. 
This effect is most simply considered as an aberration causing a component 
u/c of the radiation pressure to be directed counter to a particle moving with 
average transverse velocity v (see problem 5.6) [344]. 

The Poynting-Robertson effect has long been considered an explanation of 
the absence of dust from the inner parts of the solar system. However, as 
knowledge of the interplanetary medium has improved, it appears that not 
only may simple mechanical drag, (4.2.13), be comparable to the PR drag, 
but also that the particle may acquire sufficient electric charge g that Coulomb 
drag from interaction with an electrical field E and Lorentz forces from 
interaction with the interplanetary magnetic field B may be significant: 


Estimates of g in interplanetary space are generally on the order of +10 volts, 
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which makes the electromagnetic force of comparable importance to the 
radiation pressure for particles smaller than about ly [29, 308]. 

Particles coming within the capture radius o(u, R, M), (5.3.36), will collide 
with the earth. Their masses are estimated from their effects on the atmosphere 
at entry: from photography, through their brightness; or from radar, through 
the intensity of ionization [488]. The central portion of the curve in Figure 
5.12, the meteors, is observed in this manner. At the lighter end of the meteor- 
ite range there is order-of-magnitude corroboration with photometry of the 
zodiacal light and microphone measurement by satellite. At the heavier end 
the data roughly corroborate the size distribution obtained from recovered 
meteorites with appropriate allowance for ablation on passage through the 
atmosphere (see Section 8.4) [166]. Recent measurements of acoustic waves 
generated by bodies entering the atmosphere indicate that the amount of 
ablation of the more fragile types of stony meteorites may have been greatly 
underestimated in the past [365]. 
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Figure 5.12: Flux of extraterrestrial objects. From Hawkins [166, p. 150]. 
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The data summarized in Figure 5.12 are applicable to the rate of infall of 
bodies into the moon, and hence to the distribution of craters on the moon. 
Hence some of the problems associated with this application are summarized 
in Chapter 7. 

In the early 1960’s there was evidence of a concentrated dust cloud around 
the earth (in the sense of gm/cm%, rather than of flux in gm cm~ sec“). Such 
a cloud would require a third force, since two-body capture cannot occur 
except by collision, with capture radius as given by (5.3.36). The obvious force 
is radiation pressure. (See problem 5.9.) However, more recent observations 
indicate no dust concentration. These results are corroborated by theoretical 
analyses which conclude that nearly all particles coming into the earth from 
interplanetary space are on collision course, and that there should be no 
appreciable dust concentration caused by either the instreaming flux or by any 
sort of a satellite cloud bound in geocentric orbits [310, 359]. 


PROBLEMS 


5.1. Following a procedure similar to (4.2.15-17), calculate the rates of motion of 
node {2 and perihelion « of Mercury due to the other planets, Venus, Earth, 
Jupiter, etc. How do these calculated rates compare with those given in Table 5.2? 
Which planet’s perturbation is most important? 


5.2. Prove Poisson’s theorem to second order, that is, that if the force function Fo 
has the form of (5.1.9), then the sum of second-order terms giving rise to long 
periodic variations AL is zero. 


5.3. Assume that the primordial solar system consisted of many small particles of 
mass m; in Keplerian orbits of negligible inclination but appreciable eccentricity, 
and a distribution of semimajor axes a; such that the density of the solar system 
approximated a rule 


P. 
pra, n>0 


Assume further that each planet of semimajor axis a, and negligible eccentricity was 
formed by collision of particles of perihelion distance approximating a,: 


ay ~ al — e;) 


and that angular momentum is conserved on collision: that is, any excess orbital 
angular momentum of the particles is transferred to rotational angular momentum 
of the planet. Is it possible to find an exponent on the density distribution to 
approximate both the observed planetary distribution, (5.1.12), and angular 
momentum density, Figure 5.2? 


5.4. Calculate the velocity of escape, that is, the minimum velocity that must be 
imparted to a particle at the surface of a body of mass M and radius R in order for 
the particle to go to infinity. 
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5.5. Derive equation (5.3.39): the distance of closest approach d of a small body toa 
planet assuming rectilinear paths as in Figure 5.11. 


5.6. Derive the Poynting-Robertson effect for a circular orbit assuming that it can be 
treated as an aberrational effect: that is, using the radiation pressure p as given by 
(5.3.43) and assuming that it has a component pu/c counter to the motion v of the 
perihelion, derive a formula for the lifetime of a spherical particle as a function of its 
initial semimajor axis a, radius s, and density p. 


5.7. Eight Apollo asteroids of radius R > 0.5 km have been discovered in earth- 
crossing orbits, but none has ever been accidentally rediscovered. Prove that the 
probability P that the total number of earth-crossing asteroids of R > 0.5 km is no 
greater than S will be: 


_ (S — 1)! 
ss —s) 
5.8. Derive a modification of equation (5.3.40) for the close-approach velocity u: 
, dt — pe Qu? u 


u =u—_———  — ——s#s ——- = 

d7u4 is Ts dA ate we 
where d = {x, y, z}, the vector of position of undisturbed closest approach. Using 
this equation, deduce the limitations on the distribution of velocities u for any 
“focusing”’ effect of the earth on meteorites impacting the moon, mentioned in 
Section 7.2. 


5.9. Estimate the magnitude of force per unit mass and “‘braking distance” for 
radiation pressure to be an effective means for interplanetary particles to be trapped 
into geocentric orbits. What limitation does this estimate make on the size of the 
particles which can be so trapped? Can there be a significant population of small 
enough particles? 


5.10. What is the capture radius of the sun for a particle of velocity u relative to the 
sun? (Neglect radiation pressure effects.) Assume that the interstellar matter of 
density 10~*° gm/cm? al/ has a velocity u relative to the sun equal to its velocity 
relative to the galaxy, 30 km/sec. How much mass would the solar system acquire 
from this interstellar matter in 4.5 x 10° years? (Neglect temperature of the gas.) 
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Chapter 6 


OBSERVATIONS OF 
PLANETARY SURFACES 


To obtain information about any object there must be, of course, a 
transmission of matter or energy. In this chapter we discuss the deductions 
that can be made about the planets by purely energy transmissions. Such 
energy must be transmitted as electromagnetic waves in some part of the 
spectrum sketched in Figure 6.1. 

The disproportionate width assigned to the narrow band “‘visible’’ in 
Figure 6.1 exists because (1) the output of the dominant energy source, the 
sun, is peaked within this band; (2) the moon and planets reflect a significant 
portion of this energy; (3) the earth’s atmosphere is transparent in this band; 
and (4) a variety of sensors—the eye, the photoelectric cell, etc.—are sensitive 
to the visible. The relative importance of different categories of observation is 
a consequence of the interaction between these four factors of energy source: 
natural or artificial; planetary reflection, absorption, and reemission char- 
acteristics; atmospheric transfer characteristics; and sensors. 

Because of the relatively low temperatures of energy sources and absorption 
by the atmosphere, the electromagnetic spectrum useful for studying the 
planets is truncated at the short wavelength, or high-frequency end; the 
ultraviolet and x-ray parts make no contribution. In this chapter we descend 
the spectrum from the visibile, or optical, for which the most power and detail 
is available; to the infrared, in which the energy emitted by the planets is 
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Figure 6.1: The electromagnetic spectrum. 
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peaked; and to the radio, for which much more sensitive detectors are avail- 
able, as well as artificial energy sources. In Chapter 7 we return to more 
elaborate interpretation, in which the bulk of the information, and hence the 
context for other data, is obtained from the most detailed observations, 
photographs. 

Planetary observations are at best marginal adventures, beset with instru- 
mental, environmental, and interpretational difficulties. Hence, more than in 
other chapters, observational data should be regarded with skepticism, and 
theoretical models in most cases should be taken as aids toward interpreting 
observations rather than as conclusive explanations. 


6.1 Optical Observations 


Reflection and Refraction 


Since light is useful in studying the planets almost entirely because of their 
reflecting properties, the laws of reflection of electromagnetic waves are 
pertinent. As with all electromagnetic waves, Maxwell’s equations, previously 
referred to in Section 3.2, apply. Let E be the electric vector; B the magnetic 
vector; p, the density of the medium; and J, the current intensity. Then, 
neglecting displacement currents, Maxwell’s equations are, in cgs units [81, 
190]: 


Vim eaep (6.1.1) 
V-Heo (6.1.2) 
7 xe oe (6.1.3) 
c Ot 
Vx Hee (6.1.4) 
G 
where: 
B 
Deck, Hee (6.1.5) 
lt 


in which « is the dielectric constant and wu is the magnetic permeability. 
From Maxwell’s equations we obtain the wave equations for a nonconducting 
medium (see problem 6.1): 


aE 

Vea 
niga (6.1.6) 

| 2H 
VH = — (6.1.7) 


Cot 
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In free space, both p and J are zero. A plane wave propagating in the z 
direction can then be represented as: 


Eo Ee) (6.1.8) 
whence 
OE OE 
eset = () 6.1.9 
Ox Oy ( ) 
But 
V-D=.6.V-E=0 (6.1.10) 
results in 
OK _ ' 58) (6.1.11) 
Oz 


Hence E has only x- and y-components; it is a transverse wave. Equation 
(6.1.3) yields: 

OB 
c— = — —’, ete. 6.1.12 
dz ot c 


So far, the amplitudes of E,, E, are independent. The difference between 
E,,and E, depends on the polarization of the electric wave. We are interested 
in what happens to components of E, and hence to its polarization, when the 
wave encounters a surface: that is, an interface at which there is a change in 
the material properties p, «, and w. Assume an incident plane wave E, of 
sinusoidal form: 

E; = Ep; exp [j(wt — k,n; -r)] (6.1.13) 


where n, is the unit vector normal to the wave front, j is ar and r is the 
position vector. The most general forms of the reflected wave E, and trans- 
mitted wave E, for a plane surface will then be: 


Le = Ey, exp [j(@,t a k,n, > Wits A)] (6.1.14) 

E, = Eo, exp [j(w,t — k.n,-r + B)] (6.1.15) 

The requirement that the tangential components of E and H must be 
continuous across an interface in turn requires that E,, E,, E,; be identical 
functions of time and position on the interface, and that w, and w, both equal 
w. If we further apply the law that the angle of reflection equals the angle of 
incidence, we get, taking the z-axis normal to intersection, defining 0; as the 


angle of the axis of propagation thereto, and the x-axis as the intersection of 
the two planes (see Figure 6.2): 


E, = E,; exp {j[wt — k,(sin 6,2 — cos 6,z)]} (6.1.16) 
E, = E,, exp {j[wt — k,(sin 6,2 + cos 6,z)]} (O01) 
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Interface 


Figure 6.2: Incidence of a plane electromagnetic wave on a plane surface. 


E,;, Eo,, and Ey, are governed by continuity requirements and Snells’ law: 


sin6,  k, 
sin6;, ky 


The components normal to plane of incidence are obtained from the con- 
tinuity requirements for H: 


. “1 cos 0; — <2 cos 6, 
(= cp eat ee (6.1.18) 
Foiln je cos 6, + ff cos 6, 
fy be 


and the components parallel to plane of incidence from E continuity: 


_/* cos 0; +e cos 6, 


Eo, 
Fa = (6.1.19) 
Eoil/p [$0086 +, [Sos 0 

Me My 


Solar Illumination of the Planets 


Although in the case of the moon there exist both perceptible natural 
Juminescence on the night side and reflections of artificial signals by lasers, 
in the category of optical observations we are concerned mainly about the 
variation in intensity with wavelength of the emanations from the solar 
source, and about the variation of the intensity of reflection both with wave- 
length and location on the planet. Measurement of the intensity of reflection 
is further classified as photometry, the intensity integrated over all wavelengths; 
colorimetry, the variation of intensity with wavelength; and polarization, 
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the variation of intensity with direction of oscillation. All of these measure- 
ments are affected not only by the chemical composition of the surface, but 
also by the structure of the surface both on a fine scale—crystalline or 
amorphous, etc.—and on a macroscopic scale—roughness, etc.—and by the 
atmospheres of the planet and the earth. 

The solar visible spectrum is peaked at 0.48 uw. The definition of visible 
intensity in effect is determined by standard photometric devices with response 
curves of peaks and half-intensity points given in Table 6.1. 

“Intensity” is thus the energy density integrated under one of these response 
curves. Intensity received from a body is commonly expressed in astronomy 
by magnitude my. For energy flux in ergs cm-? sec} 


My = My — 2.5 logy, E (6.1.20) 


A more general form is: 
nee 2.51oni | E(A) da 


The energy density E(A) can be used to define the effective magnitude for a 
particular waveband Ad. 

The constant 4, determined by fit to several objects is —11.55 + 0.05. 
The received visible flux E, from the sun at 1.0 AU is 1.40 x 10° ergs cm™ 
sec!. Hence, for the sun my is —26.8. For the moon, my is —12.7 [161, 413]. 

In defining the effective magnitude my, of a planet we have phase angle and 
varying distance problems; see Figure 6.3. It is customary to correct a stand- 
ard distance from both sun and earth with phase angle corrections by the 
formula: 

V = V1, 0) + 5 log rd + Am(«) (6.1.21) 


where V is the photometrically measured intensity, r and d are defined by 
Figure 6.3, and Am(«) depends on (1) geometry: a function of the portion k 
of the visible disc which is illuminated: 


= 3(1 + cos «) (GA022) 
TABLE 6.1: STANDARD PHOTOMETRIC WAVELENGTHS 
Peak Half-intensity Points 


0.353 u 0.33-0.39 pu Ultraviolet 


U 

B 0.448 0.40-0.50 Blue 

V 0.554 0.51-0.59 pu Visual 
R 0.690 Red 

I 0.820 u Infrared 
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and (2) diffuse reflection by surface and atmosphere. It is customary to express 
Am(a) as a power series in «, determined experimentally. For « in degrees 
[161, 413]: 

Mars Am(a) = 1.50(«/100°) 

Mercury: Am(«) = 3.80(a/100°) — 2.73(a/100°)? + 2.00(«/100°)? 

Venus: Am(a) = 0.09(«/100°) + 2.39(a/100°)? — 0.65(«/100°)® (6.1.23) 

Earth: Am(a«) = 1.30(«/100°) + 0.19(a/100°)? + 0.48(a/100)° 

Moon: Am(a) = 3.05(«/100°) — 1.02(«/100°)? + 1.05(«/100°)3 


The uncertainties in these formulae are appreciable: other data may give 
values of Am(«) differing by as much as 0.4. 

The value of Am(«) given for Mars applies at angles « > 14°. At smaller 
angles there is an enhancement in magnitude due to backscattering effect, 
similar to that described below for the moon, such that the magnitude 
V(1, 0) is —1.73 for zero phase angle. The value given in Table 6.2 is the one 
compatible, however, with the Am(«) in (6.1.23) [491]. Several planets have 
an intrinsic diurnal variation with rotation. In addition, the earth and Mars 
have annual variations; Jupiter undergoes long-periodic variations in surface 
features; and Uranus has an 84-year variability associated with its oblateness. 
Results are summarized in Table 6.2. Most of the values in Table 6.2 have a 
variation between different determinations on the order of 0.10. 

The co/or of a planet is conventionally defined by the difference B — V in 
magnitude of the standard blue and visual photometric responses defined by 
Table 6.1. For the sun, B — V is 0.63. The planetary values of B — V are 
given in Table 6.2. All the planets except Uranus and Neptune have values 
higher than the sun. Since the magnitude scale m is negative, these higher 
B — V values mean that most of the planets are redder than the sun. 
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Figure 6.3: Locations defining effective planetary magnitude. 
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TABLE 6.2: VISIBLE MAGNITUDES AND COLORS OF THE PLANETS 
AND PRINCIPAL SATELLITES 


Planet Vd, 0) Diurnal Variation B—V 
Mercury —0.36 0.93 
Venus —4.29 0.00 0.82 
Earth =o.0) irreg. 

Mars —1.52 +0.15 eS 6) 
Jupiter —9.4 irreg. 0.83 
Saturn —8.88 0.00 1.04 
Uranus —7.17 0.56 
Neptune —6.87 "0 0.41 
Pluto —1.01 +0.11 0.80 
Moon +0.21 +0.08 0.92 
Io —1.90 0.21 1.17 
Europa Se 0.34 0.87 
Ganymede 2216 0.16 0.83 
Callisto —1.20 0.16 0.86 
Titan —1.16 1.30 
Triton —1.16 +0.25 _ 0.77 


From Harris [161]. 


Reflectivity of a Planet 


From the visible magnitude of the sun, the magnitude of a planet, (6.1.21), 
and geometry we can deduce the portion of incident light reflected. The 
principal measure of reflectivity is the Bond albedo, defined as the total flux 
reflected in all directions divided by the total incident flux. Let o be the angle 
subtended by the radius of a planet at distance d 

R 


ox 
d 


and o, the angle at a distance of | AU. Also define j(«)o,? as the flux per 
steradian in direction « from the sun. Then for the albedo A 


pas =u 
RE (alr) 


oe : 
= sin « da 
E.a’ Jo (2) 


$ 


i j(a)o," sin « da 
0 


= pq (6.1.25) 


where E, is the flux received from the sun at 1.0 AU. 
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p is the geometrical albedo: 


Eor°d® ~ Eqr’ 


E.R? E,o° 


10° 4'™s—m>) 


=~ (6.1.26) 


o 


where m, and m, are the magnitudes of the sun and planet respectively. p is 
the ratio of the average luminance of the planet at full phase (« = 0) to that 
of a perfectly diffusing surface (Lambert surface) at the same distance from 
the sun and normal to the incident radiation. 

q is the phase integral: 


Foe) i "O(a) sine da (6.1.27) 
0 


The evaluation of g depends on the reflecting properties of the planet. 
If the planet were a perfectly diffuse reflector—that is, each element of the 
planet surface reflected energy uniformly over the hemisphere visible from 
it—it would obey the Lambert scattering law. In this case the luminance L in 
direction « is defined by 


L(@) = E. COS a (6.1.28) 


T 


The resulting phase function is: 


D(a) = i [sin « + (7 — «) cos a] (6.1.29) 
T 
whence 
ee (6.1.30) 
0 2 ry ° 


No planet is a perfect Lambert scatterer; generally ® decreases much more 
rapidly with increase in « in cases where it has been measured. The magnitude 
phase function Am(«) given in (6.1.23) depends on the solar magnitude and 
the reflectivity phase function O(«): see problem 6.16. Results for p, g, and 
albedo A for visual (V) are given in Table 6.3. The estimated probable errors 
for the albedos of the terrestrial planets are 4 or 5 percent. The phase integrals 
q(V) given for the four major planets are theoretical rather than observed, 
and are probably correct within 0.1. The g(V) observed for the moon has 
been assumed applicable to the other satellites. Where there is an appreciable 
atmosphere, diffuse reflection allows for multiple scattering, leading to an 
apparent darkening of the limb: a considerable problem in radiative trans- 
fer [161, 413]. 
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TABLE 6.3: PLANETARY ALBEDO 


Geometric Albedo Phase Integral Albedo 
Planet and Satellite PCV) qv) A(V) 
Mercury 0.104 0.560 0.058 
Venus 0.650 1.087 0.705 
Earth 0.367 1.095 0.36 
Mars 0.194 0.88 0.171 
Jupiter 0.445 (1.65) 0.73 
Saturn 0.461 (1.65) 0.76 
Uranus 0.565 (1.65) 0.93 
Neptune 0.509 (1.65) 0.84 
Pluto 0.130 (1.07) 0.14 
Moon 0.115 0.585 0.07 
Io 0.92 (0.585) 0.54 
Europa 0.83 (0.585) 0.49 
Ganymede 0.49 (0.585) 0.29 
Callisto 0.26 (0.585) 0.15 
Titan 0.21 (0.585) 0.12 
Triton 0.36 (0.585) 0.21 


From Harris [161], Vaucouleurs [413], and O’Leary [491]. 


Model of Scattering by the Lunar Surface 


The low geometric albedos p(V) and phase integrals g(V) for Mercury and 
the moon are explicable only as a consequence of a dark material with an 
intricate surface structure of particles that are very small, but still large 
compared to the wavelength of light—on the order of 10 ~—and a large 
proportion of voids, as suggested by Figure 6.4. This “fairy castle” structure 


Bundle B 


Figure 6.4: Actual lunar surface. Bundle of light rays A is reflected back unattenuated, 
while Bundle B is partially blocked. From Hapke [158, p. 4574]. 
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will give a return comparable to that of a Lambert scatterer, 1.5p, only at 
normal incidence; at other angles shadows cast by the structure will strongly 
reduce the return, thus making the surface a strong backscatterer. The 
mathematical model of the lunar surface proposed by Hapke [158] assumes 
low reflectivity, so only single scattering is important, and random orientation 
of reflecting objects. The principal parameters of the model are: 


n = number of reflecting objects per unit volume. 

o = average cross-sectional area of an object. 

7 = mean attenuation length of a beam of light rays in the medium. 
b = total reflectivity of an object. 


> («) = scattering law of an individual object; the fraction of incident light 
reflected at an angle « to the incident beam. 

For a given angle of incidence with respect to the normal to the mean 
surface @ and angle of reflection e, the portion of light reflected from an object 
at depth z below the surface will depend not only on the medium attenuation 
exp (—z/7 cos €) but also on the geometrical blocking as indicated in Figure 
6.4. The unblocked fraction F(z, «) will be a function of the angle « between 
the incident and reflected rays as well as the depth z of the reflecting element; 
it can be calculated for the idealized model, Figure 6.5, as the area of overlap 
of the two intersecting cylinders of radius y: 


z sec # tan 
“tS 
2y 
F(Z, a) = Z [cos tu — u(l — u?)'/?], Cau 1 (6.1.31) 
iin 


=0 “ua uw > I 


If the light reflected from a volume element r? dw dr, where r is distance along 
the reflected ray and dw is an element of solid angle, then the reflected intensity 
I for incident intensity Ey would be 

I = Eynob > (a)a do | 


r* exp (—zr cos 6) exp i = cos ‘ r dr 
R r 


foe) 


=iiinea”> (@) do | exp [—(r — R)(1 + cose/cos 6)/7] dr (6.1.32) 


— 


where a is the area of a detector and R is the distance of the detector from the 
mean surface. The effect of the blocking is to replace an attenuating factor 


exp [—z(sec 0 + sec e)/7] 
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Bundle B 


Figure 6.5: Idealized model of situation in Figure 6.4. From Hapke [158, p. 4574]. 
by 
F exp (—z sec 6/r) + (1 — F) exp [—2(sec 6 + sec €)/7]. 


For reciprocity of incident and reflected rays, « and 6 must be equal—as will 
be practically the case for strong backscatters. Thence (6.1.32) becomes 


I = Eynoa dwb > ~@| [Fer a) exp [—(r — R)- (1 + cos e/cos 9)/27] 
T= Ft 
+ [1 — F(r, a)] exp [—(r — R)- (1 + cos e/cos 6)/7]} dr (6.1.33) 


If we approximate F(r, «) by 1 — u, then we get 


=i 
ie Eyah-Pob(I Eee 4 SOE 2) (6.1.34) 
cos 6 
where 
tania (te os (oa). ae 
B(a, g) = orn (6.1.35) 
iB Lo 
2 
and 


pe (6.1.36) 
i 
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Figure 6.6: Photometric functions for a lunar area on the A = 40° meridian, showing the 
effect of the compaction parameter g on the shape of the curve: a, g = 0.2; b, g = 0.4; ¢, 
g = 0.6; d, g = 0.8; e, g = 2.0. From Hapke [158, p. 4577]. 


The principal variable remaining in (6.1.34) is the scattering function X(a), 
which depends on the microscopic properties of the reflecting particle. The 
law that best fits the observations for the moon is 


fe 


7 


(6.1.37) 


which is the law for a sphere whose surface elements scatter according to 
Lambert’s law—characteristic of opaque particles with fairly rough faces 
oriented at random. 

Figure 6.6 shows the results for the amount of light reflected into a ter- 
restrial detector from a small portion of the surface at position (A, ~) on the 
moon at phase angle ~. The value of the compaction parameter g that best fits 
the data is 0.8. 

Experiments indicate that the lunar observations, and this model which is 
consistent with them, are most similar to the reflecting characteristics of a 
layer of fine, loosely compacted dust with about 90 percent voids. (However, 
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the porosity determined by the Surveyor landers is considerably less, so the 
problem must be regarded as unsolved.) At angles of more than 60°, the 
lunar surface model must be further modified to allow for the shadowing 
effect of many steep-sided (>45°) depressions [158, 159]. 


Polarization 


Further information on the fine structure of planetary surfaces is obtained 
from the polarization P, defined by: 
= Ee = ES 
jas ene idee 
where E, and E, are the amplitudes of the two components as used in (6.1.12- 
19). As could be obtained by substitution in (6.1.18-19), reflection from a 
surface will modify the polarization dependent on the angle of incidence, 6. 
In addition to the effects of (6.1.12-19), dependent on electromagnetic 
properties of the surface, a real surface may affect the polarization by shadow- 
ing, multiple scattering, and other effects. Hence the study of polarization of 
sunlight by planetary surfaces has proceeded in an experimental manner, 
comparing the planetary polarization with that obtained for materials in the 
laboratory. 
The polarizations obtained for the moon, Mercury, and Mars are all rather 
similar. They are given in Figure 6.7. 


(6.1.38) 
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Figure 6.7: Polarization (unit 0.001) of A: the moon; B: Mercury; and C: Mars. From 
Dollfus [97, p. 368]. 
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The shape of the planetary polarization curve given by Figure 6.7 is fairly 
well approximated in the laboratory by dark, opaque finely powdered 
substances, although not as high a maximum is attained. The negative dip 
at about 12° is apparently the consequence of diffraction or shadowing in a 
complex structure such as Figure 6.4. The depth of this minimum varies with 
both albedo and grain size. For an albedo approximating that of the moon, 
0.07, the grains should not be more than a fraction of a millimeter to get the 
minimum of —0.010. Polarization observations are also of value to estimate 
the amount of atmosphere of a planet [97]. 

Comparison of all the optical characteristics of the moon—intensity, 
spectrum, and albedo as well as polarization—with those of rock and meteor- 
ite powders in the laboratory obtains a best match with iron-rich basic 
rocks which have been irradiated by a simulated solar wind. These results 
agree fairly well with the alpha-scattering results described in Section 9.1 
[523] 


Planetary Diameters 


An optical measurement which is not as simple as it might appear is the 
apparent diameter of a planet. Turbulence in the earth’s atmosphere, dis- 
tortions of the eye and the telescope, the finite width of the micrometer wire, 
and darkening of the planet’s limb by scattering in its atmosphere lead to 
uncertainties on the order of +0.1” in the apparent semidiameter of a 
planet—amounting to uncertainties on the order of +20 km in the radius of a 
terrestrial planet or +200 km in the radius of a major planet [413]. For 
Mercury and Venus, however, there are independent checks by photoelectric 
measurements when the planet passes in front of the sun, and, very recently, 
measurements by radar, as described in Section 6.4. The optical radius ob- 
tained for Mercury is 2440 + 10 km, which is almost certainly that of the 
solid surface. For Venus, 6120 + 10 km is obtained; however, the probable 
altitude of the clouds makes 6085 + 15 km more likely for the solid surface. 
Mars has a perceptible flattening; allowing for its clouds leads to 3375 + 15 
km for Mars’ equatorial radius and 3350 + 15 km for the polar radius [413]. 


Lunar Luminescence 


In addition to the reflected light discussed in this section there have been 
indications of a transient luminescence on the moon which recurs prefer- 
entially in certain locations on the lunar surface. This luminescence is 
constituted mainly by some emission bands clustering toward the red. The 
most likely causes are ultraviolet or proton irradiation. There is a moderate 
correlation of luminescence with solar activity, but not enough to decide 
definitely what is the predominant process [490]. 
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6.2 Infrared Observations 


Moving down the electromagnetic scale in frequency, we must become 
more concerned about the planets as absorbers and reemitters than as re- 
flectors. The spectrum of the energy emitted by a body depends on its 
temperature. Hence we are interested in a standard of comparison for thermal 
emission: a model that relates temperature to energy radiation. The principal 
such radiation model is the blackbody, the theory of which is based on the 
statistical mechanicai theory of ideal gases: systems of particles with negligible 
mutual interaction. 


Blackbody Radiation Theory 


A gas of identical particles in a volume V in equilibrium at temperature T 
has associated with it an energy per particle kT, where k is the Boltzmann 
constant: 1.38044 x 10-1* erg/°K. Let 


«, = energy of one particle) _ 
in a quantum state r 
n, = number of particles 


(6.2.1) 


s) 
lil 


possible quantum states of the whole gas 


B = 1/kT 


By a quantum state of the whole gas we mean a particular specification of the 
three components of momenta of all particles in the system. Then the relative 
probability of having the gas in state R will be [331]: 


exp pS ne;} =ope (6.2.2) 


The mean number of particles in a particular state s will be from all com- 
binations containing n,. If we assume that there is no limitation on the 
number of particles, that is, if we adopt photon statistics, then this mean 
number of particles will be: 
> ny eB nsés 
— Ne 
ia 


1 ss eA nsts 


Ng 


1 


= ——_— 022.5 
ay (6.2.3) 


called the Planck distribution. 
As stated, the radiation is in accord with Maxwell’s laws, and hence in a 
vacuum the electric field must propagate in accordance with the wave equation 
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(6.1.6) with ew = 1. Assume a solution of the form 
Ria sc? (6.2.4) 


where w is a frequency of oscillation and 
K = |x| =- (6.2.5) 


x is called the wave vector. By the fundamental quantum law, the energy is 
e = hw = hee (6.2.6) 


where fi is the Planck constant divided by 27, 6.62 x 10-?’/27 erg sec. The 
total energy for a particle is twice its mean kinetic energy (see Section 4.1), 
or its momentum times velocity; hence we get for the momentum 


p = hx (6.2.7) 


As stated after (6.2.1), the definition of a quantum state is a specification of the 
three components of momentum p. Hence the number of particles n, or 7, in 
a particular state can be expressed as a function of the wave vector x, and to 
obtain the total number of particles n per unit volume we can integrate over 
the total range of wave vectors x instead of summing over the total number of 
States s: 


ne i fw) de = >on, (6.2.8) 


wave vector space 


where f(x) is a frequency density. 

Assuming the volume V to be an arbitrarily large parallelepiped, it can be 
shown that the increment fd°x integrated over the volume V must be ex- 
pressible as a product of integer increments An,, An,, An,: 


iE Wade hn Nn ee ae dx (6.2.9) 


But the mean number of photons per unit volume in a particular state s, or 
corresponding value of x, is that given by (6.2.3), so, substituting for ¢, from 
(6.2.6), 

I dx 


S00 de = te 1 On 


(6.2.10) 


This number density is related to temperature T through the factor £. For 
a body to be in equilibrium—that is, to have constant temperature—the 
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flux of photons absorbed and emitted by the body must be equal. Therefore 
we can calculate the flux emitted by a surface element in the same manner as 
the flux absorbed by the surface element. 

To allow for both directions of polarization of the electromagnetic wave, 
(6.1.8-15), multiply (6.2.10) by two. To obtain the total number of photons 
striking a unit of surface area, consider the flux through a solid angle sin 6 d0 dp 
where @ is the angle to the normal and @ is azimuth about the normal. The 
rate at which photons of wave vectors * (or frequency w) will strike the unit 
area through this solid angle is then 2cfcos 6 d°%. To obtain an energy rate 
E, multiply by the energy per particle, hw: 


E(k) daw(sin 6 d6 dy) = 2hwf (x) cos 6 d®x 


2 
= 2hecf(K) cos 6 = dw sin 6 dO dp (6.2.11) 


expressing d°x% in spherical coordinates and using (6.2.5) for x. 
Integrate over the hemisphere: 


be 
E(1e) deo = 7" (1) deo 
C 
ha? dw 


= . 6212 
Dac ee | ( ) 


using (6.2.10). Integrate with respect to w (best done by changing the in- 
dependent variable to 7 = fhw), and substitute for 6 from (6.2.1): 


[B= Na sl (6.2.13) 
where 
= _ 5670 x 105 erg cm~? deg™ sec? (6.2.14) 
60°h 
Equation (6.2.13) is the Stefan- Boltzmann law. If a body is a perfect blackbody 
of temperature 7, then substituting in (6.2.13) gives the energy flux emitted in 
ergs cm~? sec"!. To obtain the distribution of this energy with respect to 
wavelength A = 2mc/w, return to (6.2.12) and use (6.2.1 and 5) to obtain 
he? I 


y) 
E,dA= 2» 1 ghelkT A = 


di (6.2.15) 
A logarithmic plot of £, versus / is given in Figure 6.8 [331]. 

The temperature T obtained from a given energy flux E by applying the 
Stefan-Boltzmann law, (6.2.13), is known as the brightness temperature. For 
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Figure 6.8: Energy spectrum for blackbody radiation. Based on Joos & Freeman [200, 
p- 623]. 


example, from the solar constant, (5.3.44), we get at the surface of the sun 
(R = 0.00463 AU): 


£263 < 10M ergs cme sec * 


T ~ 5800°K (6.2.16) 


Thus according to (6.2.15) and Figure 6.8, the solar radiation has a peak 
around 0.5 wu in the visible region. 

The actual temperature of the photosphere is about 200°C higher than 
the brightness temperature given by (6.2.16), because scattering leads to 
darkening of the sun’s limb. Allowing for reduction in the energy absorbed 
due to reflection, as measured by the albedo A (6.1.25), it is also true that the 
actual temperatures of planetary surfaces are higher than brightness tem- 
peratures because of surface roughness, atmospheric absorption (the “green- 
house” effect), energetic particle radiation, etc. However, there is still 
considerable information not only in the integrated temperature 7, but also 
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in the temperature 7(A) deduced from the energy received E, dd ina particular 
frequency band. 

Planetary Temperatures and Diurnal Variation 


Assuming that all energy not reflected is absorbed and reemitted in ac- 
cordance with blackbody theory, we get for the mean temperature of a planet 


( energy a 
Ce | 


oO surface area 


_ (1—A E cross-section area) 
Oo a surface area 


oC a’ 47R? 


u eae (6.2.17) 


4a*o 


_ ( -AE ze 


where E is the solar constant, 1.40 x 10° ergs cm~? sec”; A is the albedo, 
given in Table 6.3; and a is the semimajor axis in AU. Substituting numbers, 


_ al —_ Ay4 


1/2 


Tee - 278°K (6.2.18) 


a 


Values of the mean temperatures of the planets from (6.2.18), together with 
those deduced from observations, are given in Table 6.4. Comparing with 
Figure 6.8 we see that planetary radiations should peak in the infrared, 
2-50 « wavelengths. 


TABLE 6.4: INFRARED TEMPERATURES OF THE PLANETS 


Mean 7 
————______—__—_— Equatorial AT _ Deduced Inertia, 
Theoretical Observed Observed 1/y 
Planet (°K) (°K) (°K) (cal deg sec~/? cm-?) 

Mercury 440 (min, <150°) <0.01 
Venus We 210* ~10 
Earth 246 290 _— 
Moon 273 ~205 300 0.0008 
Mars 216 ~230 >90 0.004 
Jupiter 102 [507 


* Cloud top temperatures. 
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If any energy absorbed was immediately reemitted, then the instantaneous 
temperature on the night side would be zero and on the daylight side would 
be for a point at y arc distance from the subsolar point: 


= 1/4 = 1/4 
T, = a - ’] =| ee Ee v| 393°K (6.2.19) 
ao ae 


In actuality, of course, temperature variations are considerably milder on 
planets with atmospheres because of convective transfers of heat. Even in 
the case of a planet without atmosphere we should expect some modification 
because of transfer of heat by thermal conduction inward during the day and 
outward at night. If the variation of surface temperature (6.2.19) is approxi- 
mated as a diurnal sinusoidal variation, at depth z there is a damping factor 
exp (—V w/2« z) and a phase lag 2n/ 2K (see problem 2.16), where « is the 
thermal diffusivity (2.4.5). However, a sinusoid is a poor approximation to 
the fourth root factor in (6.2.19) for the day combined with a zero factor for 
the night. Instead, we must write an equation summing the energy flux at the 
planetary surface due to the input from the sun, Ecos y/a?; the thermal 
emission, o7*; and the thermal conduction, K07/dz [228]: 


o= KDA A,)oT! + (1 — A,)% 008 yp Day 
a 
oT ‘ 
= K-—(1—A)oT Night (6.2.20) 
z@ 


and solve it in conjunction with the temperature equation (2.4.4): 
— = k— (6.2.21) 


In (6.2.20-21) the positive z-axis is inward, and we have specified separate 
albedos for emission A, and absorption A, because of the differences in the 
wavelengths of the radiations involved. 

The solution of (6.2.20-21) must be done either numerically or iteratively. 
However, to get a qualitative appreciation of the effect of the material 
parameters K and «, we can obtain 0?7/d2? from the “night” part of (6.2.20) 
and substitute in (6.2.21): 


ar ; 
= = (1 — A)’o%4T? = “ (1 — A,)e?T” (6.2.22) 
p 


using (2.4.5). Hence the greater 1/KpC, the more extreme will be changes in 
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temperature 7 with variations in the solar input E cos y. The quantity 
Ener (6.2.23) 
v 


is known as the thermal inertia: the smaller the inertia 1/y, the more resistant 
is the material to transfers of heat. Figure 6.9 is a plot of solutions of (6.2.20- 
21) for a point on the moon’s equator for various values of y, assuming A, 
and A, are both 0.07, as given by Table 6.3. Figure 6.9 shows that for smaller 
values of the inertia 1/7, not only will the temperature drop lower at night due 
to inability of the material to conduct heat outward, but also the temperature 
will rise higher during the day due to less transfer inward—the peak in 
Figure 6.9 is not perceptibly different from the value given by (6.2.19). The 
principal defect of the calculations on which Figure 6.9 is based is neglect of 
the temperature dependence of the conductivity K, proportionate to T°, as in 
(2.4.10) [515]. 


300 


100 


0 0.25 0.5 0.75 1.0 
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Figure 6.9: Variation of temperature of a point at the equator on the lunar surface for 
different values of the reciprocal of thermal inertia (in cm? sec!/? °C/Cal). Based on 
Krotikovy & Troitskii [228, p. 845]. 
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In the case of the moon, there also occur eclipses. The much sharper cutoff 
in illumination causes a more abrupt drop in temperature than for the 
lunation. Hence the eclipse curves have a more sensitive dependence on the 
thermal inertia 1/y [369]. 


Results of Observations 


The thermal inertias 1/y deduced for Mars and the moon are extremely 
small. From the values given in Section 2.4, we get about 0.07 cal °C? 
sec-!/2 cm-? as typical for earthly rocks. The lowest for materials occurring 
naturally on earth is 0.004 for pumice, or volcanic ash. The still lower value 
of 0.0008 for the moon obtained from both eclipse and Junation indicates an 
extremely porous material, such as has already been mentioned in Section 6.1 
as indicated by the moon’s reflective properties. 

Infrared observations are made by a variety of techniques. A bolometer 
measures the increase in electrical resistance when a blackened metal foil is 
heated by absorbing radiation. A thermocouple measures the current 
generated by heating the junction of two dissimilar metals. A Golay cell 
measures the change in pressure caused by the heating of a confined gas. The 
most accurate technique now is probably the use of semiconductor (e.g., 
germanium) photoconducting crystals which absorb infrared photons and 
release a corresponding electric charge. The photoconductor device must be 
operated at as low a temperature as practicable to minimize “‘noise’’ from the 
surroundings, and should be calibrated frequently against the sky by use of a 
rotating chopper blade or other device in order to eliminate the background 
effect [286]. 

Besides being difficult to make, infrared observations are difficult to 
interpret because of absorption by both the planetary and earth atmospheres. 
Carbon dioxide (CO,), water vapor (H,O), and ozone (Os) all have several 
strong absorption bands in the near infrared. Consequently, infrared ob- 
servations from the earth must be made through one of the “windows” in the 
spectrum of atmospheric absorption shown in Figure 6.10. Another complica- 
tion originating in the planetary atmosphere is limb darkening due to scatter- 
ing. This effect is most pronounced on Venus, for which it amounts to about 
20: 


Transmission 


1 5 10 50 100 500 1000 2000 
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Figure 6.10: Atmospheric transmission. From Murray & Westphal [286, p. 22]. 
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Besides the mean temperatures and diurnal variations given in Table 6.4, 
appreciable variation in detail has been observed in the infrared emissions 
of both the moon and Venus. 

The resolution of lunar observations now corresponds to about 15 km at 
the lunar surface, sufficient to show several hundred anomalies of more than 
20°C magnitude at the time of lunar eclipse. The most striking features are 
hot spots associated with certain craters, some of them 40°C or more warmer 
than their surroundings. According to Figure 6.9, these spots must have higher 
thermal inertia (lower y) than average. These craters have other evidences of 
being relatively new, as discussed in Chapter 7. In addition, there are several 
larger areas—moderate-sized maria—of about 10°C enhancement. Figure 6.11 
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Figure 6.11: Infrared anomalies during the December 19, 1964, lunar eclipse. Dots 
indicate “hot spots,” lines indicate thermal enhancements. The line spacing is equal to 
the actual scan separation. From Shorthill & Saari (369, p. 219]. 
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N 


Figure 6.12: Infrared observations of Venus on December 15, 1962. Brightness temperatures 
in degrees centigrade. From Murray et al. [287]. 


summarizes the results obtained by Shorthill and Saari [369] from an eclipse 
in 1964 [500]. 

Infrared observations of Venus have been made from both the earth and 
the Mariner II space probe. The earth-based observations of Murray and 
associates [287] at 8 to 14 w are shown in Figure 6.12. The variation of tem- 
perature with solar angle is quite mild, indicating the dominant effect of the 
atmosphere. Limb darkening caused by atmospheric scattering or other effects 
is evident. The principal anomaly, a hot spot of about 6°C near the south 
pole, is apparently the consequence of an atmospheric storm [287]. 

The Marincr II observations of Venus were made at two wavelengths: 
10.4 «#, which is the middle of a CO, absorption band, and hence should 
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measure cloud top temperature; and 8.4 uw, which suffers negligible atmos- 
pheric absorption, and hence should measure solid surface temperature. 
The latter obtained a mean temperature of 210°C. 

Infrared observations of Mercury are quite difficult because of its closeness 
to the sun. It has been determined, however, that the minimum is something 
less than 150°K [527]. 


Reflection Spectrophotometry 


In addition to the brightness temperature measurements described here, 
spectroscopic observations are made at infrared frequencies in order to 
estimate chemical composition. These observations have been principally to 
determine atmospheric components of Mars and Venus from H,O, CO., CHg, 
and N,O absorption lines at various wavelengths between 0.8 and 5.0 wu. Of 
more pertinence to the solid planets are attempts to match planetary reflection 
spectra with those of minerals. The most detailed measurements have been of 
Mars at wavelengths of 0.5 to 4.5 uw. Some results have obtained a curve of 
albedo versus wavelength with a maximum near 0.6 w and a minimum near 
0.9 uw, similar to the curve for iron oxides hydrated in varying degrees, 
Fe,O3-nH,0, called limonite. Other observations do not obtain a curve similar 
to that for limonite, and permit a wider variety of materials. The observations 
require considerable care to eliminate atmospheric effects by observing the 
moon or a star under as similar conditions as Mars as possible, and thus to 
use it as an indirect standard to compare to the sun [352, 372, 452). 


6.3. Radio Emissions from Terrestrial Planets 


Theory of Thermal Emission 


If longer wavelength radiation is observed, we should expect that more 
than purely surface properties of the planet may be significant. In this case, 
we must consider the radiation emitted by an internal element of volume, 
which necessitates taking into account the absorption by the material between 
this element and the surface. Let the absorption per unit volume be «; then if 
J, is the initial intensity of radiation in energy rate per unit area per steradian, 
the intensity 7 after a distance x will be [315]: 


Il=I,e” (6.3.1) 


To obtain the attenuation factor «, replace the current J in the last of 
Maxwell’s equations, (6.1.4), by Ohm’s law: 


J=cE (6.3.2) 


where o is the conductivity (not the Stefan-Boltzmann constant), and replace 
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the sinusoidal assumption, (6.1.13), by a damped sinusoidal solution: 
E = E, exp (—an- x) exp [j(wt — ku: x)] (6.3.3) 


where n is the direction cosine of the wave. 
The result for a poor conductor (o & we/47) is [190]: 


pee fee ee (6.3.4) 


¢ Nee c 
where ¢ is the loss angle, tan 1 «/k. Such proportionality of attenuation to 
frequency w is observed in experiments on terrestrial rocks. 

Consider the radiation in an elemental solid angle dQ at angle @ to the 
normal emerging through an element of planetary surface area da, as shown 
in Figure 6.13. Define an element of volume by the intersection of the plane 
x, a + dx with the solid angle dQ. The contribution of this element of volume 
to the radiation emitted through da will be 


K dx(x sec 0)? sec 6 dQ d€ exp ie 


0 


a sec 6 dz) (6.3.5) 


where K is the radiation per unit volume per unit solid angle within the 
relevant frequency limits, and d¢ is the solid angle subtended by da at the 
volume element: 

_ dacos 6 


Sea. (6.3.6) 


Substituting (6.3.6) in (6.3.5) and integrating with respect to x obtains for the 
total intensity through da in direction 6: 


P=dQ da [ K exp (—az sec 6) dx (6.3.7) 
J0 


To obtain the radiation K, we can take advantage of the fact that the radio 
frequencies « are small enough that in (6.2.12) exp (Bw) can be replaced by 
1 + Bho. Thence, using (6.2.1), we get 

2 
ko" dw i, 


2 9 
ape 


E,do = 


= 2mq(w) dwT (6.3.8) 


known as the Rayleigh-Jeans law. (In Figure 6.8, we are off to the right of the 
graph, where all the lines are straight.) Now E,, was the energy emitted by a 
blackbody into a vacuum, in which there is no attenuation. In thermo- 
dynamic equilibrium, the energy received is equal to the energy emitted. But 
the energy received by the volume element in Figure 6.13 from like adjacent 


RADIO EMISSIONS FROM TERRESTRIAL PLANETS 279 


SO da vacuum 


Figure 6.13: Electromagnetic radiation from within a body. 


volume elements is reduced by the attenuation per unit volume factor «, so 
the same must apply to the emitted energy per interval of frequency dw, K: 


K = agT (6.3.9) 


(the 27 in (6.3.8) has disappeared because E,, was for a hemisphere rather than 
for a unit solid angle). So (6.3.7) becomes 


Toma daxg T(x) exp (—aasec 0) dx (6.3.10) 
0 


If T(x) were a constant 7,,, then (6.3.10) would integrate to the radiation of a 
blackbody, in which the attenuation « cancels out: 


I, = dQ. daqT;, cos 6 (6.3.11) 


Following convention, instead of intensity J use the corresponding apparent 
brightness temperature 7,,, adding the subscript m to emphasize that it is 
dependent through the attenuation « on frequency [315]: 


— Tr nee a| T(x) exp (—ax sec 6) dx (6.3.12) 
B 0 
Penetration of Diurnal Variation 


The actual temperature 7(0) at the surface is given by the solution of 
(6.2.20-21), and will be a curve such as one of those given in Figure 6.9. 
This curve can be represented by a Fourier series: 


TO) = Ty) T,, cos na, (6.3.13) 
n=1 


where w, is the rate of rotation of the planet with respect to the mean sun. 
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Then for 7(x), making a solution similar to problem 2.16, 
T(x) = Ty + > T, exp (—B,,%) cos (nw,t — 8,2) (6.3.14) 
n=1 
where, using (2.4.5) and (6.2.23), 


Br -/ “ -/ ae (6a45) 
2K 2 Ky 


« is the diffusivity, (2.4.5). Let T(x) be represented by only the n = 0 and 
1 terms, and substitute in (6.3.12): 


T,, = % sec a| [Tt + Te ** cos (w,t = pz)le "=" dx. (6. 3ey 
6 


which may be integrated (problem 6.9) to: 


Ty 
T,, = Tyo + (i + 26 + 265 cos (w,t — ®) (6.3.17) 
where 
= oe 6 (6.3.18) 
a 
and 
Be (6.3.19) 
1+o6 


The parameter 6 depends on the ratio of thermal attenuation £ to electro- 
magnetic attenuation «. It can also be expressed as the ratio of the electro- 
magnetic penetration depth /, to the thermal penetration depth /,; using (6.3.4), 


oS L, Cea, cow (6.3.20) 
t 

Hence for increasing wavelength A we should expect a decrease in the 
amplitude of the diurnal oscillation of the apparent brightness temperature 
T.,, from (6.3.17), and an increase in its phase lag, from (6.3.19). Further, if 
the sole source of heat is the sun and if the albedo 4, in (6.2.20) is constant, 
we should expect the same mean temperature 7) at all wavelengths. 

The body for which the most detailed observational data is available is, 
of course, the moon. As has been indicated both by the backscattering of 
light and the great amplitude of the monthly variation of infrared tempera- 
tures, the moon apparently is covered by a layer of such high porosity that it 
is unlikely to be very thick. Hence the foregoing treatment should be modified 
to take into account the additional layer. Furthermore, the porosity of the 
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layer makes it likely that the albedo A,—or rather the reflectivity R, in radio 


terminology—will differ from that for the visible. The resulting modification 
OL (G.517): 


(6 
te ae | me 
| oF 4 28, + 20)"9(1 4 28 4 29Hie OS st )| 
(6.3.21) 


where the s-subscripted quantities refer to the surface layer. The normal 
reflectivity R is related to the dielectric constant by (6.3.22), which is derived 
from (6.1.18-19), with unit permeability yw: 


ee ES | (6.3.22) 


The dielectric constant « of porous material of density p is related to the 
constant €, of the solid material (of density po) by: 


3p 
e=e,| 1 — ————_ 6.3.23 
of (Gs 2 ie Sie | Oe) 


where porosity p = | — (p/p ) [228, 401]. 


Results of Observations of the Moon 


The principal results from observations of the moon are summarized in 
Table 6.5. The values given in the table are those in (6.3.24) for a point on the 
lunar equator, to which actual observations can be reduced using the 6 
dependence expressed by (6.3.18): 


f,=T, 7 7, cos (ot — 2) (6.3.24) 


The measurement errors in Table 6.5 are those given by several observers. 
Since measurements at such low power levels are difficult and subject to 
systematic error, it is not surprising that the discrepancies are greater than 
would be expected from the quoted uncertainties. The principal difficulty is 
obtaining an adequate calibration for the lunar emission as contrasted to that 
of the sky background (which exceeds that of the moon for wavelengths more 
than 100 cm). Some of the inferences which have been drawn from the data 
follow [101, 410]. 


1. The amplitude 7,, and phase lag ®, of the monthly variation observed 
at wavelengths up to 30cm are consistent with a porous surface layer of 
thickness 6(+3) meters and a thermal inertia I/y of 1/600(+200). The density 
of this layer is about 1.0 gm/cm*. In the outermost 4 cm or so the density 
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TABLE 6.5: OBSERVED LUNAR RADIO EMISSION 


A Lie ies D, Measurement Error 
(cm) (°K) (°K) (deg) (+ %) 
0.13 219 120 16 15 
0.30 206 61 ay 5 
0.40 204 560 = 528 4 
0.80 211 40 30 is 
0.86 180 35 35 tS 
125 ZS 36 45 10 
1.63 207 32 10 3 
2.00 190 20 40 TS 
oy 195 12 44 is 
a2 216 16 15 3 
9.4 220 5:5 5 5 
9.6 218 a 40 23 
10.3 207 15 
11.0 214 12 
14.2 221 APS 
21 250 as) AF 
23 254 <6.5 15 
35 236 4 
36 231 3 
50 240 3 
70.16 217 8 
168 233 4 


Based on Troitskii [410, p. 379] and Drake [101, p. 281]. 


appears to decrease to 0.6 gm/cm’ and y correspondingly increase to 1000. 
Other indicators of the properties in the outer few centimeters are the magni- 
tude of higher terms than T,, in the Fourier spectrum at wavelengths of 3.2 cm 
or less. Figure 6.14 shows the variation in 7, observed at 0.30 cm; although 
the curve has considerably less amplitude than surface temperatures, such as 
those shown in Figure 6.9, it still has a sharp rise in temperature at dawn. 
Observations of the change in radio emission at lunar eclipses also lead to a 
high value around 1000 of the thermal parameter y. 

2. The reflectivity R of the moon is even lower at radio frequencies than in 
the visible, as deduced from polarization measuements as well as the constant 
component, monthly variation, and variation over the disc of the radio 
temperature. Up to 12-cm wavelength, the reflectivity is only about 0.02. At 
longer wavelengths there is a moderate increase to 0.04 for 2 > 33 cm. The 
corresponding dielectric constants « are 1.7 and 2.25 respectively. The 
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variations of reflectivity with location on the disc appear to have some 
correlation with the variations of infrared temperature. 

3. The mean temperatures T,, in Table 6.5 appear to show an increase with 
wavelength 4 on the order of 0.6°K/cm. Such an effect could very likely be 
caused by calibration errors, but if the rise is real, then it can be explained 
only as a consequence of an increase in temperature with depth, since it is too 
large and of the wrong sign to attribute to variation of reflectivity with 
wavelength. So 


dT dT ldd 


dz dl,|da 
ee tsied (6.3.25) 
lm 
using (6.3.20) with 
é 
are 6.3.26 
=, ( ) 


To deduce /,, or 1/8,, from (6.3.15), we need an estimate of the diffusivity «, 
or of the conductivity K, since « is K?y?. The one quantity that seems 
reasonable to extrapolate from terrestrial data is the heat capacity, whence 
using 600 for y, 1.0 for p, and (Section 2.4) 0.25 for C, 


BO] ee 


K= ez 10° *callcm =C sec” (6.3.27) 
ype 
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Figure 6.14: Observations of lunar equator brightness temperature at 0.30-cm wavelength 
over 50 days. From Drake [101, p. 282). 
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and 


=> =|? Ky = 10cm (6.3.28) 
By 


The value of m deduced from the data in Table 6.5 is about 2 cm~!, whence 
from (6.3.25) 


Ce ee onsciem (6.3.29) 
dz 20 di 


From (2.4.1) the mean heat flow, using (6.3.15 and 25) 


dT 

jie dz 
= [esl 1a 
V2y tm da 


= [et th. th 
2 ym di di 


re 06 * 10° ° Cal crim seca: (6.3.30) 


This heat flow is about two-fifths of that observed on earth. However, since on 
the moon the ratio of surface area to mass, 477R?/M, is about six times as 
much, the heat flow expected should be only one-sixth of the earth’s. It is 
obvious that a more accurate value of d7T,/dA is needed [101, 401]. Further- 
more, the foregoing theory should be reexamined taking into account the 
temperature, and hence depth, dependence of conductivity. 

4. Recent observations of different areas on the moon at 0.3 cm wavelength 
obtain an average difference A7(q) in temperature between maria and high- 
lands as a function of phase of 2.6° + 0.2°K. The difference in albedo would 
make the maria only 0.8° + 0.3°K higher in temperature; the balance could 
be explained by a dielectric constant € about 0.2 lower or by a reciprocal of 
thermal inertia y 16 percent lower in the maria than the highlands [521]. 


Results of Observations of Venus 


The results of observations of thermal emissions from Venus at wavelengths 
from 0.13 to 68 cm are summarized in Figure 6.15. The most marked phe- 
nomenon is a drop in the disc brightness temperature from about 600°K at 
2 cm wavelength to about 350°K at 0.8 cm, and to about 300°K at 0.13 cm. 
This decrease generally is ascribed to absorption by the atmosphere of 
radiation from the solid surface: most likely by dust particles or cloud 
particles (ice crystals or water droplets). Absorption by water vapor is ruled 
out by the absence of any pronounced dip in the brightness temperature 


RADIO EMISSIONS FROM TERRESTRIAL PLANETS 285 
800 


700 


600 


500 


400 


T brightness temperature (°K) 


300 


200 
0.1 1 10 


Wavelength (cm) 


Figure 6.15: Observed mean brightness temperatures of Venus. From Barrett (24, p. 1568]. 


near 1.35 cm wavelength, where a resonance would be expected. Observations 
at 1.9cm by Mariner II (of validity questioned by some) indicate a strong 
limb darkening which makes cloud particles the most likely absorbers. The 
strongest evidence that the emission is from the solid surface, rather than from 
an ionosphere, is its very slight polarization, only 0.008 + 0.005 estimated at 
10.6 cm (6.1.31). The estimated dielectric constant ¢ is 2.2 + 0.2, indicating 
some porosity of the surface. Phase effects in the brightness temperature of 
Venus are given by: 


T,,(0.8 cm) = 427°K + 41 cos (® — 21°)°K 
T,(3.15 cm) = 621(47)°K + 73(4£9) cos [® — 11.7°(433°)[°K (6.3.31) 
T,,(10 cm) = 622(+6)°K + 41(+12) cos [® — 21°(+9°)]°K 


An analysis of the 3.15 and 10 cm observations similar to that which has 
been applied to the moon, (6.3.12—20), shows that the surface properties of 
Venus are similar to those of the moon, and that the periodic variations are 
consistent with the slow retrograde rotation. The estimated surface tempera- 
tures are thus: mean disc, 700°K; mean darkside, 600°K; mean brightside, 
800°K ; subsolar point, 1000°K; antisolar point, 610°K; pole, 470°K [319]. 
These calculations are confirmed by interferometric observations at 10.6 cm 
wavelength, which indicate that the poles are about 25 percent cooler than the 
equator [516]. 

Not well explained is the apparent decrease in temperature from 10 to 70 
cm wavelength; an internal interface between materials of differing dielectric, 
causing reflection of some radiation, has been suggested. 
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Observations of Other Planets 


Observations of the temperature of Mars do not yet yield any information 
beyond that the mean temperature is about the blackbody value of 216°K 
given in Table 6.4, as expected for such a rapidly rotating object: see Table 6.6. 

Observations of Mercury are difficult because its closeness to the sun does 
not permit measurements near 0° or 180° plase angle. Measurements at 
3.4 mm obtain a brightness temperature /, varying with solar phase angle ® 
of: 


T,,(0.34 cm) = 277(412)°K + 97(£17) cos[® + 29°(410°)]°K (6.3.32) 


However, measurements at 1.9 cm give a diurnal amplitude of 75°K, too 
great to reconcile with a simple model such as in (6.3.1-19), despite the 
complications introduced by the long days (174 earth days) and orbital 
eccentricity [24, 210, 319, 467]. A thermal inertia of about 0.002 cal °C~ 
cm~? sec~1/? is inferred [526]. 


Observations of Jupiter 


The most spectacular planetary emission is that of Jupiter. But the marked 
properties of Jupiter’s radiation are definitely a consequence of its source 
being energetic particle interactions in the magnetosphere rather than thermal 
emission from the surface. The radio emission from Jupiter has two distinct 
parts: (1) At wavelengths of 1-150cm, the radiation is steady, of pre- 
dominantly linear polarization, from a source several times more extended 
than the planet. The source generally is believed to be electrons gyrating in 
Jupiter’s magnetic field. (2) At wavelengths more than about 7 meters, the 
radiation is sporadic, elliptically polarized, and often very intense. This 


TABLE 6.6: OBSERVED MARTIAN RADIO EMISSION 


Wavelength, 4 Mean Brightness, 7 

(cm) (°K) 

0.8 225 + 10 
3.14 211 + 20 
SuD 185 + 15 
6.0 192 + 26 
10.0 177 +17 
EEO 162 + 18 
12.5 225 + 39 
21.0 190 + 41 


Based on Barrett [24] and Kellerman [210]. 
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emission has a pronounced peak at 15 meters, but there are other peaks. It has 
variations correlated with the rotation of Jupiter and the orbital revolution 
of Io. The size of the source of this long wave radiation is rather limited in 
magnitude: less than 5” angle, or on the order of a tenth of Jupiter’s radius. 
The nature of the source is still poorly understood: a coherent emission, 
either from a large number of energetic particles in the ionosphere or some 
sort of interaction between nonelectromagnetic waves that produces electro- 
magnetic waves. : 

Because planetary emissions constitute a rather minor portion of the 
interesting fields of study opened up by the great development of radio 
astronomy in recent years, the refinement and detailing of their observation 
as well as their interpretation is in a considerable state of flux at present. 


6.4 Radar 


Signal Transmission and Reflection 


Provided sufficient power is available, it should be expected that different 
information would be obtained by generating a radio signal artificially rather 
than depending on natural emission. A transmitter sending a power P, into 
an antenna will generate a flux density F, at distance r of: 


Be 


F, (6.4.1) 


where G is the gain of the antenna over isotropic radiation. For an antenna 
with aperture of area A and wavelength of radiation A, 


4A 
42 


G=p (6.4.2) 


where p is an efficiency factor: 0.50 to 0.65 for a parabolic antenna. 
The total power P,, reflected by a planet of radius a at distance r then will be: 


P,= Rrra? (6.4.3) 


where R is the reflectivity at normal incidence, related to the dielectric 
constant ¢« by (6.3.22). The flux F, received at the earth then will be: 


fe ES a (6.4.4) 


where g is a directivity factor dependent on the reflective properties of the 
planet. The flux (6.4.4) is integrated over the same antenna area A as for the 
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transmission to obtain the power received P,; substituting for G from (6.4.2) 


P,A?Rea® 
P, = 6.4.5) 
4,?r' ( 
This received power must exceed a noise power P,,: 
P= (a= Dip eile (6.4.6) 


where 7, is the instrumental temperature; 7 is a receiver noise factor; 7, is 
the brightness temperature of the background sky; k is Boltzmann’s constant; 
and b is the energy bandwidth of the receiver. The sky brightness 7, is a 
function of wavelength A approximately according to the empirical rule: 


log T, ~ (2.5 log A — 2.7 + 0.6) (6.4.7) 


for A in centimeters and 7, in degrees Kelvin. The energy bandwidth 6b is 
defined as the range of frequencies admitted by the filters of the receiver. The 
practical limitation on reducing the bandwidth is that it can be done only by 
lengthening the radar pulse, which in turn reduces the radiated power P;. 

Furthermore, if the planet is rotating there is a frequency broadening due to 
the difference in rate of motion relative to the earth of opposite sides of the 
planet. For a radar beam wider than the planet, the bandwidth is: 


__ 4@,R 
A 


where «, is the planet’s rotation rate. This frequency broadening is in addition 
to the Doppler frequency shift due to the orbital motion of the planet and the 
earth’s rotation. 

If the planet were a specularly reflecting sphere, only the closest point 
would reflect a signal. In actuality, a signal will be received at later times from 
other parts of the planetary surface because (1) it will be, to some extent, a 
diffuse reflector; and (2) it will be imperfectly spherical, so that at a given arc 
distance y from the nearest point an enhanced signal will be received from 
areas with slopes of about m with respect to the horizontal from the closest 
point. The summation of these effects is the directivity factor g in (6.4.4-5); 
in practice, of course, as much detail as possible of the wavetrain is analyzed. 
Finally, the polarization of the signal will be affected by reflection in ac- 
cordance with (6.1.18-19). 

All the aforedescribed effects—directly factor g, reflectivity R, Doppler 
frequency shift, rotational frequency broadening, polarization, etc.—are 
useful to deduce information about the planet, particularly if frequency 
dependent. Furthermore, the range in combination with the rotational con- 
tribution to the Doppler shift can be used to map particular features on the 
surface [580]. 


b (6.4.8) 
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Theory of Backscattering by a Planetary Surface 


The principal theoretical difficulty involving planetary properties is 
accounting for the backscattering at specified angles to the incident ray and 
the normal as a function of both dielectric and geometrical properties of the 
surface. The basis of most approaches to the problem is the Kirchhoff 
(or Helmholtz) diffraction integral. Let E be some quantity that satisfies the 
wave equation [26]: 

VE+RE=0 (6.4.9) 
and let 
ek 
y=— (5.4.10) 
r 
where r is distance from an arbitrarily selected point P. Surround the point P 
by a small sphere S, of radius R. Let S be any other closed surface completely 
bounding S,. Then, in the volume bounded by S and S,, py as well as E will 
satisfy the wave equation (6.4.9), and hence the left side of Green’s second 
theorem (see problem 6.11) will vanish. Thus, from the right side, 


ikr kr kr ikr 
te - oe He (eee do=0 (6.4.11) 
s\ Onr r on si\ on r c On 


where 0/0n is the derivative normal to the surface. Calculate the second 


integral : 
(=== \ido ==" 470i | (i — WE _ aa do (6.4.12) 
Ss S1 R on 
whence 
lim | (-::)do = —47E(P) (6.4.13) 
R-0JS1 
and 
1 FA) ekr eikr OE 
E(P) = — E—:-— -—-— :-— d 6.4.14 
(P) 4n [, on r ip ms J ( ) 


Since the point P was arbitrarily selected, (6.4.14) will give the solution of the 
wave equation (6.4.9) at any point interior to a surface S over which the 
function and its normal derivative are known. 

The Kirchhoff integral is easily extended to surfaces that are not closed, 
by considering them as being “closed”’ by another surface of zero reflection 
coefficient, or so distant as to be of negligible influence in the vicinity of the 
part of interest. Thus the backscattered radiation Ep at any point can be 
calculated if the field and its normal derivative are specified on the surface. 
If the surface is approximately plane—that is, if the radius of curvature of the 
surface is large compared to the wavelength—then the plane reflection 
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formulas, (6.1.18-19) apply. The field on S will be a combination of the 
incident and reflected fields: 


Eg = (1 + Q)E; (6.4.15) 
whence: 
e) == OFkOn (6.4.16) 
On) 


where Q is the reflectivity of the field, E, is the incident field, k; is its wave 
vector, and n the local normal vector, as shown in Figure 6.16. To minimize 
geometrical complications, we consider a one-dimensional model. Let k, be 
the wave vector of the reflected ray; then the distance r in (6.4.14) to the 
observation point P can be written [153] 


kor = k,ty — kyo" (6.4.17) 


where r’ is the vector from the origin to the reflection point. Then if r > r’, 


we can write: 
ikyr tkyT 
Pais (II es 
y= = —— ether (6.4.18) 


r ro 


Substitute (6.4.15, 16, and 18) in (6.4.14) (and set r = 0 in the integrand): 


ikyro 


ERY, To) = ; [ #100 — k,) — (k, + k,)]-n par ags (6.4.19) 


Tho 


Assuming £; to have the sinusoidal form, (6.1.13), gives in the coordinate 
system of Figure 6.16 at the reflection point: 


E,; = E, exp(ik, :r’) = E, exp[ik,(h cos p — x sin —)] (6.4.20) 
Since the receiver is at the same location as the source, we can write: 


k, = —k, =k (6.4.21) 


Surface 
element 


Figure 6.16: Geometry of radiation incident on an undulating surface. From Hagfors 
[153, p. 3780). 
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Substitute (6.4.21) into (6.4.20) and both into (6.4.19) 
Be 


2ah> 


Eee? ty) = [ Q(4,) cos 6; exp[—2ik(x sin gy — hcos y)] ds (6.4.22) 
Ss 
The signal received from a point at angle y from the closest point will 
depend on the slope (tan « in Figure 6.16), of the terrain at angle g. We 
therefore wish to replace the locally referred incident angle 6; by » and the 
slope t = tan «. From the figure and cosine sum identity: 


_ cosy +tsin y 


cos 0; = COS (p = «) SS eT (6.4.23) 
ice 
We can also replace the locally referred element ds: 
7 eee i ery FER (6.4.24) 
COS & 


So, replacing the factor outside the integral by C, 


Ext 79) = C(ro)| OCcos @ + tin 9) 
xX exp[—2ik(x sin gy —hcos y)] dx (6.4.25) 


If there were a dominant topographic feature, located by the combination 
of range ry and Doppler shift, then the enhancement of the signal over the 
general level as the feature rotated across the disc could be used to deduce the 
height A using (6.4.25). To define “‘general level,’ however, we need some 
statistical measure of the heights A, slopes ¢, and reflectivity Q(t) of the 
planetary surface. The simplest measure of statistical properties of a function 
of a one-dimensional continuum is the autocovariance function K(Az), the 
mean product of values a distance Az apart. In this case, we have 


K(Ax) = (O(H)O*(t')(cos m + t sin y)(cos m + t’ sin g) 
x exp[2ik cos p(h — h’))), Az=a—x’ (6.4.26) 


where the angle brackets ( ) denote averaging. Then for the average power 
(lERl”) = ich {[ Ka) exp(—2ik Az sin py) d(Ax)dx (6.4.27) 


In the covariance function K(Az) of (6.4.26), if the reflectivity Q is close to 
specular, then reflections for slopes yielding almost normal incidence, or 
t= tang, will dominate in the integral. The considering the reflection 
function in (6.4.26) 

F(t, t') = O(t)O*(t')(cos py + tsin g)\(cosp +t’ sing) (6.4.28) 


as a Taylor series expansion about this slope tan @, the evaluation of K(Az) 
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can be carried out as the integration of a joint probability distribution of 
height differences Ah and end-point slopes ¢, t’ for an interval Az: 


sae | | exp{—(2kh, cos )*(1 — p(Az)]} 
YP 


(IE pl”) = arr ae 
Yo A” COS 
x exp(—2ik Az sin pm) d(Axz) dx (6.4.29) 

where p(Az) is the autocorrelation of A over distance Ax; h,, is the rms 
height; the radiation, (6.4.27), has been converted to radiation per unit 
wavelength by multiplying by the wave vector k = 27/A; and |O,|? is the 
power reflectivity at normal incidence, R, given by (6.3.22). 

For application the solution (6.4.29) must be extended to two dimensions. 
If the distribution of heights is assumed to be Gaussian, with a scale length of 
covariance /, 


—(Az)y1? 
p(Az) = exp| - | (6.4.30) 
the average power as a function of angle of incidence is: 
- =/Ph 
P(y) = cos“ @ exp ere, (6.4.31) 
The gain g in (6.4.4-5) is: i 
2 
ee 2(“2) Soe (6.4.32) 


Observed Reflection by the Moon 


This “quasispecular” model is only valid for a smooth surface, that is, one 
that has no irregularities comparable to the wavelength of the radar, A. 
Furthermore, the effect of shadowing—significant near the limb—is neglected. 
If the model is applied, then we should expect a rapid dropoff from the 
maximum reflection at the closest point. In actuality, the radar reflection does 
not continue to follow the law (6.4.31) closely beyond an angle ¢ of about 
40°-60°, but instead diminishes more slowly as if it were a combination of 
(6.4.31) and a law [113, 114, 115] 


P(¢) oc cos*/? (6.4.33) 


The proportionality (6.4.33) is intermediate between two models of diffuse 
reflection; the Lambert: 


P(q) x cos? (6.4.34) 
and the Lommel-Seeliger: 


P(y) x cos (6.4.35) 
Beyond ~ ~ 80°, the law (6.4.35) appears to apply. 
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Figure 6.17: Average echo power reflected by moon P(t) as a function of delay. From 
Evans & Hagfors [114, p. 4880]. 


The obvious suggestion is that the moon is partly a quasispecular and 
partly a diffuse reflector. If this were true, we should expect that the diffuse 
portion would vary inversely with wavelength—since a higher proportion of 
objects would be large enough to cause scattering for shorter wavelengths— 
and that the degree of polarization should depend on the diffuse portion. 
Both of these effects in fact are observed. 

Figure 6.17 shows the variation of power reflected with wavelength. 

A summary of the results obtained from radar observations of the moon 
since 1960 is given in Table 6.7. The high values for the cross-section factor 
at the long wavelengths may arise from systematic errors introduced by 
ionospheric effects. 

The variation of the dielectric constant « with wavelength in Table 6.7 may 
be caused by a layered structure in the moon: the longer wavelengths reach 
deeper, more compacted material. Separate evidence of such layering has 
been obtained by examining the difference in return power of the two com- 
ponents of polarization as a function of the angle of incidence, in accordance 
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TABLE 6.7: RADAR OBSERVATIONS OF THE MOON 


Wavelength, Cross-section Diffuse Diffuse Average _ Dielectric 
A Factor, Portion of Portion of Slope, Constant, 
(cm) gR Power Surface od € 
0.86 0.07 0.85 0.68 Das 
3.6 0.04 0.35 0.17 lew Oe. 
23.0 0.065 0.25 — 0.11 10° 
68.0 0.064 0.20 0.08 10° oe 


1130-1920 0.13-0.19 


From Evans [113] and Evans & Hagfors [114]. 


with (6.1.18-19). The results obtained are summarized in Figure 6.18: they 
indicate a definitely lower dielectric constant of 1.7—1.8, in better agreement 
with the values from thermal emission observations. The fitting of a two-layer 
model with an e of 1.8 for the upper layer to the data then obtains several 
tens of centimeters for the layer thickness and a dielectric constant of 4 or 5 
for the lower layer. This higher value then to some extent explains, through 
(6.3.22), the higher cross-section factor gR for the long wavelength radar [154]. 


Radar Mapping of the Moon 


The operation since 1964 of the 1000-ft radar of the Arecibo Ionospheric 
Observatory, at 70-cm wavelength, has enabled mapping of features on the 
moon with a resolution of about 2 km. This mapping shows localized en- 
hancements reflectivity by factors as much as 20, suggesting areas of rough, 
exposed, and compacted rock. These localized enhancements are strongly 
correlated with high optical albedo and with the hot spots found by infrared 
observations during an eclipse. A prominent example, the crater Tycho, is 
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Figure 6.18: Ratio of radar transmission coefficients for the moon as a function of angle 
of incidence. Circles indicate observed values. From Hagfors er a/. [154, pallss! 
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shown in Figure 6.19. Such features show many evidences of being relatively 
new, as discussed in Section 7.2. On a broader scale, the enhancements shown 
by highland areas over maria are about 13 to 2 [137, 397]. 

Recently radar observations of similar detail have been made at 3.8 cm 
wavelength by the MIT Lincoln Laboratory Haystack radar. At this shorter 
wavelength the enhancement of features such as Tycho is much less, as if 
there were a few centimeters of low reflectivity material over the high re- 
flectivity surface [462]. 


Radar Observations of the Planets 


Observations have been made of Venus at wavelengths from 3.6 to 780 cm. 
The reflectivity gR varies from 0.12 to 0.20 except at 3.6 cm, where it is only 
0.009: apparently a consequence of atmospheric absorption. Venus has a 
power curve similar to the moon’s in Figure 6.17, except that it rises to a peak 
about 5 db higher at the closest point—indicating that Venus is somewhat 
smoother than the moon. A smoother surface is also indicated by a lower 
amount of depolarization. The mean slope deduced for Venus is also less 
than the moon’s, about 8°. The dielectric constant, ¢, is about 4, comparable 
to about the lowest observed for terrestrial silicates. Some considerable local 
enhancements on Venus have been observed and mapped in fair detail near 
the equator. The period of rotation —243.1 days in Table 5.1 also, of course, 
was derived from radar, by the motion of reflection prominences across the 
radar Doppler spectra [102, 144, 314]. 

Mercury thus far appears to be very similar to the moon, with a cross- 
section factor of 0.06-0.07. The rotation period of 59 + 3 days was deduced 
by radar. 

Observations of Mars indicate that it is smoother than Venus. Mars appears 
to have considerable variations in reflectivity—from 0.03 to 0.13 in gR. A 
resolution of about 6°, or 350 km, of features on Mars has been attained. 
Areas of high radar reflectivity appear to be correlated with areas that are 
dark optically. Sometimes, however, the high radar reflectivity area is offset 
in longitude from the optically dark area in a direction toward the point 
closest to the earth. This direction of offset suggests that the dark areas are 
elevations, rather than depressions. The amount of offset « will be the slope of 
the elevation; from the slope « and the length in longitude AO of the feature, 
its height can be estimated as 


Max < Rudd (6.4.36) 


Heights ranging from 4 to 16 km have been deduced in this manner for several 
dark areas on Mars [355]. 

As mentioned in Chapter 5, the radar data in conjunction with optical 
data and orbital theory have been used to improve significantly the numerical 
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values for several parameters of the solar system. Among these are radii for 
Mercury: 2434 + 2km, and Venus: 6056 + 1 km, which are much better 
than the values based on optical measurements [20]. 


PROBLEMS 


6.1. Derive the electromagnetic wave equations, (6.1.6 and 7), from Maxwell’s 
equations (6.1.1-4). 


6.2. Derive the relationship between the magnitude phase function Am(«), (6.1.23), 
and the reflectivity phase function ® used in (6.1.27). 


6.3. Derive the polarized reflection equations, (6.1.18 and 19), from the expressions 
for the electric wave (6.1.16 and 17) and the continuity requirements of the interface. 
Why is continuity of tangential, rather than normal components specified ? 


6.4. Derive the reflectivity at normal incidence, 


nn (= 
ge +1 
(6.3.22) for unit permeability « from the reflection equations (6.1.18 and 19). 


6.5. A nuclear fission explosion produces a temperature on the order of 10° °K. 
Assuming this to be true over a sphere 10 cm in diameter, calculate approximately: 
(a) the total rate of electromagnetic radiation from the surface of this sphere; 

(b) the radiation flux (power incident per unit area) at a distance of | km; 
(c) the wavelength corresponding to the maximum in the radiated power spec- 
trum. 


6.6. Derive a formula to give the lifetime of a sphere of ice in a circular orbit as a 
function of its initial radius and distance from sun. What is the lifetime obtained for 
a radius of 100 meters and a distance from the sun of | AU? 


6.7. Derive equation (6.3.4) for the attenuation factor « of electromagnetic waves in 
a poor conductor. 


6.8. The surface brightness 2K,, dw is defined as the amount of energy within the 
frequency internal dw radiated perpendicularly from an element of surface, per 
second per square centimeter, within a unit solid angle. Derive “Kirchhoff’s law,” 
which states that the surface brightness is equal to the ratio of rate of energy emission 
by a body to the absorptive power: 

1B, 


Re rag 


What relation does Kirchhoff’s law have to the energy emission from a volume 
element within a planet, (6.3.9)? 
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6.9. Integrate the equation for diurnal temperature variation, 7.,,, (6.3.16), to obtain 
the result given by equations (6.3.17-19). 


6.10. Assume a planet to be 2 AU from the sun, and to have a visual albedo of 0.15. 

The averaged infrared brightness temperature is observed to be 189°K. Is this 
temperature consistent with the planet being a blackbody ? What assumptions must 
be made to answer this question? 

What do you estimate will be the maximum and minimum temperatures on the 
planet’s surface if it rotates once every 24 hours and if it has thermal properties like 
(a) those deduced for the moon; (b) those of average igneous rocks on earth? 

The variation in temperature at the equator 7,, in the 24-hour period is +5°. 
What do you deduce about the thermal inertia, (Kpc)"¥/?? 

The mean temperatures from 1 cm and 10 cm microwave emissions are 190°K and 
200°K respectively. Using the above derived thermal inertia, what do you estimate 
to be the heat flow from the planet’s interior? 


6.11. Make an estimated calculation of the mean equatorial temperature 7), and 
diurnal variation 7,, at the surface of Mercury, assuming it to have the same thermal 
inertia y as the moon. 


6.12. Applying the divergence theorem—used, e.g., on page 105—to the vector A 
defined by: 
A = EV» 


derive Green’s first theorem: 


te) 
[ ve vvdo =| eas —[ eveydo 
Vv gs on : 


where 0/@n denotes the derivative normal to the bounding surface, and Green’s 


second theorem: 
r) dE 
[ere -v ved =| (22 —»Z)as 
V s\ on dn 


6.13. Derive (6.4.16), the normal derivative of a component ofa field, from (6.4.15) 


6.14. Write an expression to convert signal time delay f, as given in Figure 6.17, to 
angle » from closest point. 


6.15. Discuss qualitatively the technique for deducing the average terrain slopes and 
percent roughness of the moon from radar reflections. 
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Chapter 7 


GEOLOGY OF THE MOON AND MARS 


If a planet is not shrouded by clouds, then the application of the physical 
observations described in Chapter 6 will be in a context provided by photo- 
graphs, which acquire considerably more detail and whose value is further 
enhanced by being the medium of observation closest to that of humans, and 
hence more readily interpreted. 

If a planet is readily observable by photography, it normally will have very 
little atmosphere, such as the moon, Mercury, or Mars. If it has very little 
atmosphere then it is subject to bombardment by meteorites, and we should 
expect such a planet to have meteorite craters as one of its leading character- 
istics. Other considerations that would lead us to expect meteorite impact and 
the associated cratering and fragmentation to be more important on a smaller 
planet are: first, that a planet of higher area/mass ratio will be a more efficient 
radiator of heat and hence will have a lower temperature gradient upon going 
into the interior, thus leading to less igneous activity; second, it will have had 
a lower initial temperature since there was less gravitational energy to convert 
into heat; and third, it is less likely to have oceans or appreciable amounts of 
water sufficient to cause significant erosion and sedimentation. The lower 
level of igneous activity makes likely a lesser degree of differentiation in the 
smaller bodies. Hence we should expect that the geology of smaller bodies 
such as the moon, Mars, and Mercury will be appreciably different from that 
of the earth, and we should expect that the relative importance of types of 
structures will be greatly altered as well as there being a considerable differ- 
ence in interpretation. As for Venus, it may well be similar to the earth, but 
its geology at present is very much in the mist. 

The plan of the chapter therefore is first to first examine meteoritic impact 
as a geologic phenomenon, and to extract such information as can be obtained 
from terrestrial experience; then to discuss lunar geology, because it has much 
the greater detail of photography available; and finally, to examine Mars 
primarily in terms of the significant differences it might have from the moon. 


7.1 Impact Cratering 


In Section 5.3, the rate of infall of small bodies into the earth was discussed, 
the principal results being summarized in Figure 5.12. In this section we wish 
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to explore the implications of these observations: their consequences on earth, 
and the extrapolations that can be made to the moon and to Mars. The 
questions to be investigated are: 


1. The mechanics of impact: what happens when a small body strikes the 
solid surface of a planet; the size and shape of the crater formed, as a function 
of the surface material, and of the mass, velocity, and impact angle of the 
body; the amount of material thrown out, both to escape and to fall back 
on the planet; the degree of melting and fragmentation of material. 

2. Terrestrial evidence pertinent: laboratory experimentation, artificial 
explosions, natural craters, and shock phenomena, taking into account the 
modifying effect of the atmosphere. 

3. Problems of extrapolation: modifications with the size of the planet; 
the effect of the proximity of the earth in the case of the moon and of the 
proximity of the asteroid belt in the case of Mars. 


Hypervelocity Impact 


Experiments with impacts at high velocities (in excess of about 2.5 km/sec) 
indicate that the response of both the impacting projectile and the target 
material is essentially fluid. At an early stage of the impact, the stresses set up 
are much greater than the mechanical strength of either projectile or target. 
Hence the material behaves as though it had virtually no strength—that is, 
as a fluid. 

As the front of the projectile moves into the target, a spray of fine particles 
squirts out to the side. Next a shock wave radiates from the impact point, 
compressing and accelerating the material of the target. Another shock wave 
backs into the projectile, decelerating it. These waves may generate heat 
enough to cause melting. Next the target material flows radially from the 
impact point, opening up a crater. The projectile material also flows radially, 
and some of the material moves around the crater edge and is ejected in a 
sheath-like jet. As the crater grows, the angle of the jet steepens, and the 
velocity of ejection decreases. Meanwhile, the front of the shock wave moves 
ahead with the expanding crater following close behind. Between the two is a 
hemispherical shell of hot matter. The shock wave weakens as its volume of 
action increases, and it is overtaken by tension waves connecting free surfaces 
with the material moving away underneath. At length the strength of the 
target material takes over [72]. 

The foregoing description applies primarily to projectile and target of 
ductile metal; in the caSe of rock, which is more brittle, the process is less 
perfect, with considerable irregularity due to fragmentation. In all cases, 
however, hypervelocity impact is best described by hydrodynamic equations, 
plus equations of state to take into account the change in density of the 
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material with pressure, as discussed in Section 2.5. These equations are [34]: 
(1) the equation of motion (c.f. (2.4.14)) in Eulerian form, neglecting viscosity, 
elasticity, etc.: 

pv + Vp + pVV =0 (7.1.1) 
(2) conservation of mass: 

pV:v+p=0 (7.2) 

(3) internal energy, applying the adiabatic approximation (i.e., dq zero in 
(1,2,5)): 


po 26 ia) 
p 
and (4) the equation of state: 
p = p(p, E) (7.1.4) 


Equations (7.1.14), together with the potential function V and appropriate 
boundary and initial conditions, completely specify the motion. The form of 
the equation of state (7.1.4) may be (at lower pressures) the Birch form 
(2.5.19), or it may be one obtained from shock experiments, (1.2.3) and 


Figure 1.16, extrapolated by approximate nuclear theories used for stellar 
interiors. 
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Figure 7.1: Pressure and velocity field at 0.17 msec; 30 km/sec, 12,000-ton iron projectile 
in tuff target. From Bjork [33, p. 3380]. 
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Calculation of a Hypervelocity Impact 


Attempts to solve equations (7.1.1-4) for the meteor impact problem 
approximately taking into account momentum and energy conservation 
considerations have obtained results erroneous by order-of-magnitude. 
Hence the most precise integrations have been numerical, in which the matter 
of the projectile and target is represented by many particles which carry with 
them the appropriate mass, momentum, internal energy, and kinetic energy 
through a fixed spatial grid. The pressures and velocities of such a calculation 
are shown in Figures 7.1-3, which apply to a 12,000-ton projectile of iron 
density (7.85 gm/cm~*) striking tuff (density 1.7) at a velocity of 30 km/sec. 
Note in Figure 7.2 that a zero velocity stagnation point first develops about 
12 meters deep, above which material is thrown out, and below which it is 
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Figure 7.2: Pressure and velocity field at 3.44 msec; 30 km/sec, 12,000-ton iron projectile 
in tuff target. From Bjork (33, p. 3383] 
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Figure 7.3: Pressure and velocity field at 24.8 msec; 30 km/sec, 12,000-ton iron projectile 
in tuff target. From Bjork [33, p. 3386]. 


being driven deeper. By Figure 7.3, about 20 msec later, the stagnation point 
has penetrated to about 80 meters deep. The maximum pressure has also 
dropped by a factor of 250 from the initial 10 Mb to 40 kb [33]. 

The velocities of the upward thrown material can be used to carry forward 
the integration of paths in the gravity field and thence to determine the size of 
the crater that will remain and the distribution of material about the crater. 
The final crater in the case diagrammed is estimated to attain a radius of 
500 meters and a depth of 150 meters [33]. 


Terrestrial Meteorite Craters 


Hypervelocity impacts have been reproduced on a small scale in the 
laboratory [129, 131]. To test the impact calculations on a large scale, as 
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Figure 7.4: The Great Meteor Crater of Arizona. Note circularity, depth/diameter ratio, 
raised rim, hummocky throwout. Photo by John Shelton, Claremont, Calif. 


described above, as well as to get some statistics on frequency of occurrence 
to corroborate Figure 5.12 and extend it to the right, meteorite craters on 
earth are used. Since a meteorite must be quite large not to have its velocity 
reduced below that for hypervelocity impact—say, much more than 200 tons 
(see problem 7.1)—the craters that have been identified are all at least 20 
meters in diameter. Figure 7.4 is a photograph of the best known, the Great 
Meteor Crater in Arizona. The radius of the Arizona Meteor Crater is 600 
meters. By calculations such as those described, this radius requires a 
meteorite mass of about 72,000 tons for a 30 km/sec impact velocity, or 
about 190,000 tons for the minimum velocity of 11.2 km/sec (the earth’s 
escape velocity). Figure 7.5 is a simplified cross section of the crater. The lens 
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Figure 7.5: Cross section of meteorite crater. From Short (367, p. 590]. 
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of breccia—rock fractured by the pressure waves—below the crater is almost 
as large as the crater itself. In the material thrown out around the crater, the 
sequence of different rock types is the reverse of the strata in the area: that is, 
the material first thrown out is the first to fall. The diameter/depth ratio is 
usually about 3 [362, 367]. 


Use of Nuclear Explosion Cratering 


All the meteorite craters are circular in shape, without indication of any 
direction of motion of the meteorite. This circularity is a consequence of the 
explosive nature of the hypervelocity impact, the energy being the kinetic 
energy Mv?/2 of the meteorite. The rapidity and low gas generation of hyper- 
velocity impact cratering suggest that it should be similar to cratering by 
nuclear explosion, rather than the slower chemical explosion. Figure 7.6 is an 
example of a nuclear explosion crater with a relatively shallow shot point [367]. 

Although there are some differences in detail, the similarity is sufficient 
that considerable data on nuclear craters can be used for empirical rules 
applicable to meteor craters. The diameter of nuclear explosion craters varies 
systematically with the depth of burst scaled for the energy of the explosion. 
The effective depth of burst of an impact crater in turn depends mainly on the 
velocity of the meteorite and the relative density of the meteorite and the target 
rocks. If the energy conversion was of the same efficiency for all sizes of 
cratering explosions, we would expect that both the depth and the diameter 
would vary proportionally to the } power of the energy released. Nuclear 
experiments indicate that the larger the explosion, the less efficient, so that the 
appropriate exponent is to the 1/3.4 power of the energy released. For a given 
size explosion in kilotons TNT equivalent, we should expect that the diameter 
of the crater would also vary with the depth of the explosion and that using 
the 1/3.4 power rule we could, from an explosion of a given energy, extrapolate 
results to other energies with depths scaled proportionate to the 1/3.4 power 
of the energy [422]. In the case of meteorites we should expect that if we assume 
their velocities to be all comparable, say 15 km/sec at impact, there would 
be one particular scaling law; this would also depend on the densities and 
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Figure 7.6: Cross section of Jangle U nuclear explosion crater. From Short [367, p. 590]. 


IMPACT CRATERING 307 


strengths of the meteorite and target material, but for typical value this scaling 
depth is about 4.6 m/(kt TNT)*/3+. For this depth-scaling law the diameter of 
a crater in meters obtained from experiments in nuclear explosions is: 


D = 49 wis-4 (7.1.5) 


where W is the energy released in kilotons TNT equivalent. One kt TNT 
equivalent is 10’ cal or 4.2 x 10!% ergs. Then the energy released by the 
impact of a meteorite is, for M in grams and V in kilometers per second: 


AMV? 
2 
= ——__—_ 7.1.6 
4.2 x 10° ( 
Combining (7.1.5) and (7.1.6), 

2h 2D = 0.0593 orety one Gly) 


which obtains 630 meters for a radius in the example described by Figures 
7.1-3, compared to about 500 meters from the numerical integration [366]. 


Throwout Calculations 


The calculation of the amount of material thrown out of an impact crater 
is of interest in two different respects: first, to determine the characteristic 
pattern of material around a crater; and second, in the case of the moon and 
Mars, to estimate how much material is ejected at greater than escape 
velocity to contribute to the meteorite population. 

The principal rule applying to crater throwout, Schréter’s rule, was 
actually deduced from lunar craters. Schréter’s rule states that the volume 
of the rim equals the volume of the crater depression. However, more recent 
experience with nuclear explosion craters as well as measurements of smaller 
lunar craters indicate that the ratios of rim to crater volume fall between 0.4 
and 0.8. The discrepancy appears to be due partly to the ejection of much 
material beyond the edge of the exterior crater rim slope and partly to the 
vertical and lateral displacement of bed rock adjacent to the crater de- 
pression [316]. 

The results of actual measurements of several nuclear explosion craters 
from bursts ranging in energy from 0.02 to 100 kt TNT equivalent are 
summarized in Figure 7.7, which gives the ratio of the ejected mass M, 
within distance r to the total ejected mass M, for a crater of radius R. Thus, 
for example, on the average 50 percent of the ejected mass falls within a 
distance of 2.2 crater radii. The same experiments also showed that for the 
outer parts of the throwout there is considerable variation with direction of 
ejecta density, as summarized in Figure 7.8 for a crater of 100 kt TNT 
equivalent energy and 183 meters radius. Such rayed patterns of ejecta appear 
characteristic of all explosion craters, impact as well as nuclear [66]. 
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Figure 7.7: Mass distribution of ejecta from nuclear explosion craters. From Carlson & 
Jones [66, p. 1909]. 


Scaling from Earth to Moon 


The true size and shape of an explosive crater and the extent of its associated 
brecciation should depend mainly on the energy of the explosion and the 
properties of the material in which it takes place: that is, the gravitational 
term VV is relatively unimportant in the governing equations (7.1.14). Also 
the distribution of ejection velocities should be dependent mainly on energy 
and material properties. But the distribution of ejecta location will depend 
mainly on the gravitational acceleration, as indicated by the ordinary 
ballistic equation 

ree 
peas (7.1.8) 
§ 
(see problem 7.2). Hence on a smaller planet a given energy will produce 
roughly the same size crater, but the ejecta will be more widespread. The 
effect of a smaller g also will be to allow less material to fall back into the 
crater, so that the apparent size of the depression will be increased. 


Experimental Data on Ejecta 


Experiments with hypervelocity impacts in a vacuum at velocities up to 
7 km/sec indicate that the amount of material ejected will be 10? to 104 times 
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Figure 7.8: Distribution of ejecta with azimuth for a 100-kt nuclear explosion crater. 
From Carlson & Jones [66, p. 1905]. 


the mass of the impacting meteorite. This amount is very little affected by the 
porosity of the surface material, unless it has a high bonding strength, such as 
pumice. On the moon such a large “cloud” of ejecta would have a consider- 
able erosive effect. Furthermore, about | percent of the ejecta will be at 
velocities exceeding the lunar escape velocity of 2.4 km/sec [129, 131]. 
Experiments with impacts in a vacuum at velocities on the order of 1 km/sec 
result in craters whose size and shape will be considerably affected by the 
target strength and angle of impact. For impact angles less than 60° from the 
horizontal, the arc over which ejecta are thrown is less than 180°. The shape 
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of the crater may be elongated to as much as a 5:3 ratio, depending on the 
nature of the material. The entry side of the crater generally will be the steeper 
for low-angle impacts [130]. 


Shock Metamorphism 


Additional indicators of pressures and temperatures attained in impact 
craters, and hence of the energy of the impacting body, are mineralogical 
shock effects, or shock metamorphism. These effects include: (1) multiple 
sets of closely spaced planar microstructures; (2) in the case of quartz and 
plagioclase, transformation to glass; (3) high-pressure polymorphs, such as 
coesite and stishovite; (4) nickel-iron spherules; (5) droplets of certain 
minerals requiring temperatures in excess of 1500° C; (6) dense glass of bulk 
rock composition, with dissolved iron oxide particles; and (7) shatter cones, 
nested conical structures with grooved surfaces, ranging from millimeters to 
meters in length [69, 368]. 


Calculated Cratering Rates 


To estimate the frequency of infall of meteorites on the moon and Mars, 
we start with Figure 5.12, which gives as the frequency of infall of meteorites 
of mass greater than M in grams, roughly: 


105 M-1-9, M < 102° gm 
Earth: f = Ce) 
1022 M-9-6, M > 102° gm 


where f is the number per 10° km? per 10° years. Combining equations 
(7.1.7 and 9), we get for a frequency/10® km?/AE of impact craters of diameter 
larger than D: 


O67! « [GRP e Des 4, M < 10?° gm 


Earth: f = 1.10) 
O:313\x 10° Vest, M > 10" gm 


for V in kilometers per second and D in meters. Setting the velocity as 15 
km/sec we get: 


13.18 — 3.4 logy, D, D < 250 meters 


C71) 
9.91 — 2.04 logiy D, D > 250 meters 


Earth: logy) f = 


Thus, for example, (7.1.11) gives about one impact crater larger than 1 km 
in diameter for an area the size of the North American continent (24.3 x 106 
km?) about every 6000 years. This rate seems high relative to the number 
which have been found in all North America, but not relative to the number 
found in areas favorable to discovery, such as the Canadian shield. 


THE SURFACE OF THE MOON sitll 


7.2 The Surface of the Moon 


Estimated Crater Frequency 


Taking into account the different capture cross sections and surface areas, 
the frequency for the moon should be 0.474 times as great as for the earth 
for an approach velocity of 10 km/sec (5.3.36). Because of the lower escape 
velocity, the diameter for the mass of 10'° gm will be less (see problem 7.3): 


12.53 — 3.4 logy D, D < 200 meters 


Moon: lo = (7.2.1) 
Buf 9.39 — 2.04 log.) D, D > 200 meters 


If we assume the moon has the same age as that estimated for the earth, 
4.55 x 10° years, then we obtain: 


13:19 —93:4 logig D, D < 200 meters 
Moon: logy) F = (72.2) 
10.05 — 2.04 log.) D, D > 200 meters 


It is sometimes contended that there should be a greater crater frequency 
on the side toward the earth because of a gravitational “focusing” effect; see 
problem 5.8 [25, 366, 439]. 


Observed Crater Frequencies 


The moon’s surface has been customarily divided into two distinct areas: 


1. The uplands, generally (but not always) of higher elevation, characterized 
by higher albedo, greater irregularity at a kilometer scale, and many more 
craters observable from the earth. 

2. The maria, darker in color, relatively flat, and much fewer large craters. 


The crater frequency for diameters D greater than | km is approximated 
by [366]: 
Uplands: logy) F = 11.05 — 2.12 logy, D 


Moon: (i200) 
Maria: logiF = 8.12 — 1.71 logy D 


where F is the frequency in number per 10° km? and D is the diameter in 
meters. These frequencies are plotted on Figure 7.9, to compare with those 
extrapolated from the earth, by (7.2.2). Also plotted on Figure 7.9 are counts 
based on Ranger VII photographs and earth-based photographs of the Mare 
Cogitum, in which the Ranger VII impacted (see Figure 7.10 for locations 
on the moon of places referred to). For craters smaller than about a kilometer, 
the frequency counts are considerably complicated by secondary and non- 
impact craters and the effects of obliteration of smaller craters by subsequent 
impacts [163, 551]. 
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Crater frequency counts indicate that the ages of different maria, the large 
dark open areas, vary appreciably. In a sample of eight large maria, the 
craters per 10° km? more than one mile, or 1.6 km, in diameter, vary from 
242 up to 540, compared to the average of 426 given by the second part of 
(7.2.3). This variation in crater frequency is utilized as part of an attempt to 
obtain a sequencing of geological events on the moon analogous to that on the 
earth, as described below. 

The most recent information about crater frequencies is from Lunar 
Orbiter satellite photos. These photos confirm the frequencies of small 
craters in maria obtained from Ranger VII photos. However, the frequencies 
of small craters in upland areas are surprisingly less: if the “uplands, 
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Figure 7.9: Cumulative frequency of craters on the moon. From Hartmann [163, p- 210], 
Shoemaker ef a/. [366], and equation (7.2.2). 
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Figure 7.10: Index map of locations on the moon. R7, R8, R9: Ranger impact locations; 
S1, 83, $5, S6, S7: Surveyor landing locations. 


observed”’ line in Figure 7.9, were extended to the left, it would fall below 
the maria counts between 10? and 10° meters. 


Types of Features 
We discuss lunar features classified into five somewhat arbitrary types: 


Craters. 

Rilles. 
Protrusions. 
Faults. 

Plains, or maria. 


AO ila 
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Primary Impact Craters 


The photos of the moon often seen are taken with the sun at a considerable 
angle to the normal in order to obtain detail. Thus there is the illusion that the 
lunar terrain is rather steep. Actually, it is fairly gentle. Figure 7.19 gives a 
good impression of lunar relief, including a shallow old crater (Marius) about 
40 km in diameter and 1500 meters deep. In many cases an observer standing 
at the center of a large crater would be unable to see the rims because of the 
curvature of the moon. There are five craters that are larger than 200 km. 

Craters may be further classified according to: 

1. Impact craters. 

(a) Primary. 
(b) Secondary. 

2. Volcanic craters. 

3. Collapse features. 


Primary impact craters are nearly circular, they have a smooth floor, they 
sometimes have a central peak (but not always), and the floor is lower than 
the surrounding plain. The larger craters, those on the order of tens of 
kilometers across, have a series of terraces on the inner wall, apparently 
caused by slumping. Immediately outside the rim the terrain is extremely 
hummocky from throwout. Further out, these hummocks and depressions 
become more distinct ridges and valleys, but they never attain the distinctive- 
ness of a terrestrial terrain dissected by erosion. An example of a large impact 
crater 90 km in diameter, Copernicus, is shown in Figures 7.11 and 7.12. 
As can be seen in Figure 7.12, the central peak is quite irregular. 

Large impact craters on the moon are appreciably shallower than impact 
craters on earth; the ratio of rim volume to depression volume may be as 
high as 1:1, and the diameter:depth ratio may be 10:1 or more. A general 
empirical relationship between depth d and diameter D of Baldwin [22] for 
craters up to 30 km diameter is: 

logig D = 0.0256 (log,) d)? + 1.027 logy) d + 0.896 (7.2.4) 
for dand D in meters. Explanations suggested for the shallowness of the large 
craters have been (1) some sort of isostatic compensation; (2) impact- 
triggered volcanism; and (3) slumping of material from the crater wall. The 
Jast phenomenon has obviously occurred in the case of Copernicus. 

An important subcategory of primary craters are the rayed craters. These 
are characterized by long bright streaks, called rays, extending in some cases 
a hundred or more kilometers from the crater. They appear prominently on 
the photo of Copernicus, Figure 7.11. Other examples of rayed craters are 
Tycho (86 km), Aristarchus (46 km), and Kepler (34 km). Rayed craters are 
often correlated with strong radar returns (see Figure 6.20) and with a high 
albedo and a less rapid than average drop in temperature after passing into 
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Figure 7.11. Copernicus region, lat. 10° N, long. 20 W. Note irregular throwout, secondary 
craters, bright rays around new primary crater, superposition of these features on older 
features. Photo by F. Pearce, Mount Wilson Observatory, 1929, 
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Figure 7.12: Copernicus crater, lat. 10°N, long. 20°W. Note irregular central peak, flat 
crater floor, stumping and terracing of far crater wall, hummocky terrain in front of near 
crater wall. Photo by NASA, Lunar Orbiter II. 


the darkness, as if the insulating layer that prevails over most of the moon 
were thin or lacking [218, 361]. 

Lunar Orbiter satellite photos indicate some modification of the afore- 
described geometry for the smaller craters. Terracing does not occur in 
craters less than about 70 meters in diameter. Craters in the intermediate 
range of about 35-70 meters have a flat floor, while the smaller craters are 
quite bowl-shaped. Variations in these crater characteristics among different 
areas have been used to deduce variations in the depth of the fragmented 
surface layer from 3 to 10 meters. 

It also appears that the rate of infall of meteorites is such that an area will 
become “saturated” with craters below a certain size: that is, the frequency 
remains constant because the number being obliterated is equal to the number 
being formed. This saturation time follows roughly the law 


T ~ 0.033 D8/2 (7.2.5) 


for diameter D in meters and time T in 10° years [468]. 
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Secondary Impact Craters 


Secondary craters are myriads of small, closely spaced craters extending 
outward from the major primary craters like a series of gouges. They generally 
are elongated along an axis at a small angle to the direction from some 
primary crater. The secondary craters tend to be shallower in comparison to 
their diameter than the primary craters. They are sometimes correlated in 
location with rays extending from the same primary crater. By using the 
principal of superposition, the secondary craters also form a means of dating 
the sequence of events on the moon. The rays mentioned in connection with 
certain primary craters are possibly material splashed out of the secondaries. 
The rays are highly reflective and extend outward five or six diameters from 
relatively new craters like Copernicus or Tycho. The distribution of sizes of 
particles apparently thrown out from major craters is difficult to explain: 
the amount of energy released in a major meteoritic impact would be expected 
to cause a good deal more shattering and pulverizing of the material. An 
explanation which has been suggested is that some of the major craters are 
due to comets that have a gas cloud: the gas would give a certain uplift, or 
carry, to the particles; it also would result in a sorting out of particles by size, 
such as appears to be the case in the relative locations of rays (presumably 
small particles) and secondary craters, caused by large particles. The gas also 
would enable acceleration of the larger objects which form the secondary 
craters, without their being shattered by the explosion. Apparent fading of 
rays with age also can be used to put craters into a chronological sequence. 
Examples of secondary craters appear in Figure 7.11, as well as, on a larger 
scale, in Figures 7.13, 7.20, and 7.22 [361, 363, 364]. 


Volcanic Craters 


The noncircularity and close proximity to each other or proximity to the 
features to be described later, called rilles, of some craters leads to the idea 
that some of the craters are of volcanic origin. Volcanoes on earth are two 
main types: the explosive volcano, which is the spewing out of material from 
a vent—the spalling off of material from the walls of the vent is what forms 
the crater in this case; and the caldera, which may be either violent, such as 
Krakatoa, or quiescent (subsiding) such as some in Hawaii. The caldera is 
formed by the collapse of the roof over a chamber from which material has 
been withdrawn by lava flow or by pyroclastic eruption and ash flow [503]. 
The lunar craters have a character inconsistent with calderas in that their 
floor is lower than the surrounding terrain, whereas calderas, being formed 
by the collapse of the summit of a preexisting volcanic pile, commonly have a 
floor higher than the surrounding terrain. The hummocky ring of material 
outside the rim of lunar craters also is not characteristic of calderas. 
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Hence those craters on the moon which would be volcanic are believed to be 
of the explosive type, in particular a type known as maars. Maars are caused 
by piecemeal spalling and slumping of walls of a volcanic vent and hence 
often have an irregular shape and look quite different from a meteoritic 
crater. They also may have a floor somewhat lower than their surroundings. 
The rim of a maar is formed of ejecta. The maximum slope of this rim is 
usually about 30°. The volume of the rim is less than that of a crater and the 
rim is characterized by distinct bedding corresponding to different stages of 
outspewing. Usually there is no central cone. A factor important in the 
formation of a maar is steam, an excellent agent to cause spalling of rock. 
If there are maars on the moon we should expect to see also evidence of 
outgassing. Another feature of maars that might make them associated with 
the moon is that they tend to lie in chains or rows and often have no connecting 
geological feature at the surface. Examples of chains of small craters not 
explainable as secondary craters of large primary impacts are (1) across the 
center of Deslandres (formerly Hell plain), a series of craters about 4km 
across spaced | to 10 km apart over a stretch of 100 km: see Figure 7.13; 
(2) northeast of Stacius between Copernicus and Eratosthenes several craters 
3 to 5 km across, most of them adjacent to other craters or merging in with 
them, and at the north end passing into a rille (see Figure 7.11); (3) the rilles 
on the north side of the crater Alphonsus, several small overlapping craters: 
see Figure 7.14. Some craters in Alphonsus are surrounded by diffuse dark 
halos at a radius of 4 to 5km, possibly the consequence of volcanic ash 
throwout: see Figure 7.14. 

Occasionally there are also features that look more like earthly volcanoes, 
with dome-shaped or symmetrical hills with small craters at their peak. A 
number of them are across the rise from Oceanus Procellarum near the 
northern edge just north of Hortensius. Also a good example just midway 
between Hortensius and Copernicus is a symmetrical hill 5 or 6 km across, 
several hundred meters high with a | km crater in the summit (see Figure 
Aer (361). 

As mentioned in the introduction to this chapter, however, it is sometimes 
difficult to accept the idea of volcanism in a small body such as the moon. 
In carrying out the calculations of thermal models, as discussed in Sections 
2.4 and 9.2, the depth of close approach to melting is much greater. Hence 
an alternative hypothesis which has been proposed is that some of the crater- 
like features which are difficult to attribute to meteorites but which are 
thought to be of internal origin are collapse features associated with the 
gradual withdrawal of water due to outgassing [231]. However, various 
protrusions which have appeared on Lunar Orbiter photographs suggest 
igneous activity more strongly than ever, as discussed below. 

A listing of the features expected in impact craters and volcanic craters is 
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Figure 7.14: Northeast part of crater Alphonsus, lat. 13°S, long. 3°W. Note rilles 
overlapped by craters, secondary crater chains, relatively smooth uplands. Photo by 
NASA, Ranger IX. 


given in Table 7.1. In general, the impact craters should have more the 
appearance of violent circumstances of formation. Perhaps the most im- 
portant thing to emphasize is that the appearance of the two categories of 
craters is distinct only in underlying structure, which is, of course, inaccessible 
at the moment for lunar features. Furthermore, for the largest impact craters 
the situation may be further confused by the impact being a trigger for 
considerable volcanism. 


Lunar Chronology 


In certain areas of the moon the combination of crater counts and super- 
position of craters and thrown-out material can be used to construct some- 
what of a history. The most marked example occurs in the northwest part of 
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TABLE 7.1: CHARACTERISTICS OF LUNAR CRATERS 


Impact Volcanic 
Property Primary Secondary Maars Caldera 
Maximum size No limit Dependent on 5km Several km— 
ejecta, and say <20km 
hence size, of 
associated 
primary 
Shape Circular Elongated Usually circular, Somewhat 
sometimes irregular, but 
elongated along never 
chains elongated 
Underlying Lens of Moderate Funnel-shaped Larger vent: 
structure breccia, pressure vent, filled with more volcanic 
intense effects mixture of material than 
pressure volcanic and maars 
effects local material 
Surrounding Highly deformed Truncated 
rock 
Ejecta No particular Relatively Always <3m. Similar 
size limit little—very Typically small to maars 
irregular high trajectory 
distribution and hence 
symmetric 
distribution 
Outer slopes Hummocky Hummocky Smooth Smooth 
Central cone Rare None—unless Rare Sometimes 
containing 
ejecta 
Slumping of | Common Common Common Common 
walls, 
terracing 


the moon: the newest large feature in the area is the crater Copernicus: in its 
total area of the crater and ejecta rim, 50,000 km?, there appear to be only 
two recognizable impact craters more than | km across, which implies, using 
(7.2.1), an age of about 0.1 AZ. In contrast, Eratosthenes, just to the north- 
east, has so many craters that the age is probably more than 0.4 ©. There 
are pronounced rays emanating from Copernicus, whereas there is virtually 
no evidence of rays at Eratosthenes. Furthermore, the pattern of throwout 
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Eratosthenes, Copernicus. Photo by Mount Wilson Observatory, 1919. 
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material is much more markedly associated with Copernicus than with 
Eratosthenes, much of it being superimposed upon the latter crater. Eratos- 
thenes itself, however, appears to be newer than the Mare Imbrium to the 
north of it, since craters which have the appearance of secondaries of 
Eratosthenes are imposed upon the Mare Imbrium. In contrast, the crater 
Archimedes, farther to the northeast, does not have such a pattern of second- 
aries around it: see Figure 7.15. On the contrary, it has the appearance of 
having been flooded by the material of the Mare Imbrium. However, to the 
southeast of Archimedes, there are appreciable patterns of what would appear 
to be secondary craters associated with Archimedes in the mountainous area 
called the Apennines. In this manner Shoemaker and his colleagues at the 
U.S. Geological Survey have constructed a sequence of lunar geological 
periods, starting with the Apennines and followed in turn by Archimedes, 
Mare Imbrium, Eratosthenes, and finally Copernicus. This sequence, how- 
ever, lacks an absolute time scale such as we have on the earth with geo- 
chronology; there is just the approximate time obtained by the combination 
of meteorite infall rate to the earth and the assumption of uniformity of this 
rate. As indicated in Figure 7.9, the excess of upland cratering over that 
predicted suggests that the infall rates in the past may have been higher 
than the present by a factor between 3 and 10. Higher rates also are 
indicated by the far side of the moon, which appears to be much more 
“uplands” and less “maria” in character than the near side; see Figure 7.16 
[361, 363]. 


Rilles 


The second type of lunar terrain feature, the rille, is one that may not have 
any close terrestrial counterpart. The nearest type of feature we have on earth 
that runs across many other features are the wrench-type faults, such as the 
San Andreas. However, there is no evidence found yet on the moon of any 
such horizontal displacement of features on opposite sides of a rille compara- 
ble to that which occurs on the San Andreas fault or the Mendocino fault. 
Instead, the rilles just cut across other features without any perceptible 
significant displacement laterally on opposite sides as if they were the conse- 
quence of simple fractures due to tension resulting from some sort of expansion 
of the moon. 

The two terrestrial analogs that offer the closest parallels are: (1) the 
graben, a trench formed by two parallel normal faults, the result of tension; 
and (2) less likely, the diatreme, a funnel-shaped volcanic vent often elongated 
and usually filled with sediments. Diatremes fit some of the patterns of 
volcanic craters mentioned previously. Indeed, there is considerable associa- 
tion between rilles and series of noncircular craters, possibly volcanic. An 
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Figure 7.16: Far side of the moon: southern hemisphere, centering on about 125°E long. 
Note high crater density: large crater (Tsolkovsky) about 240 km diameter with terracing, 
smooth floor, irregular central peak. Photo by NASA, Lunar Orbiter III. 


example occurs in the crater Alphonsus, Figure 7.14. The most spectacular 
rilles on the moon are Ariadacus and Hyginus, near the center of the visible 
face. Both of these rilles are a hundred kilometers or more in length: sce 
Figure 7.17. There are also occasional sinuous rilles, although none as 
prominent as the large straight rilles. The best example is known as Schroter’s 
rille, near the crater Aristarchus: see Figure 7.18. The sinuous rilles look as 
though they have been worn by erosion, like a stream. Alternative hypotheses 
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are that the erosion was by a stream of water [536, 570], or by a stream of 
ash [291]. 

Some of the sinuous rilles show evidence of being rather new; hence 
difficulties of the water erosion hypothesis are first, a source of water, and 
second, a means of preventing its rapid complete evaporation. The associa- 
tion of craters !-10 km in diameter with the heads of rilles suggests that a 
large meteorite is required to break through a permafrost layer to release 
trapped water. The depth of this water must vary from place to place, since 
most craters do not give rise to rilles. To prevent evaporation, there have been 
suggested an atmosphere generated by a very large comet [536] or, more 
plausibly, ice created by the drain of heat of vaporization for some evapor- 
ating water [570]. 

Lunar Orbiter satellite photography has revealed several small rilles, both 
straight and sinuous, 100 or more meters in width and several kilometers in 
length. One sinuous rille runs down the center of the Alpine Valley, a great 
graben-like cleft. In other places, the rilles form a gridiron-like pattern, 
usually associated with volcanic-like craters. Their explanation must be con- 
sidered still much in doubt. 


Figure 7.17: Hyginus Rille, approximately 8°N, 6°E. Note association of craters with rille, 
wrinkle ridges. Central crater is 10 km in diameter, 800 meters deep. Photo by NASA, 


Lunar Orbiter [I]. 


Figure 7.18: Schréter’s Rille and Cobra Head. Approximately 25°N, 49°W. Note “source” 
of rille in mound, sinuosity and parallelism of sides of rille. Photo by NASA, Lunar 


Orbiter V. 


Figure 7.19: Oceanus Procellarum and crater Marius, approximately 10°N, S0°W. Note 
wrinkle ridges, domes, sinuous rilles, shallowness of crater Marius, gentleness of relief. 
Photo by NASA, Lunar Orbiter II. 
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Protrusions 


The third category of lunar features includes protrusions, hills, domes, 
peaks, and the like. In several places there are some domes that look as 
though they were due to some sort of igneous intrusion. Several such domes 
appear in Figure 7.19. The domes are 3 to 15 km in diameter and 300 to 
500 meters high; several are quite rough and show cracks and pits near their 
summits. Such structures could be caused by a magma thrusting up into a 
crust. The existence of features having a definitely volcanic character is 
relatively rare. One of the most marked is in Regiomontanus, immediately to 
the northeast of Deslandres (see Figure 7.13). The crater Alphonsus has a 
definite central peak of some 3500 feet, shown in Figure 7.20. Alphonsus is 
also the site of suspected gas emissions. 


Figure 7.20: Crater Alphonsus central peak, 13°S, 2°W. Note volcanic appearance of peak, 
rilles with associated craters, smoother texture of terrain to west of peak. Photo by NASA, 
Ranger IX. 
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The third type of protrusion, ridges, is very common on the earth but rare 
on the moon. There are a few features on the moon with a ridge-like character, 
which look like dikes that had intruded into fissures opened by tension. 
Many maria show extensive wrinkle-like ridges, such as show prominently 
in Figure 7.19; see also Figures 7.13 and 7.22. On a much smaller scale, in 
some Ranger photos are detected wrinkles passing through craters, suggesting 
an internal origin [411]. 


Lineaments 


Some investigators detect general patterns of lineaments on the moon which 
underlie the terrain [118]. In most cases these lineaments radiate from a major 
feature such as Mare Imbrium. An example is in the area just to the north of 
and including the crater Alphonsus; it appears in Figure 7.20 as a marked 
difference in texture, in a band 1 km wide just west of the central peak, from 
that of the area east of the peak. There are several areas on the moon where 
there is a noticeable ridge-and-trough pattern in the surface texture not 
markedly related to the topography, as if it were controlled by some sub- 
surface structure. 

There is also a marked change in texture on the east side of Alphonsus 
(see Figure 7.14), associated with the abrupt rise of uplands which have an 
appearance like bread dough. A more localized example of an upland with a 
sharp boundary is shown in Figure 7.21. This “bread dough” appearance 
suggests high viscosity, which in turn would be characteristic of acidic 
rocks [293]. 

Associated with the “‘tree-bark” texture of uplands such as those in 
Figures 7.14 and 7.21 is the scarcity of small craters previously mentioned. It 
appears as though both phenomena are the consequence of transfer of frag- 
mented material. However, the texture and lack of craters occur even in some 
rather level uplands, which makes it difficult to hypothesize a mechanism which 
would not also act in the maria. 


Faults 


Of the fourth category of feature, faults, the only type found on earth 
which is also found on the moon is the normal fault as defined in Section 1.4. 
The best example of a normal fault is known as the Straight Wall, located on 
the east side of Mare Nubium just north of Deslandres (see Figure 7.13). 
The Straight Wall is almost 100 km long and about 250 meters high. As 
mentioned, no wrench or strike-slip faults have been found yet on the 
moon [291, 361]. 


Maria 


The final feature, the largest and the most prominent on the moon other 
than the craters, includes the plains or maria. The most marked characteristic 
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Figure 7.21: Oceanus Procellarum, 2.4°S, 42.8°W. Note sharp boundary between uplands 
on left and mare on right, higher crater density on mare, “tree bark” texture of uplands. 
Photo by NASA, Lunar Orbiter III. 


of the maria is that they are much darker. This darkness on the earth, of 
course, is generally associated with more basic materials ; the obvious suggestion 
from their color is that the maria are due to lava flows. If this is true, then the 
lava on the moon must be much more fluid than lava on the earth, because 
nowhere on the moon are there scarps such as are found on terrestrial lava 
flows, on the order of 5 to 10 meters high. If the lava on the moon possessed 
viscosity and freezing rate similar to those of lava on the earth, there would be 
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marked irregular cliffs of this sort. Furthermore, the maria are extraordin- 
arily level: domes having a slope of only 1 to 2 degrees are clearly distin- 
guishable by their shadows [291]. 

Two alternatives to lava flows are suggested to account for the maria. The 
first is ash flows: a volcanic emission which is a combination of gas and fine 
solid particles will spread a surprising distance, despite the absence of an 
atmosphere, and will result in quite a level surface [291]. The second 
alternative is that the maria are deposits of fragments created by the impacting 
of many particles of all sizes on the moon. Again, there is a problem in the 
means of transport of such fragments; electrostatic effects on dust particles 
have been suggested, as discussed below [137]. 

An interesting feature the maria sometimes evidence is a downward 
settling. In some cases craters which have been “flooded” by maria material 
show an erasure of the crater pattern on the side toward the center of the 
maria, but not on the side away from the maria. Also there are some cases 


Ls “ 4 ‘ Y , ee , q 
aA 


\ 


Figure 7.22: Mare Humorum, approximately 25'S, 4O'W. Note concentric rille system, 
wrinkle ridges, crater rims “drowned” on side toward mare, white haloes around new 
craters. Photo by Catalina Observatory and Lunar & Planetary Laboratory, University of 
Arizona. . 
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of concentric rille systems around the centers of the maria. A good example of 
these features are found in Mare Humorum in the southwest part of the 
visible face of the moon, shown in Figure 7.22. If there is indeed any isostatic 
adjustment as was suggested in connection with the shallowness of large 
craters, then the maria must be composed of heavier material than the 
surroundings [291, 363]. 


The Lunar Surface Layer 


Regardless of the large-scale nature of lunar features, the Luna, Ranger, 
Surveyor, and Lunar Orbiter photos have generally been held to confirm that 
the lunar surface layer is the consequence of a long and thorough process of 
fragmentation and refragmentation. The outlines of craters generally are 
quite rounded, except for evidently very recent craters. A good example is 
shown in Figure 7.23. The major feature is a new primary crater about 150 
meters in diameter. Evident in the photo are the sharp edge of the new crater, 
despite some slumping on the inside wall; many boulders thrown out in a 
pattern which becomes quite irregular more than two radii from the center; 
and some secondary craters. All other craters of more than 25 meters 
diameter have rounded outlines. But there are many smaller craters with sharp 
edges, suggesting an ample source of small fragments to round off the con- 
tours of larger craters. An alternative hypothesis to a layer fragmented by 
meteorite impact is a layer of ash. 

A continual fragmentation together with the welding which occurs in a very 
high vacuum would result in a layer of porous, low-density material. The 
smoothness to the radar coupled with the strong backscattering of visible light, 
discussed in Chapter 6, suggest that the moon is covered with such a structure, 
roughly on the scale of 10 u to 1 mm. 

Since the maximum grain size in this sort of structure is determined by the 
ratio of the weight of a grain to forces between the grains, we should expect 
that there would be some sort of limit on grain size. The Surveyor digger 
experiments indicate that the surface layer is weakly cohesive (like fine damp 
sand) and with most grains less than 60 w in diameter, an appreciable fraction 
less than 10 uw. The Surveyors also found somewhat higher densities than 
inferred from radio emission and radar: 0.7 to 1.2 gm/cm? for the upper few 
millimeters, and 1.6 gm/cm® at a depth of several centimeters. The corre- 
sponding porosities vary from 0.8 to 0.5. The thermal inertia |/y found from 
temperature variations was somewhat higher: 1/500 [511, 525, 533, 562). 

Since most slopes on the moon are rather gentle, the smooth uniformity 
of distribution of the small material seems difficult to attain, particularly 
the sharp intersection of level areas with rises, as in Figure 7.21. Such 
sharpness of intersection occurs on quite a small scale, as evidenced by 
Surveyor photos: see Figure 7.24. The transport mechanism must be one that 
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operates on quite a small, almost centimeter, scale. Gold has suggested 
electrostatic effects [137]. There must be an appreciable potential gradient 
close to the surface; if a small particle is knocked loose by a meteorite, then 
it will have a charge relative to its surroundings, and will be buoyed further 
than if it were neutral. Such a mechanism would operate to smooth out 
slopes until they were negligible. But, again, Surveyor III raises a problem: 
the same smooth, fine-grained surface sharply intersecting protruding rocks 
occurs on slopes of more than 10° [511]. 

By comparing the degree of rounding of the rims of old craters with 


Approx. 
Im 
e——- 


Figure 7.24: Area in vicinity of Surveyor I, covering about 50 square meters. Note angu- 
larity of blocks, whiteness of blocks compared to fine surface material. Photo by NASA, 
Surveyor I. 
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laboratory craters covered with varying thicknesses of sand, it has been 
deduced that the layer of granular material on the moon varies in thickness 
from 1 to 10 meters [192, 562]. The bearing capacity of this layer has been 
estimated in at least three different ways: (1) from the maximum slopes which 
the material can maintain, at least 2 x 104 dynes/cm? [193]; (2) from the size 
of rocks, and their distance from their originating crater, sustained by the 
material, 2 to 4 x 10° dynes/cm? [169]; (3) from the touchdown dynamics of 
Surveyor landers, about 6 x 10° dynes/cm? [194, 562]. 

A final puzzle provided by the Surveyor is the color of the surface material: 
an extremely thin surface layer of light dust, over a darker layer of fragmented 
material about 2 meters thick, over a much brighter compacted material. 
Evidence of the brightness of this lower layer is the albedo of the rocks thrown 
out of craters penetrating more than 2 meters [511]. Lower layer material 
may be the source of the bright rays associated with large new craters. An 
alternative hypothesis is that the ray brightness results from the recent fine 
pulverization of throwout material. 


Summary 


In summary, the moon is largely characterized by having a considerably 
quiter geology than the earth. The small likelihood of reaching high tem- 
peratures at shallow depth we should expect would result in much less igneous 
activity. The external stimuli provided by meteorites in at least recent geo- 
logical times is much less than that provided by erosion and sedimentation on 
the earth. Consequently, the moon is much nearer equilibrium condition than 
the earth; the relief on the moon averages a good deal less than six times as 
high as that on the earth, as we might expect from equal-strength considera- 
tions. However, the more information obtained about the moon, the more 
evidence is found of activity that is generated internally: for example, the 
alpha-scattering experiment on Surveyors 5, 6, and 7 indicates that the surface 
chemical composition is similar to basalt, a differentiated material (see 
Table 9.1). It is still a matter of debate, however, as to the exact nature of the 
internal response of the moon, and even as to whether the stimulus to this 
internal response of the moon is mainly that of meteorites themselves or 
whether it is generated by outgassing, igneous activity, or other internal 
sources. 


7.3. The Surface of Mars 


Cratering Frequency Estimates 


If we go through the same extrapolation exercise (7.1.11 to 7.2.1) for Mars 
as for the moon to obtain an estimate of impact rates, we must take account 
of: 
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1. Higher frequencies of meteorite approach because of closer proximity 
to the asteroid belt. 

2. Lower approach velocities, in proportion to the circumsolar Kepler 
velocity /GM @/a. 

3. Different capture cross section, due to different mass and radius. 

4. Different escape velocity, due to different mass and radius. 


Of these points, 2 through 4 are all straightforward and only | is a specula- 
tive matter. The combination of 2 and 4, using Tables 5.1 and 5.3, results 
in a typical impact velocity on Mars being 9.5 km/sec (corresponding to 15 
km/sec for the earth). The combination of 2, 3, and 4 results in a frequency of 
impact per unit area for a given mass of meteorite on Mars 0.62 times that on 
earth, and a formula for Mars corresponding to (7.1.11): 


Mars, assuming 12.57 — 3.4 logis D, D < 187 meters 
same meteorite logi,f= 
flux as earth: 9.46 — 2.04 logy) D, D > 187 meters 
G34) 


where fis per 10° km?//E. 

Concerning point 1, calculations which assume that meteorites come from 
asteroids obtain about 25 for the Mars/earth ratio of meteorite fluxes [18]. 
However, as discussed in Section 5.3, such calculations may not be too 
meaningful because of the difficulty of reconciling the results with meteorite 
age distributions, indicating the possibility of another source such as comets 
[303, 433]. Applying the 25 ratio we get: 


Mars, assuming a 13.97 — 3.4 logio D, D < 187 meters 
meteorite flux logiof = 
25 times the earth’s: 10.86 — 2.04 logis D, D > 187 meters 


(7.3.2) 


Applying the lifetime factor of 4.55 x 10° years, analogous to (7.2.2), 


Mars, assuming a 14.63 — 3.4 logy D, D < 187 meters 
meteorite flux login F = 
25 times the earth’s: 11.52 — 2.04 logy, D, D > 187 meters 


(73:3) 


The crater density on Mars obtained from the Mariner 1V photos of Mars 
(Figure 7.27) for diameters greater than 20 km approximates the formula 


Mars: logig F = 8.85 — 1.71 logy D (7.3.4) 


For diameters below 20 km, there is an apparent decrease in the slope, as 
indicated in Figure 7.25, where the observed crater density falls short of the 
predicted by a factor of about 2.4, suggesting an age of 2.0 x 10° years for the 
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Figure 7.25: Integral distribution of crater diameters on Mars. From Leighton et al. [244]. 


surface of Mars. These results are probably about as good as can be expected 
until a better understanding of the sources of meteorites is attained [30, 164, 
302]. 


Visual Observations of Mars 


Most of the interesting information about Mars observed from the earth 
is visual because much of the information is from its color, and the length of 
the time exposure required for photography coupled with atmospheric 
shimmer results in loss of considerable detail. The best resolution attainable 
with visual observation of Mars is about 0.2”, which is equivalent to about 
60 km on the surface of Mars at closest approach. Figure 7.26 is an example 
of the detail obtained by a careful observer. 

The surface of Mars is divided into three main types of areas on the basis of 
color. About 70 percent is orange-yellow or reddish, called continentes. 
About 27 percent is actually a reddish-brown shade, called maria, but looks 
greenish or bluish compared with the continentes. The maria often tend to be 


Figure 7.26: Drawings of the Solis Lacus region. Left: 1924; right: 1926. The dotted region 
in the lower right corner was obscured by clouds. From Antoniadi [459, p. 141]. 
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located in a succession of broad rounded features on the order of 150 km 
wide, similar to the lower half of Figure 7.26. Under poor visual conditions 
these successions tend to appear linear, and hence are the origin of the idea of 
canals. The remaining 3 percent of the surface is white and located at the 
polar caps. 

The inclination of the Martian equator to the ecliptic is 24°. Consequently 
there are appreciable seasonal variations in temperature. Seasonal variations 
in coloring are observed. The polar caps almost disappear during the Martian 
summer and then grow appreciably with the onset of winter. In the spring, as 
they decline, considerable irregularities appear at the edge of the polar caps. 
These irregularities appear in the same locations year after year, as if they 
were associated with topographic features. The maria have some seasonal 
variation; there is in general a pole-to-equator progression of a darkening 
each spring which fades away in the autumn. However, there is considerable 
erratic variation in the darkness in the maria, and also superimposed on the 
seasonal changes are some considerable secular or long periodic variations, 
sometimes covering areas of several hundred kilometers. The changes 
between the two drawings in Figure 7.26 are typical of such secular variation. 

In addition to the aforedescribed features, which apparently pertain to the 
solid surface of Mars, there are more evanescent phenomena: 


1. White clouds, often in large formations extending several hundred 
kilometers and remaining for several days or even weeks and sometimes 
moving at velocities up to 30 km/hr. 

2. Dust storms, sometimes seasonal, but usually occurring suddenly and 
erratically and often again covering hundreds or thousands of kilometers of 
the Martian surface. Occasional dust storms will take several weeks or a couple 
of months to die away. 

3. Blue haze, best observed near the limb, which is a progressive loss of 
detail in shorter wavelengths. It may be either an atmospheric effect or an 
intrinsic loss of surface contrast. 


The Mariner IV experiment obtained an upper limit of only 7.0 mb for the 
Martian atmospheric surface pressure; this rareness of the atmosphere, 
coupled with the low temperature of 230 + 50°K (Table 6.4) places severe 
limitations on the ways in which the seasonal and erratic variations in the 
appearance on Mars can be explained. In particular, it is difficult to find a 
capability of such an atmosphere holding enough water vapor to be a source 
and a sink for the polar caps. It therefore has been suggested that the caps 
are CO, instead [243]. The rareness of the atmosphere also indicates that 
the dust particles in the storms must be quite small, a few microns in diameter, 
to take so long to settle down on the Martian surface again. The dust storm 
suggests that most of the Martian surface is covered with a loose layer; such 
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a layer would be consistent with the low thermal inertia, | y, of 0.004 (Table 
6.4). A pecularity of the marta, however, 1s that they do not become perman- 
ently covered by the dust from storms: they always show through again after 
the dust settles. Some observers therefore believe that they may be some form 
of vegetation. Objections to this hypothesis are (1) the low temperature 
(below freezing) and consequent lack of water, and (2) the infrared spectra 
of mana shows no resemblance to that of chlorophyll (98, 302]. 


Mariner IV Photography 

In recent years, there have been two important new types of data per- 
taining to the topography of Mars. One was the Mariner IV photography, 
the best of which is shown as Figure 7.27. 

The decrease in slope of the frequency curve in Figure 7.25 for diameters 


’ . , FT — 
Pigure 727) Surtaee ot Mars. Note several large, rather Shallow-appearing craters. 


Photo by NASA, Mariner IV. 
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below 20 km suggests that erosion has been operating on the Martian surface. 
Also suggestive of erosion is the relative shallowness of Martian craters: 
they appear to have a depth-to-diameter ratio of only about 0.025, compared 
to about 0.10 on the moon (this ‘“‘shallowness’” may be a consequence of 
fogging of the pictures) [242]. The break in the crater size at 20 km has been 
interpreted by Opik [302] as indicating an erosion rate about 0.03 times that 
in a terrestrial desert, but 70 times that due to micrometeorites on the moon. 
The Mariner IV photos covered too small a portion of the surface of Mars to 
show any significant differences between continentes and maria [242, 244, 302]. 


Radar Observations 


The second type of significant new information about Mars is the deter- 
mination of variations in elevations by radar. As discussed in Section 6.4, 
the dark areas appear to be highlands of about 6 km elevation above the bright 
areas for features of limited extent, and 10-20 km for the extensive maria. 
Such elevations do not imply any greater departures from hydrostatic 
equilibrium than exist in the earth. The slopes are all rather gentle, 4° or less. 
Particularly shallow slopes (1 to 2°) were found for features showing secular 
change, such as those in Figure 7.26, suggesting that the change is caused by 
the wind-borne deposit and removal of dust. The identification of dark areas 
as highlands leads to the interpretation of the “canals” as ridges. The very 
slight atmosphere on Marsindicates that there should be insignificant tempera- 
ture differences in the elevation differences of 10-20 km or less [353, 354]. 


Summary 

In summary, it appears that Mars is geologically much more alive than the 
moon but definitely moribund compared to the earth. This is still much more 
than we can say about Venus or Mercury. 


PROBLEMS 


7.1. Calculate the minimum mass of a spherical meteorite that can penetrate the 
earth’s atmosphere without losing more than, say half its momentum, for densities 
of 3.5 and 7.8 gm/cm’. 


7.2. Derive the ballistic equation (7.1.8) to get the range r for a projectile departing 
with initial velocity v and angle « to the horizontal. 


7.3. Calculate the frequency of impact of meteorites of approach velocity 10 km/sec 
for the moon, (7.2.1), from that given for the earth, (7.1.11), neglecting “focusing” 
effects. 


7.4. How deep a hole would a meteorite of density 3.3 gm/cm® and diameter 10 
meters with an impact velocity of 10 km/sec make on the moon? On Mars? (Assume 
surface with same density.) 


340 Geology of the Moon and Mars 


7.5. Discuss the relative merits of the dust and the lava hypotheses for the lunar 
maria. 


7.6. Discuss the possible causes of the dark area on Mars and their variations. 


7.7. How many craters will we see on “‘Mariner’’ type photos of Mercury? 


REFERENCES 


Charters [72] gives a general discussion of hypervelocity impact. The numerical 
integration of hypervelocity impact is described by Bjork [33] and Bjork & Brooks 
[34]; its application to the Arizona Meteor Crater, by Shoemaker [362]. References 
for empirical rules based on nuclear explosions and their application to impact 
cratering are Violet [422], Shoemaker et al. [366], and Short [367]. The distribution 
of ejecta is analyzed by Carlson & Jones [66], Pike [316], Gault et al. [131], and Gault 
et al. [129]. Gault et al. [130] discuss low-velocity impact applicable to secondary 
cratering. Descriptions of meteor craters on the earth’s surface are given by 
Krinov [227] and Baldwin [21]. Shock effects are reviewed by Short [368] and Chao 
[69]. The text on meteor flight through the atmosphere is by Opik [299]. Extrapola- 
tion of terrestrial meteor infall rates to the moon is described by Shoemaker et al. 
[366] and Whipple [439]. 

Recent books on the moon are Baldwin (21] and Fielder [118]; collections of 
articles are Kuiper & Middlehurst [232], Kopal (217], Hess et al. {175], and Brown 
et al, [55]. The summary of lunar geology in Section 7.2 is based mainly on reviews 
by Shoemaker (361, 363], O'Keefe [291], and Kopal [218]; also Smith [503]. 
Important aids to study of the moon are collections of photographs edited by 
Kuiper [230] and Kopal [219]. 

Results of space probe experiments are described in detail in compilations by 
Heacock et al. (168, 169] Jaffe et al. (194, 562], and Vreblanovich et al. (511). 

Various interpretations of the photographs referred to herein are by Kuiper 
[231], Urey [411], Shoemaker [364], Quaide et al. (325], Gault et al. [468], O’ Keefe 
et al. (293], and Lingenfelter et al. [570]. Crater counts are by Hartmann [163] and 
Chapman [551]. Papers on the nature of the lunar surface layer are Gold [137], Jaffe 
{192, 193], Ryan [499], Hapke [160], Scott [533], and O'Keefe & Scott [528]; 
others are in a volume edited by Salisbury & Glaser [356]. Ross [579] calculates 
erosion rates. 

The principal English language text solely on Mars is Vaucouleurs [412]. The 
description in Section 7.3 is based mainly on Dollfus [98] and Opik [302]; other 
recent reviews are by Loomis [248] and Rea [328]. There have been three waves of 
papers on Martian cratering rates since Mariner IV, each energetically correcting 
the previous wave; the latest wave comprises the papers of Opik {302}, Binder [30}, 
and Hartman [164]. The Mariner 1V photography is described by Leighton et al. 
[244] and Leighton [242]. The interpretation of elevation differences deduced from 
radar is found in Sagan & Pollack [353, 354] and Pollack & Sagan [320]. The behav- 
ior of carbon dioxide on Mars and its pertinence to the ice caps is the subject of the 
paper by Leighton & Murray [243]. 


Chapter § 


METEORITES AND TEKTITES 


The only samples of solid matter we have from outside the earth are the 
objects known as meteorites. They are universally considered to have come 
from outside the earth because: 


1. They are shaped—ablated, and sometimes fragmented—as if they had 
passed rapidly through the atmosphere, but are not associated with any 
volcanic activity. 

2. In many cases, the meteorite is observed to fall, often in association with 
a detonation or a fireball. 

3. They virtually always contain free nickel and iron which are rarely 
found in terrestrial rocks. 

4. The free iron and nickel has a banded crystalline structure, called a 
Widmanstatten pattern (see Figure 8.5) which is never found in artificial 
iron-nickel objects. 


Meteorites occur in three very distinct classes according to iron and nickel 
content. The total Fe + Ni proportion (oxides and sulfides as well as free) 
of iron meteorites is always more than 0.94; of stony-iron meteorites, always 
between 0.40 and 0.60; and of stony meteorites, always less than 0.35, and 
usually more than 0.20. If the identification of “‘meteorite”’ is limited to item 
1 of the foregoing list, then there is a fourth class of objects: natural glasses 
called tektites, which always have a Fe + Ni proportion less than 0.05. It is 
a matter of debate whether tektites are of extraterrestrial origin, because of 
their chemical similarity to the earth’s crust as well as the lack of observed 
falls. Hence we shall follow the customary practice of discussing the tektites 
quite separately from the “proper’’ meteorites. 


8.1 General Properties and Classification 


Statistics of Meteorites 


Meteorite occurrences are classified as falls if they are observed to fall, 
and as finds if not observed prior to finding. Table 8.1 lists falls and finds by 
class. A single “‘occurrence”’ often results in many separate pieces. There are 
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TABLE 8.1: CLASSIFICATION OF METEORITE 


OCCURRENCES 
Meteorite Falls Finds 
Irons 43 Sys) | 
Stony irons 12 58 
Stones 723 404 
Tektites _ 0 10 
Total 778 1023 


Based on Hey [475, pp. xv—xxx]. 


probably more than 1,000,000 specimens of the proper meteorites—irons, 
stony irons, and stones—and about 650,000 of the tektites. Table 8.1 is 
biased in favor of the iron meteorites because they are much easier to dis- 
tinguish from terrestrial rocks than are stone meteorites. Hence the proportion 
of stone meteorites coming to earth from space is probably more than the 
0.92 deduced from the “‘falls’” column in Table 8.1. Another bias is that 
many more meteorite falls are observed in densely populated areas. In Japan, 
of which the area is 0.382 x 10° km?, 30 meteorite falls have been recovered 
in 90 years. If the same rate applied to the entire earth (510 x 10° km’), then 
there would be an average of about 450 recovered meteorite falls per year. 
The size of meteorite specimens ranges from 60 tons down to 0.3 mg, or 
even smaller, if we include meteorite dust: magnetic iron spherules less than 
0.2 mm in diameter usually found in deep-sea sediments. There are several 
iron meteorites that weigh more than a ton, but the largest stone meteorite 
only approaches one ton. The fall rates given by Figure 5.12 are based on the 
assumptions that 90 percent of a stone meteorite and 80 percent of an iron 
meteorite are ablated passing through the atmosphere (see Section 8.4), 
Adjusting for these ablation percentages, we get for the frequency of fall f 
of a meteorite of mass greater than m striking the earth’s solid surface [166]: 


login f = 0.27 i! logio m (8.1.1) 
for stony meteorites, and: 


logiof = —2.81 — 0.7 logy m (8.1.2) 


for iron meteorites, for fin km~ year 1 and m in grams. The difference in 
slopes of equations of (8.1.1) and (8.1.2) is consistent with the iron meteorites 
having a greater crushing strength, and thus a greater resistance to breaking 
up upon collision. Recent acoustic wave data on infalling bodies indicate 
that there probably arc even greater biases because of considerable differences 
in fragility [365]. 

Meteorite falls show no significant correlation with other astronomical 
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phenomena; in particular, they are not correlated with the meteor showers, 
which are correlated with some comets [263]. 

Of the minerals described in Section 1.1, those that are more basic—low 
O:M ratio—are more common in meteorites. A distinction in pyroxenes which 
is sometimes important is between a rectangular (orthorhombic) and skewed 
(monoclinic) structure. The orthorhombic pyroxenes important in meteorites 
are enstatite (mole ratio Fe/(Fe + Mg) < 0.10), bronzite (0.10 < Fe/ 
(Fe + Mg) < 0.20), and hypersthene (0.20 < Fe/(Fe + Mg)). (These ratios 
distinguishing among pyroxenes are meteoriticists’ definitions, and differ 
from those used by mineralogists.) The important monoclinic pyroxenes 
usually contain calcium: diopside (CaMgSi,O,) and pigeonite (CaFeSi,O, or 
CaFeSiAlO,). 

The less common monoclinic form appears to be a consequence of me- 
chanical deformation of the orthorhombic form. The relative proportions of 
magnesium and iron in the orthorhombic pyroxene is the principal means of 
naming important categories of chondritic meteorities: enstatite, bronzite, 
and hypersthene. 

Of the feldspar series shown in Figure 1.3, the plagioclase is most common 
in meteorites, usually in the oligoclase range. 

The principal mineral forms of the free iron and nickel that distinguish 
meteorites from terrestrial rocks are kamacite, body-centered cubic «-iron 
with less than 7 percent nickel, and taenite, face-centered cubic y-iron with 
more than 27 percent nickel. (See Figure 8.1.) 

In addition, meteorites contain lesser quantities of several minerals 
containing chalcophile or volatile elements which are rarely or never found 
on earth: troilite, FeS; cohenite, Fe,C; schreibersite, (Fe, Ni);P; oldhamite, 
CaS; daubreelite, FeCr.S,; lawrencite, FeCl,; and pentlandite, (Fe, Ni) Sg. 

Beyond the iron content already mentioned, meteorites are classified 
according to the extent to which the iron is oxidized; according to their 
mineralogy; and according to their crystal structure: that is, the principal 
properties that might pertain to their history. The classification now used 
almost universally is essentially that instituted by Prior in 1920 with some 
subsequent refinements. Table 8.2 gives all types of meteorites in this 
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Figure 8.1: Cubic lattices. 
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classification for which there have been 2 or more observed falls (plus ataxites, 
of which there is only one fall but many finds). The index of oxidation iron of 
in Table 8.2 is the ratio FeO/(FeO + MgO). Items in the table which some 
investigators might classify differently are (1) LL (or amphoterite) is sometimes 
considered a subclass of the L (or hypersthene); (2) the enstatite type I and II 
classes are widely regarded as rather arbitrary divisions of a continuum of 
characteristics; and (3) the carbonaceous type III, or olivine-pigeonite, 
includes or omits different meteorites according to whether the classification 
is based on carbon on pigeonite content. Because of these types of uncer- 
tainties, the portions of falls in Table 8.2 should be regarded as approximate. 


8.2 Chemistry and Structure of Chondrites 


The name of the chondrites derives from the fact that most of them contain 
chondrules: spheroidal bodies | mm in diameter (see Figure 8.2). However, 
a more fundamental distinction from the other stony meteorites, the 


Figure 8.2a: Cross section of a petrological type 2 chondritic meteorite (Murray, a 
carbonaceous I! chondrite, C2). Note Opaque amorphous ground mass, evidencing no 
heating or crystallization, associated with hydrocarbon content: relatively few and irregular 


chondrules. From Wood [446, Pl. 6a]. Photo by American Natural History Museum, 
New York. 
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Figure 8.2b: Cross section of a petrological type 4 chondritic meteorite (Cynthiana, a 
hypersthene chondrite, L4). Note well-defined chondrules, some with microcrystalline, 
others with barred, structure; moderate recrystallization; uniform olivine and pyroxene 
structure; small amounts of black troilite. From Van Schmus & Wood [414, Fig. 8]. 


achondrites, is the texture of the chondrites: most chondrites apparently have 
not experienced as severe heating processes as have the achondrites. 

The chondrites are the most studied class of meteorites because (1) they 
are by far the most common falls, as indicated by Table 8.2; (2) they have a 
chemical composition close to that of the sun, lacking mainly the volatiles 
H, He, Ne, C, N, O, and 8S; and (3) their textures, with the metals and 
silicates mixed together, imply that they have never been subjected to any 
severe pressures or temperatures, and hence are probably much closer to the 
primitive nonvolatile chemical composition of the solar system than the 
severely differentiated crust of the earth. 


Ivon Content and Oxidation 


The main bases of chemical classification of the chondrites are primarily 
the extent to which their iron content is oxidized; and secondarily, the total 
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iron content. These bases are shown in Figure 8.3. The division of the 
chondrites into six distinct classes according to degree of oxidation is obvious 
in the figure. Less obvious is a division according to total iron content, but 
it is significantly present. If all classes had the same total iron, they would all 
lie on the same line of 45° slope. In actuality, the classes appear to lie on at 
least four such 45° tracks, as indicated on the figure, corresponding to total 
iron contents of about 21, 25, 28.5, and 33 percent respectively. Of the chemi- 
cally active common elements—H, O, C, Si, Mg, S, and Fe—iron, the 
heaviest, is the least affected by changes in pressure and temperature. Hence if 
we wished to explain the iron oxidations and contents as consequences of 
different histories since an original uniform chemical mix, the reduction- 
oxidation variation would depend mainly on the loss of volatiles, while the 
total iron content would depend mainly on the loss of silicates. Both of these 


* et ee, seit he : ; ume ; : 
Figure 8.26: Cross section of a petrological type 6 chondritic meteorite (Peace River, a 
hypersthene chondrite, 1.6). Note extensive reerystallization: almost complete obliteration 
of chondrules, appreciable development of plagioclase: white grains about 0.1mm in 


diameter. From Van Schmus & Wood [414, Fig. t1]. 
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Hypersthene 


Iron in metal or sulfides (weight percent) 


5 10 15 20 25 
Oxidized iron (weight percent) 
Figure 8.3: Relationship between oxidized iron and iron as metal or sulfide in chondritic 


meteorites. Dashed lines are lines of constant total iron content. Based on Mason [263, 
p. 78] and Craig [460]. 


losses are more likely to occur upon increase in temperature, so a simple 
model based on temperature would lead to negative correlation between total 
iron content and iron oxidation. This correlation is true for the series 
amphoterite-hypersthene-bronzite-enstatite, but is reversed by the carbon- 
aceous chondrites, which have the highest content of volatiles and hence 
presumably would be the closest to any primeval chemical mix. Hence, even 
for this simplest chemical distinction, at least a dual-mechanism hypothesis is 
required, such as mixes in different ratios of two primitive fractions. 


Other Chemical Properties 


The SiO,/MgO ratio also discriminates sharply between different chondrite 
classes. For enstatite (E) chondrites, the ratio is 1.75 to 2.05; for ordinary 
(H, L, LL) chondrites, 1.53 to 1.64; and for carbonaceous (C) chondrites, 
1°37 to LAT (455). 

Connected with these variations in iron and magnesium content are two 
properties of chondritic meteorites known as Prior’s rules, which relate the 
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iron content to the two chemically similar metals magnesium (Mg), which 
has a stronger affinity to oxygen than does iron (Fe), and nickel (Ni), which 
has a weaker affinity. Prior’s rules, originally stated in 1916, are: 


1. The Ni/Fe ratio is negatively correlated with the metal content. 
2. The FeO/(MgO + FeO) ratio (given in Table 8.2) is negatively cor- 
related with the metal content. 


Prior’s rules originally were applied to all chondrites as a group. The rule 
does apply roughly between classes. With the refinement of chemical analyses, 
however, it has become less clear to what extent they apply between different 
meteorites within the same class, such as bronzite or hypersthene or ampho- 
terite. Although the variations between meteorites within the same class are 
small, they are not consistent with an equilibrium oxidation-reduction state. 
In general, however, as the oxygen: metal ratio increases, more of the iron is 
transferred from the reduced to the oxidized state, thus increasing the 
FeO/(FeO + MgO) ratio and increasing the Ni/Fe ratio. The varying 
FeO/(FeO + MgO) ratio also is reflected in the names of the chondrite 
classes: hypersthene, bronzite, and enstatite being pyroxenes of increasing 
proportion of magnesium relative to iron. In the mineralogy of chondrites, 
the pyroxene/olivine ratio is also negatively correlated with the FeO/ 
(FeO + MgO) ratio, as indicated in Table 8.3. 

The development of the electron microprobe, which can analyze single 
grains as small as a few microns in size, enables the determination of the 
Fe and Mg content separately for each mineral. The consequence of such 
more refined analyses is an even more distinct separation into classes than that 
in Figure 8.3. Thus all bronzite chondrites have a Fe/(Fe + Mg) mole ratio 
ranging 0.161—0.194 in the olivine, and 0.147-0.172 in the pyroxene, while 
all hypersthene chondrites have an olivine range 0.216—0.244 and (with one 
exception) a pyroxene range 0.193-0.217. The amphoterites are also more 
sharply distinguished: an olivine range 0.263-0.290 and a pyroxene range 
0.222-0.246. In all these classes, the olivine/pyroxene iron content ratio is 
around 1.1 [209]. 


Chondrite Structure 


The structure of chondritic meteorites is closely correlated with the chemical 
classification. The chondrules appear in all types of chondrites except the 
carbonaceous type I, which contains the most volatiles. This is in accord with 
the structure of the chondrules being one that requires rapid melting and 
cooling: extremely fine-grain structure, very little chemical differentiation of 
nonvolatiles, and droplet shape. The actual process by which this rapid 
melting and cooling occurs—volcanic activity or meteoritic impact or shock 
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wave in a primeval gas and dust cloud—is still a matter of considerable 
debate: see Section 8.5. 

In addition to the chondrules which suggest rapid heating, most chondritic 
meteorites evidence to varying degrees mild metamorphism, blurring of the 
chondrule-matrix boundaries, and a crystallization of the metal grains, all of 
which suggest a slow “cooling” at temperatures of 400°-700° for times on 
the order of 107-108 years. The carbonaceous chondrites are much more 
fragile than the ordinary; they lack a crust formed by ablation, and appear to 
have been broken up into many fragments. After fall, carbonaceous chondrites 
weather quickly, and hence are always falls rather than finds. Therefore the 
proportion entering the atmosphere may be many times that indicated in 
Table 8.2. 

Other interesting structural properties of chondrites are frequent breccia- 
tion, suggestive of shock, and alignment of elongated metal grains, suggestive 
of formation in a magnetic field which has been found in some ordinary 
chondrites, but not carbonaceous chondrites [12]. 

The structural variations of chondritic meteorites recently have been 
systematically classified and related to chemical variations by Van Schmus and 
Wood [414]. They divide the chondrites into petrological types on the bases of 
(1) homogeneity of silicate composition, indicative of degree of thermo- 
chemical equilibration; (2) the ratio of monoclinic to orthorhombic pyroxene, 
positively correlated with rapid quenching, and negatively with the extent of 
slow recrystallization; (3) plagioclase content, dependent on degree of meta- 
morphism; (4) igneous glass content, negatively correlated with recrystal- 
lization; (5) the taenite/kamacite ratio, correlated with the degree of 
metamorphism; (6) the amount of Ni-rich sulfide minerals, inversely cor- 
related with metamorphism; (7) the extent to which the chondrules have 
merged with the matrix; and (8) the abundance of the volatiles C and H,O. 

These criteria were used to establish six petrological types: 


Type 1: Lack of chondrules, high volatile contents, fine-grained material. 
This type is coincident with type I carbonaceous chondrites. 

Type 2: Inhomogeneity of olivines and pyroxenes; high clinopyroxene/ 
orthopyroxene ratio; presence of igneous glass, Ni-rich sulfides, and some C 
and H,O. This type is coincident with type II carbonaceous chondrites (see 
Figure 8.2a). 

Type 3: Large variability of olivine and pyroxene composition; high 
clinopyroxene/orthopyroxene ratio; presence of igneous glass and minor 
amounts of carbon; absence of nickel from sulfides. Some enstatite, ordinary, 
and type III carbonaceous chondrite specimens all fall in this type. 

Type 4: Generally a transitional category between types 3 and 5; the most 
distinct indicator is that about 20 percent of the pyroxene is clinopyroxene. 
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Most specimens of this type are bronzites (H), but there are some of all other 
classes (see Figure 8.25). 

Type 5: Uniformity of olivine and pyroxene composition, very little 
clinopyroxene; chondrules discernible but not clearly delineated; well- 
developed plagioclase of predominantly microcrystalline material. Meteorites 
of this type are about 60 percent bronzites (H) and 35 percent hypersthenes 
(L), plus a few amphoterites (LL) and enstatites. 

Type 6: The most recrystallized of chondrites, some with virtually complete 
obliteration of primary textures, and considerable development of plagio- 
clase. The great majority of specimens of this type are hypersthenes (L); it 
also comprises most enstatites (E) and amphoterites (LL), plus several 
bronzites (H) (see Figure 8.2c). 


The six petrological types form a progression from unequilibrated to fully 
equilibrated systems. Meteorites of the same type but of different chemical 
classes are not necessarily related genetically, but they have been subjected 
to similar conditions of pressure and temperature [414]. 


Volatile and Minor Element Abundances 


Certain elements are of particular interest because their volatility, or the 
volatility of their compounds, makes them sensitive indicators of the thermal 
history of the meteorite. The more important of these elements are given in 
Table 8.4. There is considerable variation of content of some elements among 
meteorites, or even among different parts of the same meteorite. This vari- 
ability is compounded by experimental difficulties for the scarcer elements. 
Hence it is dubious whether meaningful averages can be obtained for each 
class of meteorite. General practice has been followed in Table 8.4 in giving 
such averages for all classes except the enstatites, where the range of recent 
determinations is given in a direction coinciding with the division into class II 
(low Fe, S; metamorphosed) and I (high Fe, S$; unmetamorphosed). 

Also shown in Table 8.4 as a standard of comparison are “cosmic” 
abundances which are based on solar and stellar, as well as meteoritic, 
determinations plus semiempirical rules of nucleosynthesis, as discussed in 
Section 9.1. 

The abundances of the volatile elements in Table 8.4 are generally correlated 
with the degree of oxidation with the striking exception of the enstatite I 
chondrites. Despite these enstatites being the most highly reduced, they show 
little loss of volatiles relative to the “‘cosmic” values, and are closer to the 
type I carbonaceous chondrites than any other. Apparently these enstatites 
have suffered relatively little heating since the initial conditions that caused 
formation of the chondrules and loss of oxygen. Their petrological type—3 or 
4—also indicates little disturbance. 
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A systematic examination of the abundances of 27 volatile elements has 
recently been made by Larimer and Anders [568]. Besides the great variations 
in depletion of volatiles between chondrite types indicated by Table 8.4, they 
find appreciable differences in the same meteorites between the matrix on the 
one hand and the metallic grains and the chondrules on the other, as 
though the latter had been subjected to higher temperatures. Taking into 
account the thermochemical relationships discussed below, they infer ac- 
cretion temperatures less than 400°K for carbonaceous chondrites; 400-480°K 
for enstatite | chondrites; less than 530°K for petrological type 3 ordinary 
chondrites; and 530-650°K for other ordinary and enstatite II chondrites. 

In addition, there are certain trace elements which show marked variation 
from one group of meteorites to another without being particularly volatile. 
As discussed in Sections 8.3 and 8.5, such variations may be clues to common 
genesis. The most extensively measured of such elements, gallium and 
germanium, are given in Table 8.4. 


Hydrocarbons in Chondrites 


A subject of considerable recent investigation and discussion has been the 
organic content of carbonaceous chondrites, the hydrocarbons that form 
about 5 percent of the content of type I and type II. These compounds are of 
interest not only because of possible biogenic implications, but also because 
they impose the most severe restrictions on the temperatures which the 
meteorites could have experienced. Some of the hydrocarbons could not 
exist at temperatures more than 300°K at negligible pressures, or more than 
500°K at a pressure of one atmosphere. Furthermore the creation of some 
carbon compounds by equilibrium processes requires a reduction of the 
amount of hydrogen present to values much closer to that in the planets than 
in the sun. The latter condition has led to the general hypothesis that hydro- 
carbons were formed by high-energy, nonequilibrium processes, resulting 
from ultraviolet or charged particle irradiation, in a reducing atmosphere 
(i.e., largely CH,, NH3, and H,O). 

A large portion of the organic compounds in the carbonaceous chond- 
rites—mostly nonvolatile and insoluble polymers—have not been identified, 
and hence much of the argumentation has used indirect indicators such as the 
geometric organization perceived under the microscope or the infrared 
spectra of extracts dissolved in carbon tetrachloride. These spectra have a 
considerable resemblance to infrared spectra of petroleum and sediments, 
being closest to those of ancient sediments. Volatile compounds, such as 
CH,, C,Hs, C,H,, have been identified by applying mass spectrometry to the 
gases evolving from a sample in an evacuated chamber. 

The suspicion of terrestrial contamination has always persisted, of course. 
However, the best examinations have been careful to keep the specimen in a 
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sterile environment and to use samples from different parts of the interior of 
the specimen [264, 378, 410, 473]. 


Thermodynamic Implications 


This section has necessarily been somewhat descriptive and classificatory. 
In the subsequent analytic stage, explanation of the chemical content of a 
meteorite—or differences of content between meteorites—is logically first 
attempted by an appeal to equilibrium processes under the mildest possible 
conditions. Equilibrium processes are the reactions that take place in a closed 
system of a given composition well mixed at a specified temperature and 
pressure in an indefinitely long duration. The thermodynamics discussed in 
Section 1.2 is applicable to such processes. Probably the most pertinent to 
chondritic meteorites is that relating free iron to pyroxene and olivine [283] 


pyroxene metal gas olivine olivine 


2 MgSiO, + 2 Fe + O, = Fe,SiO, + Mg,SiO, (8.2.1) 


According to the law of mass action, the rate of a reaction in either direction 
is proportionate to the concentrations of the reactants, that is, the substances 
on the side from which the reaction is proceeding. Equilibrium is then 
obviously the case where the two opposing rates are equal. Denoting the 
proportion of a substance A by [A], the state of equilibrium for a given 
temperature 7 and pressure P must be expressible by a particular value of 
the quantity K, defined by: 
K= [FeSiO,]IMg2Si0,] (8.2.2) 
[MgSiO;}*[Fe}[O.] 
We wish to relate the equilibrium constant K to the thermodynamic variables 
discussed in Section 1.2. The quantity that related the energy to the pressure 
and temperature conditions P, T was the Gibbs free energy G, defined by 
equation (1.2.11); it in turn was related to the number of moles of each 
component, n,, by equation (1.2.18). The free energy change AG in a chemical 
reaction is defined as [281, 466]: 


AG = G(products) — G(reactants) (8.2.3) 


If AG is zero, there is no net work by any change at constant temperature and 
pressure, and hence equilibrium prevails. If AG is positive, the reaction 
(8.2.1) will proceed from right to left, and if negative, in the reverse direction. 

To evaluate K, we need experimental data for AG at one combination of 
pressure and temperature, at least. Conventionally taken as the standard 
state are a pressure of one atmosphere and a temperature of 25°C. The free 
energy for the standard state is symbolized as G®. 
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For a gas, such as Op, there applies the ideal gas law: 
PV = RT (8.2.4) 


where R is the gas constant, 1.98717 cal? K~! mole“. Then, for constant 
temperature 7, from (1.2.8) and (1.2.11), 


dG = VdP = RTd\nP (8.2.5) 
Integrating 
G—G° = RTInP (8.2.6) 


for P in atmospheres, since P° is 1 atmosphere. If the system were comprised 
completely of ideal gases of n, moles and P; partial pressure each, 


n(G, — G°) = RTn, \n P; (822.7) 
Writing the general expression for a chemical reaction such as (8.2.1) as: 
A — 0 (8.2.8) 


where A, is a substance, », > 0 for a product, and », < 0 for a reactant, and 
using (8.2.3), we get: 


AG — AG® = RT > », InP, (8.2.9) 
For equilibrium AG is 0. If 
ee 
K = moaes (8.2.10) 
P,” 
oroyi ms reactants 
Then at equilibrium: 
—AG° 
K = ex $2.11 
Wee] (8.2.11) 


If the total pressure P is unchanged by the reaction, then the partial pressure is 
proportionate to the mole fraction X,; (Henry’s law), and in (8.2.10) P; can be 
replaced by X,—so that K becomes the equilibrium constant. For a solution 
that includes nonideal fluids, such as a melt represented by (8.2.1), the 
partial pressure must be replaced by a quantity called the fugacity, f,, which is 
identical with the partial pressure for an ideal gas. Hence in an integration 
such as (8.2.6), a ratio f/f° must replace P, since f° is not necessarily unity. 
The fugacity is a measure of the escaping tendency of a component in solution: 
for the nonvolatiles in (8.2.1), this would only exist if there were other com- 
pounds present of affinity for the constituents of (8.2.1), such as nickel for the 
iron. Otherwise, we can proceed to replace the nonvolatiles in (8.2.2) by their 
fractional components: 

_ [! — X(Mg, OD]"[X(Mg, ODT’ 

[X(Mg, Px)]’Po, 


(8.2.12) 
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where X(Mg, Ol) is the atomic ratio Mg/(Mg + Fe) in the olivine, X(Mg, Px) 
is the same ratio in the pyroxene, and Po, is the pressure of the oxygen gas in 
atmospheres provided that the pressure of the standard state is | atmosphere. 

So, if the free energies of formation G®° of the various constituents at 
standard temperature and pressure are determined in the laboratory, then the 
equilibrium constant K at any temperature T can be calculated by equation 
(8.2.11), and for a specified oxygen pressure P,, the division into olivine and 
pyroxene can be calculated by equation (8.2.12). The required data are given 
in Table 9.7. 

The AG® obtained is —122,823 cal. Hence at ordinary temperatures the 
reaction (8.2.1) would go to the right. At higher temperatures there would be 
a shift toward the left: that is, the portion of pyroxene and free iron would 
increase at the expense of the olivine, which would correspond to a leftward 
shift in Figure 8.3. 

Other reactions that should be taken into account are: 


2Mg.SiO,g + FeSiO, = 3Fe,SiO, + MgsiO,; (8.2.13) 
and 
FeSiO, + Fe + 30, — Fe,S10, (8.2.14) 


Although these thermodynamic considerations are important and un- 
avoidable for an understanding of chondritic chemistry, the degree to which 
chondritic meteorites approach equilibrium varies greatly, as was discussed 
in connection with the petrological types. The less equilibrated chondrites 
appear never to have been very long at elevated temperatures, and also 
evidence appreciable mechanical mixing, loss of volatiles, etc., not to mention 
shock—rapid transitional events—in such phenomena as the chondrules. 
Thus it is appropriate to postpone the discussion of the origin of the chondrites 
until after examination of the other types of meteorites, which may come from 
other parts of the same systems, and of properties which are more physical 
than chemical—isotopic composition, gas content, etc.—-and hence providing 
additional boundary conditions on past environments [283, 485, 575]. 


8.3 Chemistry and Structure of Other Meteorites 


The remaining types of meteorites in Table 8.2, comprising 15 percent of 
falls, all differ from the chondrites in that they have compositions and 
structures indicating significant periods of high temperatures and pressures 
in the past. 


Achondritic Meteorites 


The achondritic meteorites are the most similar to terrestrial igneous rocks. 
As implied by their name, they do not contain chondrules. They are highly 
differentiated, and have the appearance of being produced by partial melting 
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and fractional crystallization in a gravitational field. Like terrestrial rocks, 
achondrites are deficient in metals and sulfides relative to ordinary chondrites. 
Achondrites are classified as calcium-rich and calcium-poor. The calcium 
content is positively correlated with the degree of oxidation of iron, as 
indicated by Figure 8.4. 

The mineralogy of the calcium-poor achondrites is rather simple, being 
almost entirely coarse-grained pyroxene. The aubrites are very similar in 
composition to the enstatite chondrites /ess most of their nickel-iron and 
troilite. The pyroxene in aubrites is virtually iron-free, hence they are some- 
times called enstatite achondrites. The diogenites consist mainly of hyper- 
sthene. Both these types of meteorites are characterized by a brecciated 
structure, with large angular fragments on the order of 40 mm across in a 
matrix of smaller particles. The ureilites have a composition similar to the 
hypersthene chondrites, less troilite and some nickel-iron plus some carbon. 

The calcium-rich achondrites are mostly pyroxene—mainly hypersthene 
in the howardites, pigeonite in the eucrites—plus considerable plagioclase. 
The structure of many eucrites is coarse-grained, similar to diabase or gabbro, 
with orientations of their crystal structure suggesting formation by solidi- 
fication from a magma. Some eucrites contain the form of SiO, called tri- 
dymite, which apparently cannot exist at pressures above 3 kb, but which may 
be a decomposition product of a high-pressure phase. The howardites are 
more brecciated than the eucrites [12]. 
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Figure 8.4: Relationship between calcium content and iron oxidation of achondritic 
meteorites. Based on Mason [263, p. 107]. Also division between oxygen-isotope ratio 


groups. 
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Stony-Iron Meteorites 

The two principal classes of stony irons are quite distinct in both composi- 
tion and structure. The stony part of the pallasites is largely olivine, which 
occurs in grains on the order of 10 mm in a nickel-iron matrix. Tt is generally 
thought that the pallasites are pieces of a disturbed core-mantle boundary 
of a small parent body. The stony part of the mesosiderites iy mainly pyroxene 
and plagioclase, similar to the caletum-rich achondrites. The mesosiderites 
have a finer-grained structure than the pallasites [12]. 


Iron Meteorites: Structure and Nickel-lron Relationships 


The iron meteorites are remarkable for the drastic degree to which the 
lithophile elements—silicates, ete.—-have been removed. Their composition 
is 94 to 99.5 percent iron-nickel, most being close to the upper figure. Most 
of the remainder ts usually troiite, occurring in spherical nodules centimeters 


Figure 88> Cross section of an dren meteorite (Mt. Edith, a medium octahedrite, On), 


s! 


lowing Widmanstatten pattern Note white bands about Timar wide kamacite: thin 
(O,b mmo tines bounding hamictte taenite. dull gray background plessite, Marge (3 6m) 
black nodules: trode. shiny gray lamelae and rims around tromite: schreibersite, Photo 
by Smithsonian Institution, Washington, D.C. 
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in diameter. Schreibersite can be fairly abundant, up to about 2 percent. 
About 0.3-0.5 percent cobalt is present in solid solution in the iron-nickel. 
Consequently the principal basis of classification of iron meteorites is their 
nickel concentration, which in turn is correlated with their minerology: their 
division into kamacite (less than 0.07 Ni), taenite (more than 0.27 Ni), and 
plessite, an intergrowth of the two. 

The irons of lowest nickel content, the hexahedrites, include 44 finds and 6 
falls which cluster closely about an average composition of 0.935 Fe, 0.055 Ni, 
0.005 Co, and the remainder P, S, Cr, and C. Hexahedrites are made of large 
cubic crystals of kamacite. Etching on a polished surface usually shows fine 
lines called Neumann bands, which are lamellae of twinned metal, apparently 
the result of strong mechanical deformation at low temperatures: evidence of 
violent impact or explosion. 

The commonest class of irons is the octahedrites, of which there are over 
400 finds in addition to 36 falls. Octahedrites are characterized by the 
Widmanstdatten structure, an example of which is shown in Figure 8.5. This 
structure contains four systems of parallel plates or lamellae, up to 3 cm 
thick, of kamacite. These four systems parallel the faces of an octahedron. 
The polyhedral spaces between lamellae are filled with plessite. A narrow 
layer of pure taenite usually separates the kamacite plates from the plessite 
polyhedra. As indicated in Table 8.2, the width of the kamacite bands is 
related to the nickel content. 

An electron microprobe traverse across a Widmanstatten pattern is shown 
in Figure 8.6. The nickel content in the kamacite is quite constant at 5—7 
percent, except sometimes for a dip of 1 percent or so on the boundary of the 
taenite. In the narrow taenite layer the nickel content rises sharply to 35-80 
percent. The dropoff on the plessite side is more gradual, to roughly constant 
content between 10 and 25 percent. 

The Widmanstatten structure is generally explained as the result of cooling 
of the iron-nickel alloy from temperatures above 900°C. A nickel-iron phase 
diagram for a pressure of 1 atmosphere is given in Figure 8.7. At temperatures 
above the line ABC, the taenite structures is stable. If an iron-nickel alloy 
cools to a point such as B, kamacite of composition B’ separates out of the 
taenite. If the cooling is slow enough, this kamacite will precipitate in lamellae 
parallel to one of the planes of the taenite lattice. As the cooling continues, 
the composition of equilibrium taenite migrates along BC, and the composition 
of equilibrium kamacite along B’C’. The total amount of nickel is constant, 
but both minerals are tending to increase their nickel content—hence the 
low-nickel kamacite must increase faster and faster with respect to the high- 
nickel taenite, and the widths of the kamacite bands must increase. Further- 
more, to maintain equilibrium compositions, there must be a migration of 
nickel atoms from the phase boundaries. 
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Figure 8.6: Variation in nickel content across an iron meteorite. From Wood [446, p. 378]. 
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Figure 8.7: Fe-Ni diagram at 1 atm pressure. From Wood [446, p. 379]. 
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The migration of nickel atoms in the foregoing processes is, like any 
diffusion, very much temperature dependent. Hence measurements of nickel- 
content gradients by electron microprobe have been used to infer cooling 
rates. About two-thirds of the rates lie between 1°C/106 yr and 10°C/108 yr, 
although the total variation in cooling rates is 0.4 to 500°C/10® yr. If thermal 
history calculations similar to those described in Section 2.4 are carried out 
with plausible contents of radiogenic materials, then to obtain cooling rates 
of 1°C/10® yr planets only 130-260 km in radius are required; for 10°C/10® 
yr, 50-90 km (see Figure 8.8) [12, 471]. 

Jron meteorites characterized by an essentially plessite structure, without 
any kamacite bands, are known as afaxites. Most ataxites have a high nickel 
content, greater than 14 percent, and are classified as nickel-rich ataxites. 
Only one ataxite fall has been observed, but there have been 36 finds. The 
absence of kamacite bands has been interpreted as due to formation at a high 
pressure of several kilobars. There are also some ataxites of low nickel 
content, apparently the product of very rapid cooling [446]. 


Tron Meteorites: Trace Elements 


Aside from nickel-iron relationships, the chemistry of iron meteorites must 
necessarily be trace chemistry. The most fruitful of these trace analyses have 
been for gallium (Ga) and germanium (Ge). The contents of these elements 
have a strong positive correlation with each other. They also have some 
correlation with nickel and iridium content and with meteorite class. These 
data suggest division of the iron meteorites into six rather tight groups, I, LI, 
Illa, IIf[b, 1Va, and IVb, plus a scattering of others, as shown in Figure 8.9. 
It has been suggested that each of these Ga-Ge groups belongs to a different 
parent body, each body with a different cooling rate evidenced by the different 
ranges of nickel content. Chondrites and pallasites also vary appreciably in 
their Ga and Ge content (though not as much), and hence there is the further 
possibility that these elements may indicate a genetic relationship, as dis- 
cussed in Section 8.5 [12, 149, 428, 471, 512]. 


Diamonds in Meteorites 


An indication of the minimum size for the parent body of a meteorite might 
be a mineral content which is thermodynamically stable only at high pres- 
sures. The best known such mineral is the diamond, which requires pressures 
of 16 kb at 25°C and 41 kb at 1000°C. Hydrostatic pressures of these magni- 
tudes require bodies of more than 1000 km radius. 

Diamonds definitely have been found in three achondrite falls and in one 
iron meteorite find. The three achondrites, all ureilites, evidence shock, while 
the iron “‘find,’’ known as Canyon Diablo, is constituted by several thousand 
fragments found around Meteor Crater in northern Arizona. There is thus 
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Figure 8.8: Cooling curves of asteroids for initial central temperatures sufficient for melting 
(1500°C) and intense thermometamorphism (600°C). Surface temperatures: 170°K ; heat 
capacity: 0.198 + 0.98 x 10 'Tcal gm ' deg ', thermal conductivity: 0.005 cal sec }cm 1 
deg '; radioactive content: U = 0.011 ppm, Th = 0.040 ppm, K* = 0.101 ppm. By J. 
A. Wood in Anders [12, p. 596]. 


suggested the alternative hypothesis that the diamonds were created by shock, 
which has been done in the laboratory at pressures of more than 300 kb. 
Meteor Crater is estimated to have been created by a meteorite of about 
100,000 tons (see Section 7.1), sufficient to generate such pressures on impact. 
The diamond-bearing fragments show an extraordinary correlation with 
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location with respect to the crater: diamonds were found in 122 of 1212 
specimens from the crater rim, but only in | to 233 specimens from the plains 
around the crater. Hence it is generally considered that the Canyon Diablo 
diamonds were created on impact. 

However, the three diamond-bearing ureilites were all less than 3 kg in 
mass, and thus too small not to be decelerated by the atmosphere to a velocity 
too low to generate the required pressure on impact. The requisite shocks 
could only have occurred in some prior collisions, such as on the breakup of 
the parent body. There thus still exist some differences of opinion as to the 
origin of the diamonds, arising from differences of interpretation of the 
relationship of the diamonds to the surrounding graphite and the degree of 
deformation of the surrounding silicates. Hence the possibility of a parent 
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Figure 8.9: Gallium, germanium, and nickel contents of iron meteorites. Based on Wasson 
[428] and Wasson & Kimberlin [512]. 
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body of more than 1000 km radius depends more on other considerations 
discussed in Section 8.5 [13, 67]. 


8.4 Isotopic Composition, Gas Content, and Dating 


The chemical compositions of meteorites discussed in the previous sections 
depends on a great variety of causes, both chemical reactions and physical 
processes. However, isotopic ratios and inert gas contents depend only on 
physical processes—nucleosynthesis, irradiation, fusion, melting, diffusion, 
etc. Hence the measurement of such properties may offer more discriminating 
information as to the past history of the meteorite. Furthermore, the ex- 
perimental sensitivity that can be attained by physical techniques such as 
mass spectrometry of gas isotopes is orders-of-magnitude better than chemical 
analysis because of the great reduction in contamination difficulties. 


History of a Meteorite 


The physical history of any meteorite can be summarized by eight or ten 
principal events. At each of these events there were created or retained certain 
elements whose present amounts can be used to determine the date or duration 
or temperature or location of certain conditions. The events can be roughly 
divided into three categories according to the manner of production of the 
elements which are now found in the meteorite. 


1. Primordial: 
Nucleosynthesis 
Spallation . 
Turbulence, heating, etc. in solar nebula 
2. Radiogenic: 
Planetary condensation 
Solidification, after melting 
Gas retention 
Planetary breakup 
3. Cosmogenic: 
Time in orbit 
Time on ground 


The “primordial” events entail the creation or sorting of elements under 
extreme conditions, such as could have existed only in a star or the solar 
nebula: nucleosynthesis, the creation of elements by neutron capture and 
other processes which require extraordinary temperatures, as described in 
Section 9.1; spallation, the creation of lighter elements by high-energy ir- 
radiation, such as may have been produced by the sun in its creation; and 
finally, the distribution of materials in the violent events of the solar nebula 
which presumably existed prior to formation of the planets. 
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The “radiogenic” events entail the fixing in the same vicinity of radioactive 
elements and their radiogenic products. If “vicinity” is defined as the entire 
body, this fixing takes place for nonvolatiles upon condensation of the planet. 
A much more localized fixing will take place for gaseous radiogenic products, 
such as xenon or neon or helium, on cooling past the temperature of diffusion 
for the particular gas and solid matrix. Conversely, the shock associated with 
the breakup of the parent body may drive off the gaseous products. 

The “cosmogenic” events depend on high-energy cosmic rays which produce 
isotopes, many of them short-lived, in the meteorite. If the meteorite was 
buried more than a meter or so inits parent body, the production of cosmogenic 
isotopes would not start until the body was broken up. After falling to earth, 
if the meteorite lay upon the ground a while, the screening of the cosmic rays 
would result in the decay of some radioactive cosmogenic products, which can 
be used to date the time on the ground. 

We shall discuss these three categories of processes in reverse order of 
chronology, and thus in an order of increasing speculativeness. 


Cosmogenic Contents 


The cosmic rays near the earth are mainly high-energy protons, with some 
alpha particles and a small fraction of heavy nuclei. Their sources are 
believed to be mainly within the galaxy: supernovae, contact binaries, red 
flare stars, etc. Taking the unit of energy £ as the Gev (10° electron volts = 
1.6 x 10 erg), the distribution of particle energies above | Gev is well 
represented by a law of the form (1 + £)*°. The mean kinetic energy per 
nucleon is about 4 Gev. In space, the total flux over all directions amounts 
to about five nucleons per square centimeter per second. 

The mean absorption thickness—the amount of matter that can be pene- 
trated before stopping—of the primary cosmic flux is about 150 gm/cm’. 
However, the primary cosmic flux produces a lot of lower-energy secondary 
flux, such that there is actually an increase in the total particle flux in the first 
few centimeters of a body, before there is an eventual decrease. 

If the product of a cosmic-ray irradiation is a radioactive substance, then 
eventually there will be attained for unstable products a situation in which the 
rate of nuclei decay is equal to the rate of new nuclei formation: this state is 
known as secular equilibrium. If it is assumed that the cosmic-ray flux has 
been constant for a time comparable to the half-life of the product, then the 
decay rate measured at the time the meteorite falls will give the production 
rate prior to fall. To transform this production rate rigorously into a flux rate, 
we need the depth of the sample in the meteorite, the geometry of the 
meteorite surface, the energy spectrum of the bombarding flux, and the 
reaction cross section of the target material as a function of energy. Cross 
sections are obtained experimentally by bombarding a material similar to the 
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meteorite in a high-energy accelerator. The results of such experiments in- 
dicate that the combination of the aforementioned circumstances for a given 
target material of mass number A, can be summed up by an empirical 


formula: 
QO(A,) = k(A, — Ap) ™ (8.4.1) 


where Q(A,) is the rate of formulation of products of mass number A,, k is 
proportional to the flux intensity, and k, is dependent on both the size of the 
body and the depth below the surface. For iron as the target, k, varies from 
2.1 at the surface of a small meteorite (radius 15 cm) to 2.7 at the center of a 
large meteorite (radius 50cm). For iron meteorites, results from decay 
products with different half-lives have indicated a constancy of the flux rate 
within 40 percent. 
If the product A, is stable, then the total amount C(4,) in a bombardment 
time T can be written: 
C(A,) = Tk'(4,— A,) “’ (8.4.2) 


Variation of k’ from the k in (8.4.1) would indicate change in the cosmic-flux 
intensity, while a difference of ky’ from k, would indicate change of the 
geometry of the meteorite in space, due either to further breakups on collision 
or to erosion of the surface. Small iron meteorites, which would have the 
greatest changes of k,, indicate that there is very little erosion of irons in 
space. However, for the more friable, and more complicated, stony meteorites 
to which the simple model (8.4.1—2) is of more dubious application, the pos- 
sibility of significant space erosion remains, as discussed below [11, 12, 181]. 

In addition to the apparently negligible—or, in any case, presumably 
gradual—space erosion, there is the very abrupt loss by ablation upon entering 
the atmosphere, which will result in variations with depth of different products 
differing from (8.4.1). From this inconsistency, the original depths of the 
samples can be reconstituted and the total amount ablated can be calculated. 
Estimates of the final ablation rate are also obtainable by thermomagnetic or 
metallographic examination of the heat-affected zone near the surface of the 
meteorite. Such data are the bases for the ablation percentages used in con- 
structing the lower end of Figure 5.12. Some examples are summarized in 
Table 8.5 [11]. 

The principal target materials in a meteorite are essentially the most 
abundant isotopes: Fe** and Ni®* in irons; O!%, Mg”, and Si?8 in stones are 
also important. Most radioactive products are so short-lived that they are 
present only in trace amounts, and measurable only by counting the gamma 
particles or other indicators of their decay. In these cases, the exposure age of 
the meteorite can be deduced from the ratio of the radioactive parent either 
to its stable daughter: e.g., Cl86/Ar?*, Al?6/Ne2!, etc; or to another isotope of 
the same element: e.g., K4°/K*!. In other cases, the cosmic-ray exposure age 
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TABLE 8.5: EXAMPLES OF IRON METEORITE ABLATIONS DEDUCED FROM 
RADIOGENIC CONTENT 


Ablation Loss (%) by 
Postatmospheric Mass 


(kg) He*/He* He/Ne He® Metallog. Thermomagnet. 
450 92 78 
1550 86 

480 73 45 20-48 

6.75 99 

14 78 

Wt) 227 

0.2 60 


Based on Anders [11, p. 424]. 


is derived from the ratio of a stable product to another isotope, which can be 
done with sufficient accuracy only for inert gases: e.g., Ne?!/Ne2°/Ne?2, 
Ar®**/Ar*8, and He*/He*. The use of this technique to determine ages depends 
on a production rate which is usually assumed constant within a class. The 
principal nuclides which have been used in determining cosmic-ray exposure 
ages are summarized in Table 8.6. 

Cosmic-ray exposure ages of iron meteorites deduced from K*°/K*! ratios 
are summarized in Figure 8.10. The ages obtained by other ratios involving 
shorter half-lives—CI?*/Ne®!, Cl?*/Ar®6, ArS9/Ar3®, Al?6/Ne?!—are nearly 
always less, which might indicate either an increase in cosmic-ray flux or 
secondary breakups of some meteorites; the significance of the discrepancies 
is obscured by the determinations being made by different workers. 


TABLE 8.6: PRINCIPAL ISOTOPES USED IN COSMIC-RAY EXPOSURE AGE 


DETERMINATIONS 
Radiation Products Decay Products 
Typical Concentrations in Falls Typical Concentrations 
(disintegrations min~1 kg) (cm’/gm x 1078) 

Isotope Half-life(yr) Irons Stones Isotope Irons Stones 
H® 12.3 35-100 260-310 He? 160-1100 4-220 
(che 5.6 x 10% 1.7-1.8 40-60 Ne?! 2.1-15.2 0.4-63 
Na”? 2.6 60-90 Ar’8 10.5-69 0.7-2.6 
Al?6 7.4 x 10° 3.6 45-70 
Gist 3.1 x 10° 9-22 7-8 
Ar’? Path Se We 7-13 7.5-11.5 
Ki 12.7 x 108 (0.13-0.82 x 10-* g/g) 


Based on Honda & Arnold [181, pp. 206-208]. 
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Figure 8.10: Cosmic-ray exposure ages of iron meteorites. From Anders [12, p. 667]. 


It is estimated that if the mass of meteorites of age around 0.63 & all came 
from the same parent body in the asteroidal belt, it would have to be of at 
least 5 km radius [12]. 

Cosmic-ray exposure ages of stony meteorites deduced from He*, Ne?’, and 
Ar*®® contents are summarized in Figure 8.11. These ages are dependent on a 


Achondrites 
° Eucrites e Nakhlites 4 Aubrites 
e Howardites © Ureilites 4 Diogenites 


Miscellaneous chondrites 
Jat 0m Leer 
© ° © Carbonaceous « « Enstatite c Pigeonite 


Bronzite chondrites 


Hypersthene chondrites 
o U-He age >1 © 20% e U-He age <1 


1 2 4 6 8 10 20 30 40 60 80 100 200 
Cosmic-ray exposure age (million years) 


Figure 8.11: Cosmic-ray exposure ages of stony meteorites. From Anders [12, p. 671]. 
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He® production rate of 1.96 x 10-8 cm’ gm (108 yr)~! at 20°C, and rates for 
Ne” and Ar* estimated from the average He*/Ne** and Ne”/Ar®® ratios. 

The remarkable fact about Figures 8.10 and 8.11 is that all 125 (plus one 
that fell off the left of the logarithmic scale of Figure 8.11) of the stony 
meteorites have ages less than all of the 25 iron meteorites, most of them by an 
order-of-magnitude. Hence if we want to explain the iron and stony meteorites 
as originating in different parts of the same parental body, some different 
orbital history of the stony meteorites must be hypothesized. The obvious 
suggestion is space erosion. If k in equation (8.4.1) has the form k, e~*”, 
where k, and a are constants and R is the depth of the sample in the meteorite, 
then the cosmogenic production rate of a nuclide X is [120]: 


—=Aew (8.4.3) 
where A is a constant. The total content of a stable nuclide is then: 
T 
X= | ene aT (8.4.4) 
0 
where T is the true age, r is the depth in the meteorite upon entry into the 


earth’s atmosphere, and £ is the surface erosion rate. The measured radiation 
age T’ will then be: 


(8.4.5) 


aE 
Then for T > T’, there will be a cutoff age T”: 


1 
T" = — 8.4.6 
=e (8.4.6) 
If the cluster of bronzite ages around 0.004—0.006 & is disregarded, a good 
fit to the data of Figure 8.11 by the model of equation (8.4.5) witha = 7s cm™ 
is obtained by: 
E ~0.5 x 10-*cm/yr (8.4.7) 


Whether or not this erosion rate is plausible depends not only on the 
amount of dust, but also on the size of the dust particles relative to the size 
of the grains in the stony meteorites between which the cohesion is distinctly 
weaker than in the irons—on the order of millimeters. Some models of the 
asteroid belt do contain more than sufficient dust of this size, but there is still 
left the question of the dust distribution between the belt and the earth. In 
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any case, even an exponentially increasing erosion rate fails to fit the 0.004— 
0.006 © bronzite age cluster in the same model with the other data in Figure 
8.11 [120]. 

Another exposure-age technique which is applicable to short durations is 
that of fission tracks. Protons striking a radioactive element, primarily U 
or Th, in a meteorite will induce a fission, the product of which causes a 
track of destruction in the crystal structure which is detectable on etching 
and optical telescope examination. Induced fission is distinguishable from 
spontaneous fission by a characteristic V track caused by acceleration of the 
struck nucleus prior to fission. In this manner, an average exposure age of 
less than 300 years for tektites has been deduced. In meteorites, fission 
tracks have been found to be caused mainly by heavy-element cosmic rays, and 
have been used to infer preatmospheric size and space erosion [122, 123]. 


Radiogenic Dating 


The decay systems used for radiogenic dating of meteorites are the same 
as those used in geochronology listed in Table 1.5, with the addition of 
occasional use of Re!8?-Os}8* (half-life 43 AZ). The deduction of ages from 
Re!§7-Qs!®6 decay is similar to that from Rb§?-Sr®*, owing to the existence of 
nonradiogenic Os!®°. The index used, analogous to Sr®’, is Os!8’. The equation 
corresponding to (1.3.5) is: 


QOs}87 Re!” 
Q}86 raha Os!86 


The time 7 deduced from several iron meteorites is 4.0 + 0.8 AZ. This time 
dates a fixing of the Re/Os ratio, but the events—other than solidification— 
associated with the fixing are uncertain, since neither the absolute amounts 
nor the ratio of rhenium and osmium correlate with other properties of iron 
meteorites described in Section 8.3. 

Also used for dating solidification of meteorites are the Rb§?/Sr’? and 
Pb?°”/Pb?°S ratios, as described in Section 1.3. Some calcium-rich achondrites 
have virtually zero Rb®’, and a Sr87/Sr** ratio of about 0.70, very close to that 
of terrestrial rocks. Chondrites have considerably more Rb*’, and an ap- 
preciably higher Sr’7/Sr®° ratio. All these meteorites fit very closely a straight 
line corresponding to T = 4.37 + 0.2 €. 

The Pb?°7/Pb? age, (1.3.4), deduced for several meteorites, both stones 
and irons, is 4.6 + 0.2 AZ. Some irons seem to have lost a lot of uranium [12]. 

Radiogenic dating of meteorites differs from the geochronology discussed 
in Section 1.3 in its emphasis on the use of gaseous products of decay, since 
they presumably measure the cooling of the meteorite to a temperature at 
which gaseous diffusion is negligible. Because diffusion depends on grain 


[exp (TA) — 1] (8.4.8) 
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size, concentration gradients, mineral type, etc. as well as temperature, this 
“gas retention” temperature is difficult to define precisely, and it is more 
realistic to speak of a gas-retention temperature range of 160°C or so. 

The decay systems used to determine gas-retention ages are U5, U8, 
Th?**-He* and K*°-A*. The retention of helium is negligible above 200°C, 
and essentially complete below 40°C. The comparable gas-retention tempera- 
ture range for argon is 320°C-~160°C. Hence if the cooling of the meteorite 
body from, say, 300°C to 50°C (575°K-325°K) took more than a few times 
0.1 AZ, then there should be a perceptible discrepancy between the U, Th-He* 
and K*-A* ages. Looking at Figure 8.8, we see that such slow cooling 
through the range 575°K-325°K would occur for any body of more than 
150-200 km radius. 

The observed results of U, Th-He’, and K*°-A” ages are summarized in 
Figure 8.12. They are consistent with the idea that in any discordance between 
the ages, the helium age should be less. We can group the results into four 
classes : 


1. Concordant long ages of more than 3.0 AZ require rapid cooling in a body 
small enough to permit such cooling (i.e., less than 150-200 km radius), but 
sufficient to protect the meteorite against cosmic-ray irradiation until the 
breakup time indicated by Figure 8.11 (unless, as mentioned, the low exposure 
ages are due to erosion in space). 


e Bronzite chondrites 
9° Hypersthene chondrites 
4 Achondrites 


(U, Th)-He age (4¢) 


"02 04 0.6 0810 2 39 45 
K-Ar age (44) 


Figure 8.12: (U, Th)-He'‘ versus K-Ar ages of stony meteorites. The broken line corresponds 
to a discrepancy of a factor of two. From Anders [11, p. 494; 12, p. 658] and Heymann 
[176, p. 211]. 
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2. Discordant long ages imply cooling in a larger body, but even the 
maximum discrepancy of 3 4 in Figure 8.12 would not permit a radius 
much more than 300 km, since the radiogenic content—particularly K*°—is 
enough to cause appreciable heating of a larger body before cooling to 600°K. 

3. Concordant short ages, such as the hypersthenes of less than | £ in 
Figure 8.12, indicate some type of shock which caused loss of all gas followed 
by rapid cooling, such as might occur on the breakup of a parent body. 

4. Discordant short ages indicate a partial outgassing, such as might occur 
due to milder shock on collision, or to heating by the sun at a perihelion 
closer than the earth (although meteorites indicating loss of cosmogenic gases 
from such heating have been excluded from Figure 8.12). 


The most striking phenomenon deduced from gas retention ages is that 
many, perhaps most, hypersthene chondrites were shocked about 520 + 60 
million years ago. About 30-40 hypersthene chondrites have U, Th-He 
outgassing dates around 0.5 AZ. The K-Ar ages range from concordance, 
0.5 AE, to 2.7 AZ. These meteorites also show other shock characteristics, 
such as recrystallization of their olivine. The obvious hypothesis is breakup 
of a parent body 0.5 A. ago. However, the much shorter cosmic-ray ex- 
posure ages indicate subsequent additional breakups [176]. 

The uranium, thorium, and potassium contents of iron meteorites are too 
small to make (U, Th)-He* or K*°-A* dating practicable [11, 12, 176, 370]. 


Xenology 


Another inert gas measured in meteorites which could be a radiogenic 
product is xenon. Xe!” is known to be produced by the decay of I?°° with a 
half-life of 16.9 x 10® years. The formation of I??* in perceptible quantities 
is calculated in nucleosynthesis theories: for example, a model assuming 
steady-state galactic synthesis over a duration of 20 4 yields an (I??°/I}27), 
ratio of 0.00125 (see problem 8.9). Hence if the parent body of a meteorite 
cooled below the gas-retention temperature for xenon (about 310°C) before 
the I’? had, essentially, decayed completely, then there should be an excess 
content of Xe?9, 

To determine how much of the Xe!” measured in a meteorite was produced 
by radioactive decay of I}#®, we need a technique that discriminates between 
xenon associated with iodine sites in the meteorite, and xenon associated 
with other sites. The solution to this problem takes advantage of the fact 
that neutron irradiation of I??’ produces Xe!*. If a meteorite is irradiated in 
an atomic pile enough to assure that its artificial Xe!?8 content is much greater 
than its natural Xe’** content, then upon heating of the meteorite in steps to 
various temperatures, the amounts of Xe!** driven off at different temperatures 
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will measure the Xe gas retentivity of different iodine sites. At sites of low 
retentivity, the gas is less tightly bound, and hence can be driven off at lower 
temperatures. In addition some of the natural xenon at these sites will have 
been lost, and hence it will be deficient in comparison to the irradiation- 
produced Xe!”8, At higher temperatures, the gas driven off will be from sites 
where it is tightly bound enough to be held ever since the decay that produced 
it. This binding applies to both the artificial Xe!?8 and the natural Xe? 
Thus, above a certain temperature, the amounts driven off at different 
temperatures should have constant ratios Xe!”8/[!?? and Xe!9/I?9, and hence 
constant Xe!#9/Xe128. 
The aforestated relationships are expressible by the equation [332]: 


Xel”9 = Xel29 XKel?9 [2?” Xel8 8 49 
Xel22 a Xel22 ag ( p27 nae Xel32 (8.4.9) 
primord. radiogen. irrad. 


The isotope Xe! is customarily used as a standard because it is the com- 
monest in terrestrial xenon. Figure 8.13 is an example of an iodine-xenon 
correlation plot for a neutron-irradiated chondritic meteorite. Above 900°C, 
the points on Figure 8.13 fit a slope of 2.90 + 0.10 very closely. The 1?°7/Xel?8 
ratio measured for a potassium iodide monitor placed in the atomic pile with 
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Figure 8.13: Xenon driven off from the Bjurbdle hypersthene chondrite at 100°C tempera- 
ture increments. From Turner [403, p. 5436]. 
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the meteorite was 2.75 x 104. We thus deduce a Xe!?9/[!2? ratio of 2.90/ 
2.75 x 104 = 1.05 x 10~*, which in turn will equal the I’*9/I??’ ratio at the 
time the meteorite began to retain xenon. 

If we use the primordial ratio (1!?9/I!?’)) of 1.25 x 107%, and the half-life 
of 16.9 x 108 years in equations (1.3.1-2), then an age of 60 + 2 x 10° years 
is obtained for the meteorite. Other xenon-retention ages which have been 
obtained by this iodine-correlation technique are 53.0 x 10° years for an 
enstatite and a bronzite; 68.0 x 10° years for the dark fraction and 60 x 10° 
years for the light fraction of a gas-rich bronzite (see below); and 68.0 x 10° 
years for Renazzo, a type II carbonaceous chondrite of unusual disequilib- 
rium between its chondrules and matrix. The greatest discordance from these 
ages is 35 x 10° years for Bruderheim, a hypersthene that evidences shock. 
A chondrule removed from Bruderheim yields, however, a retention age of 
58 xX 108 years. 

Despite uncertainties in the proper primordial iodine ratio (I??9/I?®’),, the 
Xe!® technique does definitely fix the xenon-retention time after I'*° formation 
as relatively brief compared to the 5.0 © time scale of the solar system. 
Much more dubious is the manner of I?*° formation. The short time is much 
easier to reconcile with spallation of Te??*, as described in Section 9.1, than it 
is with nucleosynthesis in some super star [121, 273, 332, 403]. 


Primordial Rare Gases 


Full consideration of the radiogenic xenon content of meteorites cannot 
be separated from the general problem of the primordial rare gases of 
meteorites. By primordial, we mean associated with the formation and cooling 
to gas retention of meteorites, as distinguished from primeval, associated with 
formation of the solar system as a whole. Primordial gases are sometimes 
referred to as trapped gases, to indicate nonradiogenic or nonfission origin. 
Compared to the standards of (a) “cosmic” abundances estimated from 
several sources plus semiempirical rules of nucleosynthesis, and (b) the 
abundances observed in the earth’s atmosphere, meteorites show considerable 
anomalous variations in their inert gas content with respect to (1) the 
absolute abundances; (2) the relative abundances of isotopes; and, even, 
(3) the relative abundances of different parts of the same meteorites. 

Figure 8.14 summarizes the relative abundances of the inert gases in 
meteorites, the earth, and the original cosmic mix estimated from the sun 
and nucleosynthetic theories. All gases are depleted with respect to solar 
abundances, markedly as a function of atomic mass. This depletion varies 
from nine to four orders-of-magnitude for the carbonaceous chondrites, 
which appear to be the least disturbed class in this respect as they were in 
others. The extra light gases for the seven meteorites classified as gas-rich have 
a peculiar explanation. These meteorites, whose abundances are connected 
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Figure 8.14: Abundances of rare gases. The abundances for meteorites are in cubic centi- 
meters per gram, which roughly equals atomic abundances normalized to logy (Si) = 2.0. 
Based on Signer & Suess (370, p. 245], Perin & Signer (311, p. 255], and Anders [12, p. 675]. 


by dashed lines in the figure, are remarkable in that they are highly differ- 
entiated with excess He, Ne, and Ar concentrated in only part of the meteorite. 
The gas-rich meteorites are characterized by a structure of light-colored 
inclusions a few millimeters in diameter in a dark matrix. The helium con- 
centration in the dark matrix is often greater than 10? cm3/gm3, while in the 
light inclusions it is normally less than 10~° cm3/gm%. The hypothesis most 
generally accepted is that the extra gases were acquired by particle irradiation 
of the dark matrix material by a solar wind when it was in the form of a 
dust [311]. 

As was noted to be the case for other rare elements, the enstatite chondrites, 
despite their more reduced chemistry, have abundances intermediate 
between those of the carbonaceous and ordinary chondrites. The ordinary 
chondrites, like the earth, are the most severely depleted. This depletion 
generally is considered to be one of the strongest evidences that the earth 
lost its primeval atmosphere. 

It is interesting that the abundances for the ordinary chondrites and the 
earth’s atmosphere follow each other so closely, except for the xenon. An 
obvious suggestion is that the parent body of the chondrites condensed 
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TABLE 8.7: XENON ISOTOPE RATIOS 


XKel24 Xel26 Xel28 Xel29 Xel80 Xels1 XKels4 Kels6 


Material Xel32 — -Kel82 —_ Kel32_ Kel32  Kel82 Xel’2 KNel’2 Kels? 
Chondrites 
Carbonaceous (3) 0.0048 0.0043 0.083 1.055 0.1604 0.816 0.379 0.320 
Enstatite (3) 0.0044 0.0037 — 2.98 0.161 0.806 0.384 0.322 
Ordinary (2) 0.0051 0.0048 0.084 1.31 0.159 0.812 0.390 0.330 
Achondrite (1) 0.077 0.0097 0.081 0.92 0.145 0.768 0.459 0.413 
Earth 0.0036 0.0033 0.071 0.98 0.151 0.788 0.388 0.330 


Based on Anders [11, p. 461] and Hohenberg et al. [477]. 


earlier than the earth, and hence acquired more Xe!” through I'° decay. 
However, since several processes may affect isotope ratios, it is worthwhile 
to examine all xenon-isotope contents. 

It thus appears from Table 8.7 that although the chondritic meteorites 
have had an enrichment in Xe?”® relative to the other isotopes, this mechanism 
is far from being able to account for the orders-of-magnitude differences 
shown in Figure 8.14. A trend that does appear distinctly in Table 8.7 is that 
Xe™/Xel* ratios for M < 132 are higher in the meteorites than in the earth’s 
atmosphere. This effect is believed to be due to neutron or proton irradiation 
in an early active stage of the sun, perhaps when the chondritic material was 
dust in the solar nebula. Such irradiation would create Xe! from [??8 or 
Xel8! from Tel, for example. The heavier isotopes of xenon generally are 
held to be produced by fission: of plutonium-244, which has a 75 x 10° year 
half-life, or of uranium, both spontaneous and thermal-neutron induced. 
Experiments measuring the amounts of different isotopes driven off at dif- 
ferent temperatures, similar to those described pertaining to Xe, show a 
definite positive correlation of the Xe!4 and Xe%® fractions as a function of 
temperature, but little or none for Xe1*° and Xe!*!, This suggests that more 
than one type of xenon is present, and that the Xe!*4 and Xe1®* are produced 
in a similar way. 

The lighter krypton isotopes also show an enhancement in meteorites 
relative to the earth, which is also believed to be caused by irradiation. There 
are no likely fission or radiogenic products among the krypton isotopes. 

The isotope ratios of the lighter gases do not show such distinct patterns, 
apparently because they are subjected to a considerably greater variety of 
effects. An additional mechanism which has been tentatively identified is 
diffusion, which for isotopes of a given element would have rates inversely 
proportionate to the square root of mass. Diffusion is thought to account for 
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the much lower Ne?°/Ne”? ratio of meteorites as compared to the earth [11, 12, 
311, 381]. 


Oxygen Isotope Ratios 


A final category of gas-isotope analysis which only recently has been applied 
intensively to meteorites is determination of O18/O" ratios, which previously 
have been used in studying temperature and water-content dependence of 
igneous and metamorphic processes. Oxygen-isotope ratios are usually 
expressed in a mil difference from a standard: 


j= (O'*/O'*)sample 
(O'*/O**)standard 


where the standard is standard mean ocean water. The value of 6 is normally 
negatively correlated with the temperature of formation, T,: thus sandstone 
may have a 6 of 15, while the pyroxenes in terrestrial igneous rocks range 
from 5.5 to 6.6. The results for meteorites are best related to the iron-oxidation 
graphs. For chondrites, Figure 8.3: 


- 1 | 1000 (8.4.10) 


1. Enstatite, bronzite, and hypersthene chondrites have pyroxene 6 values 
of 5.4 to 6.3, suggesting 7, comparable to terrestrial ultrabasic igneous rocks. 

2. Carbonaceous I and II chondrites have whole-rock 6 values of 8.4 to 12.2, 
suggesting low Tp. 

3. Carbonaceous III chondrites have whole-rock 6 values of —0.8 to 5.5, 
suggesting high Tp. 


An O}8/Q}® analysis of achondritic meteorites divides them into two 
groups, falling on either side of a straight line on Figure 8.4 running from 
[FeO/(FeO + MgO), 20 percent; CaO, 0 percent] to [FeO/(FeO + MgO), 
50 percent; CaO, 20 percent]. The meteorites to the left of this line—aubrites, 
ureilites, nakhlites, and angrites—have high 0’s, 5.0 to 6.0; the meteorites to 
the right of this line—diogenites, howardites, and eucrites—have low 0’s, 3.7 
to 4.4 (except one 5.3, which happens also to have an unusual structure) 
The stony-iron mesosiderites also fall in this low-6 group. 

Probably the most impressive result of the O'8/O'* analyses is the tightness 
of the group comprising the enstatite and ordinary chondrites, and of the 
group comprising the diogenites, howardites, and eucrites, suggesting two 
distinct genetic classes [391]. 


8.5 Origin of Meteorites 


We wish, of course, to relate all the multifarious facts about meteorites 
described in the preceding four sections in as simple a history as possible. 
At this point, it might be helpful to list some of the more salient properties as 
a checklist in discussing their causes: 
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1. The meteorites divide into three distinct classes by iron content (Table 
S235 

2. By far the largest number of observed falls are chondrites (Table 8.1). 

3. Iron meteorites are generally larger than stone meteorites. 

4. By far the largest proportion of chondrites are bronzites and hyper- 
sthenes (Table 8.2). 

5. Chondrites are generally fragile and all have a structure of unusual 
heterogeneity compared to terrestrial rocks; all except carbonaceous type I 
contain chondrules. Carbonaceous chondrites are more fragile than ordinary. 

6. Chondrites divide into six or seven distinct groups by reduced versus 
oxidized iron content (Figure 8.3). 

7. Chondrites have a less distinct division into three or four groups by 
total iron content (Figure 8.3). 

8. Chondrites of all classes (except carbonaceous I and II) evidence greatly 
varying degrees of thermochemical equilibrium, as expressed by the petrologi- 
cal types, of little correlation with chemical content. 

9. The four carbonaceous I chondrites are the closest of all meteorites to 
solar and cosmic abundances (Table 8.4). 

10. Certain enstatite chondrites, high in iron and sulfur content, are the 
closest to carbonaceous in retention of minor elements and rare gases (Table 
8.4 and Figure 8.14). 

11. Carbonaceous | and II chondrites contain hydrocarbons unstable at 
temperatures above 200°C. 

12. Magnetic anistropy has been found in all ordinary chondrites in which 
it has been sought, but not in any carbonaceous chondrite. 

13. All chondrites have cosmic-ray exposure ages less than 60 million years 
and the ages show clusters to which it is impossible to fit a uniform production 
and space erosion model (Figure 8.11). 

14. Solidification ages of all meteorites are 4.0 to 4.6 A. 

15. Gas retention ages of most chondrites are 4.0 to 5.0 ZZ (Figure 8.12). 

16. Discordances between long (>3.0 4) helium and argon retention ages 
are small enough to indicate a cooling rate as fast as a planet of less than 
300 km radius (Figures 8.8, 8.12). 

17. Some chondrites—nearly all hypersthenes—have gas-retention ages, 
both concordant and discordant, indicating complete or partial outgassing 
0.4 to 2.0 A ago (Figure 8.12). 

18. The Xe!’ content of six chondrites indicates an interval between I!29 
formation and xenon retention (about 310°C) of 35 to 68 million years. 

19. Five bronzite chondrites and two achondrite meteorites have a dark 
matrix of about ten times as great light rare-gas content as the lighter in- 
clusions. 
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20. Chondritic meteorites show an excess of light xenon isotopes relative to 
terrestrial xenon. 

21. Chondritic meteorites show a deficiency of heavy xenon isotopes 
relative to terrestrial xenon. 

22. The O'*/O" ratios of enstatite and ordinary chondrites from a very 
tight group close to the values for ultrabasic rocks (6 5.4 to 6.3). 

23. The O18/O1 ratios of carbonaceous I and II chondrites are similar 
to those of granitic rocks (6 8.4 to 12.2). 

24, Achondritic meteorites have a much more differentiated structure than 
chondrites, sometimes similar to igneous rocks. 

25. Achondritic meteorites divided into two classes of CaO content—less 
than 3 percent and more than 5 percent—positively correlated with the degree 
of iron oxidation (Figure 8.4). 

26. Some eucrites contain tridymite, which is unstable at pressures above 
Sib. 

27. Two ureilites contain diamonds, and were too small to create sufficient 
pressures to form diamonds at impact on earth. 

28. Aubrites have a composition similar to enstatite chondrites, less some 
nickel-iron and troilite; ureilites have a composition similar to hypersthene 
chondrites less some nickel-iron and troilite. 

29. All achondrites have cosmic-ray exposure ages less than 120 million 
years; less than 45 million years for the calcium-rich. 

30. Of the five common classes of achondrites, those of low iron oxidation 
(aubrites, ureilites) have O'8/O18 ratios similar to the enstatite and ordinary 
chondrites (6 5.0 to 6.0), while those of higher oxidation (diogenites, howard- 
ites, eucrites), plus the stony-iron mesosiderites, have extremely low 018/018 
ratios (6 3.7 to 4.4). 

31. Stony-iron pallasites have a structure—large silicate inclusions in a 
nickel-iron matrix—suggesting a core-mantle boundary in a small planet. 

32. Iron meteorites are mainly very pure metal, 93 percent or more nickel- 
iron, with troilite impurities concentrated in large nodules and appreciable 
amounts of schreibersite. 

33. The Widmanstatten structure of irons and associated gradients of 
nickel content indicate two groups of cooling rates, clustering around 
1°C/million years (corresponding to 130-260 km planet radius) and 10°C/ 
million years (corresponding to 50-90 km planet radius) (Figure 8.8). 

34. The gallium, germanium, and nickel contents of irons can be used to 
designate at least six distinct classes (Figure 8.9). 

35. Diamonds have been found in one major iron meteorite, but in speci- 
mens whose locations are highly correlated with the events of its terrestrial 


impact. 
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36. The cosmic-ray exposure ages of iron meteorites range from 0.15 to 
2.3 Z, with clusters around 0.63 and 0.9 Z (Figure 8.10). 


Despite the impressive number of pertinent “facts” in this list, it would be 
surprising indeed if a complete history of the meteorites could be deduced 
entirely separate from the history of other parts of the solar system. The idea 
of an “origin” of a meteorite distinct from the origin of other parts of the 
solar system only has meaning if it is defined as the differentiation of the 
meteorite from other material. Obviously there could have been more than 
one such differentiation, and hence a rather complex history. Probably the 
best we can hope to do is to establish limits on the conditions which have been 
experienced by the meteorites, which in turn will limit the circumstances of 
origin and evolution of the terrestrial planets—the subject of this book—and 
of the rest of the solar system. 

We have implicitly assumed in this chapter, and in Chapter 1, that the 
heavy radioactive elements, uranium and thorium, were never created in the 
sites in which they have been used for radiogenic dating, and hence that they 
were created somewhere else a finite time ago. Some assertions which at this 
point we shall take as given by nuclear physics and astronomy, both galactic 
and extragalactic, are (1) the age of the universe is considerably more than 
the upper limit of 5 4 or so that the Pb?°’/Pb° ratios, etc., in the earth and 
meteorites indicate; (2) the pressures and temperatures required to create the 
heavier elements—beyond Fe**—are greater than those in the sun; (3) there 
exist stars within our galaxy big enough to create such temperatures and 
pressures; (4) such stars, “supernovae,” sometimes blow up most catas- 
trophically. Thus the solar system must have been created out of the remnants 
of such a blowup, by condensation of a gas and dust cloud. 

The earliest possible “‘origin”’ of meteorites is therefore differentiation from 
such a primeval cloud, the solar nebula, and the simplest history we could 
hypothesize would be direct condensation from the cloud some 4-5 E ago 
of the meteorites in their present form. Such a history would be attractive in 
several ways for the largest class of meteorites, the chondrites: it would 
account for their fragile and heterogeneous structure; their appearance of 
experiencing only mild conditions except for occasional transient events; and 
such properties as the rapid melting and quenching of the chondrules, the 
irradiation of the gas-rich meteorites, and the evidences of spallation products 
such as some of the rare gas isotopes. The variations in iron oxidation and 
chemical content could be accounted for by variations in the cloud, while the 
sorting of these variations into distinct groups instead of a continuum could 
perhaps be explained by the sweeping out of segments of this continuum by 
the planets. 


The principal objection to such a simple history for the chondrites is their 
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short cosmic-ray exposure ages, which cannot be explained by any erosion; 
they must have been stored in some parent body throughout most of their 
history. Given that a parent body is required, the next question is how large 
it must be; furthermore, there are the questions of how many immediate 
parent bodies and whether there has been more than one generation of 
parent bodies. The existence of more than one parent body is a more satisfying 
explanation of the compositional groupings of the chondrites, as well as 
their similarity in some respects to other classes of meteorite, such as in 
07*/O1* ratios or trace element content. It is desirable to keep the parent 
bodies of chondrites as small as possible, since it is not understood how to 
break up a large body of more than a few tens of kilometers radius without 
vaporizing all the material. Also limiting the size of the parent bodies are the 
rapid cooling rates indicated by the consistency of Ar? and He? retention 
dates, the relatively short I??°-Xe!2® ages, and the low temperature require- 
ments of carbonaceous chondrites. Perhaps one of the strongest indicators of a 
sizable parent body for ordinary chondrites is the existence of magnetic 
moments in those ordinary chondrites in which it has been measured. 

The origin of the chondrules has had several explanations. The most favored 
is that they were formed by a rapid heating and cooling, within minutes, in a 
primeval dust cloud by a shock wave [447] or lightning discharge [585]. The 
principal objection to this hypothesis is their somewhat complex mineralogy. 
Alternative explanations are that they were splashed out by volcanic eruption 
or meteorite impact, which requires an earlier generation of parent bodies, in 
view of the apparent radiogenic Xe!** content of chondrules; and that they 
were formed in place by diffusion, which contradicts their negative correlation 
with other evidences of metamorphism. 

The carbonaceous type I chondrites are of special interest, of course, 
because they have the composition closest to solar and cosmic. However, 
attempts to explain all chondritic compositions as derived from the car- 
bonaceous type I have considerable difficulties because of the lack of cor- 
relation of varying degrees of depletion with volatility or fugacity for many 
lesser elements as well as for oxygen and silicates, as previously mentioned in 
connection with Figure 8.3. Usually attempts to establish genetic relationships 
conclude that there are four or five such sequences taking the different groups 
of chondritic meteorites as starting points. However, at present there is no 
genetic classification satisfactorily accounting for all the meteorite data listed 
at the beginning of this section. 

The genesis of the more differentiated meteorites—achondrites, stony 
irons, and irons—generally indicates larger parent bodies, in order to provide 
higher temperatures. In order to produce enough heat to melt iron and enough 
pressure to create diamonds, some theories haye required lunar-sized original 
parent bodies. However, there is still the great difficulty of how to break up a 
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moon, as well as the apparent lack of all but 3 percent of the remains of such 
a body in the solar system. There have been two alternative suggestions for 
the heat source. 1. The short-lived radioactive isotope Al**, which has a 
0.74 x 108 years half-life. If there was sufficient energetic radiation emitted to 
create by spallation the I’? indicated by the Xe’?® content, it would have 
created more than enough Al®* by the same process [555]. 2. Resistive losses 
from electrical currents induced in the planet by the strong magnetic field of 
the early sun [581]. 

An alternative hypothesis for the pressure source creating diamonds, other 
than shock, is a massive primordial atmosphere which was later blasted away 
[406]. 

As has been mentioned, nickel-content gradients associated with the 
Widmanstatten patterns of iron meteorites indicate relatively rapid cooling 
rates and hence small parent bodies, while six or more close Ga-Ge-Ni groups 
suggest as many separate parent planets. These Ga-Ge-Ni groups are also 
correlated with cooling-rate groupings [512]. 

The location of the immediate parent bodies of the meteorites generally has 
been held to be in the asteroid belt. Most of the eleven or so meteorite tra- 
jectories which have been estimated from actual observation have had aphelia 
in, or approaching, the asteroid belt. The collision frequency deduced from 
the observed density of the asteroid belt, plus probabilistic calculations as 
described in Section 5.3, obtain times from collision in the main belt to 
impact on earth consistent with the 0.15-2.3 AE cosmic-ray exposure ages of 
iron meteorites. However, the short exposure ages, times-of-day of falls, and 
other considerations discussed in Sec. 5.3 make it difficult to find satisfactory 
immediate parent bodies for the stone meteorites. The main asteroid belt and 
Mars-crossers lead to overlong exposure ages, and there are too few Apollo 
asteroids. The moon has a surface composition similar to calcium-rich 
achondrites (see Table 9.1), but leads to ages much too short, unless a very 
few large impacts are postulated. Comets thus seem the most likely source at 
the moment [18, 303, 433, 539]. 

Several coherent theories of the origin of meteorites have been formulated, 
varying widely in several aspects. The most fundamental variable is probably 
the size of the primordial parent body required, from small asteroidal, which 
has the weakness of attributing too many processes to the environment of a 
remote and little understood primeval nebula, to lunar, which has the weak- 
ness of requiring the breakup of a large body. In order of the increasing size 
required, the principal theories are those of Wood [447, 448, 450], Anders [12, 
555, 568] Levin [245], Ringwood [239], Suess [380], and Urey [409]. The im- 
portant undisputable fact about meteorites, however, is that they come from 
inside the solar system. Hence they constitute an important segment of chemi- 


cal information pertaining to the origin of the solar system [12, 65, 339, 381, 
405, 409, 447, 450, 555, 568]. 
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8.6 Tektites 


Description and Classification 


Tektites are glassy stones usually between 0.5 and 10 centimeters in diam- 
eter. The glass usually looks black, or olive-green in thinner or more 
translucent sections. There are three main structural types [292]: 


1. Muong Nong tektites are irregular chunks of broken glass, whose 
breakage evidences a pronounced interior pattern of parallel layers. Muong 
Nong tektites also have strain patterns indicating that they originated as frag- 
ments of a much larger body, and are generally found in clusters aggregating 
some tens of kilograms weight (Figure 8.15a). 

2. Splash-form tektites have shapes approximating fluid bodies, usually 
under some distorting effect such as rotation: spheres, ellipsoids, teardrops, 
saucers, etc. Most tektites are in this class. The surface is marked by pits, 
grooves, notches, and long tracks. Splash-form tektites have a strain pattern 
indicating that they cooled as separate bodies (Figure 8.155). Also includable 
in this class are oceanic microtektites, glassy objects less than 1 mm in diam- 
eter found in some ocean cores in a layer near the sediments showing the 
geomagnetic reversal 0.7 x 10® years ago [136]. 

3. Australites also have the form of a cooled liquid, but have had the glass 
removed systematically from one side, called the anterior side. This removal 


Figure 8.15a: Muong Nong tektite. Soil in grooves brings out layered structure. From 
O’Keefe [292, p. 175]. Photo by John A. O'Keefe, NASA Goddard Space Flight Center. 
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Figure 8.156: Splash-form indochinite from Thailand. Pits indicate internal fluid structure. 
From O'Keefe (292, p. 175]. Photo by John A. O’Keefe, NASA Goddard Space Flight 
Center. 


has the appearance of aerodynamic ablation or thermal spalling, and in some 
cases the glass has flowed from the anterior side to form a flange, which gives 
the australite a button-shape (Figure 8.15c). 

The ten tektite “‘finds” in Table 8.1 vary greatly in the number of specimens 
and the geographic extent covered by them, as summarized in Table 8.8. 

The three types of glasses listed at the end of Table 8.8 generally are not 
considered to be tektites, mainly on the basis of a chemical content charac- 
terized by a much higher proportion of silica. 

The ages, obtained principally by K*°-Ar* dating, indicate very strongly 
that the tektites are the products of only four events, despite the gaps in 
geographic distribution, and, in the case of the 700,000-year group extending 
from South China to Tasmania, great differences in structural type. This 
grouping is borne out by mineralogical differences, particularly in the relative 
amounts of different types of feldspar (Figure 1.3). Thus all North American 
tektites analyzed have markedly less lime (i.e., less CaO) than all other 
tektites analyzed; moldavites have less soda (Na,O) than all others; only 
Ivory Coast tektites have more soda than potash (K,O), in which they are 
deficient with respect to all other tektites except some North American. On the 
other hand, all the Australasian tektites form a tight group, except for some 
deficiency of the indochinites in lime with respect to the others. 
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Figure 8.15c: Australite, 2.3 centimeters diameter, rear view. From O’Keefe (292, p. 176]. 
Photo by Roy C. Clarke, Smithsonian Institution. 


Table 8.9 compares the chemical contents of tektites with various types of 
terrestrial rocks and the most similar meteorites, carbonaceous chondrites. 
The nonvolatile chemical similarity of tektites to highly differentiated crustal 
rocks, not only for the major components listed in Table 8.9 but also for 
many trace elements, is the principal argument in favor of terrestrial origin for 
tektites [395]. One possible exception is the O18/O1* ratio: all of those 
measured (except some Ivory Coast) fall between 8.9 and 10.8 in 6 value: 
comparable to granite, and appreciably lower than sediments [392]. One of the 
most remarkable properties of tektites is a water content of only 10~* to 10~. 
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TABLE 8.8: TEKTITES AND SIMILAR BODIES 


No. 
Extent Specimens Age 
Name and Location (km X km)  (approx.) Type (108 yr) 
Bediasites: E. Texas, U.S.A. 250 x 20 2,000 Splash 34.0 
Central Georgia, U.S.A. 300 x 150 100 Splash 34.0 
Martha’s Vineyard, U.S.A. 0x 0 1 Splash 34.0 
Moldavites: Czechoslovakia 400 x 150 55,000 Splash 14.6 
Ivory Coast, West Africa 100 x 100 200 Splash-Australite 1.0 
Indochinites: Thailand, Indochina, 1000 x 1000 40,000 Muong Nong and 0.7 
and South China splash 
Billitonites and malaysianites: N. East 1200 x 800 7,500 Splash 0.7 
Indies and Malaya 
Philippinites (rizalites): Philippines 1000 x 300 $00,000 Splash 0.7 
Javanites: Java 100 x 100 7,000 Splash-Australite 0.7 
Australites: S. ? Australia and 3500 x 2500 40,000 Australite 0.7 
Tasmania 
Oceanic microtektites: triangle 6000 x 6000 Many Splash 0.7 
Ryukyus-Australia-W. Indian Ocean 1000’s 
Darwin glass: W. Tasmania 10 x 2 Like Muong Nong ~0.6 
Aouelloul glass: Mauritania 1x} Like Muong Nong ~0.3 
Libyan Desert glass: N.W. Egypt 80 x 25 Like Muong Nong ~34.0 


Based on Mason [263, pp. 202-204], O’ Keefe [292], Baker [23, pp. 11-34], and Glass [136]. 


Tektites are also severely lacking in other volatiles, so that they must have 
formed under high vacuum conditions [292]. 


Terrestrial Impact Origin 


Therefore, if the tektites were formed on earth, it must have been by the 
impact of a body large enough to have blasted the atmosphere entirely away 
in the impact area. Furthermore, the atmosphere must have been removed in 
order to enable the driving of such small bodies over areas as wide as 
Australia. The occurrence of such an event should be evidenced by both the 
earth’s surface and the structure of the tektites, and should be deducible by 
theoretical consideration of meteorite or comet impact on earth. Some of the 
pertinent properties of tektites [292] (particularly australites): 


1. They appear to have been already rigid glass upon entering the atmos- 
phere on final descent. 

2. They appear to have been twice melted, first during primary formation 
and second by aerodynamic heating on atmospheric entry. 

3. The abundance of round or nearly round shapes of australites indicates 
that solidification took place in the absence of significant aerodynamic forces. 

4. Some tektites have been found to contain small amounts of the nickel- 
iron, troilite, and schreibersite common in meteorites. 

5. Some Muong Nong tektites contain coesite, the phase of silica requiring 
pressures above 16 kb and no subsequent melting. 
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6. The cosmic-ray exposure age of tektites is less than 300 years by the 
fission-track technique. 

7. The drastic degree to which both crystal structure and volatiles are 
absent from tektities, compared to industrial glasses, would be difficult to 
attain in the brief interval of an impact—which implies that the parent material 
of the tektites was glass even before impact. 

8. The angular character of the few voids that appear in tektites would be 
difficult to attain by fusion of a crystalline material. 

9. Laboratory simulations require entry velocities on the order of escape 
velocity, 11.2 km/sec, in order to attain the same degree of aerodynamic 
shaping as australites (some variation is allowable, dependent on the angle 
of entry). 

10. Rare gases found in tektite voids have terrestrial isotope ratios. 


If the impacting body is to remove the atmosphere sufficiently to permit 
transcontinental transport of tektites as well as evacuation of volatiles, then 
the energy provided by the impacting body must be at least the potential 
energy of the atmosphere blasted out—roughly, the amount of atmosphere 
above the tangential plane, as in Figure 8.16: 


(oe) g 2 
E= e*hog, 9 _ D(z, +- 2)" dz 
{, Po So (% + 2 (% ) 


= 2TpoSo%oho™ (8.6.1) 
ww 2 x 10° ergs » 5 x 10’ kt TNT equivalent 
where pg is sea-level air density, 1.2 x 10 * gm/cm*; gy is sea-level gravity, 
980 cm/sec®; zo is the earth’s radius, 6.4 x 10° cm; and fp is the scale height 


of the atmosphere, 8 x 10° cm. Assuming impact velocity on the order of 
10 km/sec, such energy requires a body of about 10'* gm. Extrapolating from 


Atmospheric shell 
Tangent plane 


Earth’s surface 


Figure 8.16: Geometry of impact for energy calculation. 
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Section 7.1, we see that if the body had a density comparable to that of the 
earth’s crust, a crater on the order of 100 km diameter would have been 
formed. About 200 km from the European field is a 25 km crater of similar 
age, the Ries Kessel, and at about the same distance from the Ivory Coast 
field is a 13 km crater of similar age, Bosumtwi [501]. The North American 
field is so old (34 x 108 yr) that its crater may have been obliterated, but there 
is no known crater associated with the young Australasian field. The absence 
of big craters suggests impacting bodies of much less density, that is, comets. 
But there are still the problems of why the tektites are found in only one 
particular direction from the Ries Kessel: none has ever been picked up in 
the populous areas of France and Germany; and of the location of the 
Australasian impact: the size progression from australite to Muong Nong 
suggests Antarctica or the Southern Ocean, which moves the energy cal- 
culations to new orders-of-magnitude entailing vaporization of ice or water 
[246]. Possibly further determination of the distribution of oceanic micro- 
tektites will elucidate the Australian origin problem. 


Lunar Origin 


More detailed trajectory calculations make it difficult to reconcile the high 
velocities and variations in impact angle indicated by aerodynamic shaping 
with terrestrial origin [70]. However, even given a vacuum created by impact, 
probably the greatest problem of the terrestrial-origin hypothesis is removing 
virtually all crystal structure and water in such a short time [292]. 

The brief cosmic-ray exposure age of tektites indicates that the only 
possible extraterrestrial source is the moon. Further it is generally agreed that, 
if the origin is lunar, the meteorite minerals, the coesite, the absence of water, 
and the need to attain the escape velocity of 2.4 km/sec all indicate meteorite 
impact rather than volcanic eruption. Differences of opinion exist, however, 
as to whether the tektites came from the moon to the earth as separate bodies 
or in one large body [70, 292]. 

If the tektites came as separate bodies, then they all must have come from 
the same limited portion of the throwout cone of the lunar impact in order for 
the strewn field not to be scattered over the entire earth. This limitation is 
difficult to accept for the Australasian field in view of the considerable 
difference in both apparent degree of initial melting and in ablation on 
atmospheric entry over the range from Muong Nong to australite tektites. 
Furthermore at least a few sporadic tektites with perceptible cosmic-ray 
exposure ages would be expected. 

Transit of a single body from the moon terminating in grazing incidence at 
the earth’s atmosphere is more effective in explaining the limited distribution 
of the strewn fields. It also explains the north-south variations in the charac- 
teristics of the Australasian field as the consequence of successive passage 
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through perigee in which the effect on the body proceeds from the wrenching 
off of solid chunks to ablative melting. Such effects have been observed in the 
reentry of artificial satellites. Although such a grazing incidence may seem 
forbiddingly improbable for a natural object, one occurrence of grazing 
incidence of a meteor has actually been observed in the Cyrillid shower of 
1913, which extended from Canada to Brazil [292]. 

The difficulty in the single-body theory is at the lunar end: how to wrench 
such a large chunk off the moon without breaking loose many smaller pieces. 
About the best suggestion is that the initial effect of a large impact on the 
moon is to generate a cloud of gas or dust which traps all but the largest 
masses. The rayed character of relatively new large lunar craters may also be 
due to this effect. 

The principal present chemical evidence regarding the moon’s surface is 
unfavorable to the lunar hypothesis of tektite origin: the alpha-scattering 
observations by Surveyors 5-7 indicate oxygen, magnesium, aluminum, 
silicon, and iron contents much closer to basalt than to tektites; see Table 
9.1 [508, 583]. 

The tektites constitute a fascinating problem which is still unsolved, mainly 
because of imperfect understanding of the complex dynamics of great impacts. 


PROBLEMS 


8.1. Calculate the standard free energy of formation AG® of —122,823 cal/mole 
specified for the reaction (8.2.1). 


8.2. Discuss the significance of the environment in applying the thermodynamic 
theory at the end of Section 8.2 to the problem of chondrite formation: that is, 
what would occur in a closed environment from which the gases could not escape? 
What would occur in an open environment ? What should be considered the inde- 
pendent variables in each case? 


8.3. Given Stokes’ law for the velocity of rise v of a bubble of density p’ in a medium 
of density p, 
# — 
Jane (p_— pig 
a y] 


where g is gravitational acceleration, r, is the radius of the bubble, and 7 is viscosity, 
speculate as to the conditions under which the pallasites could have been pieces of a 
core-mantle boundary of a parent body. 


8.4. An iron meteorite has an 8 percent nickel content. In what subclass does it fall? 
What is the expected width of the kamacite bands? At what temperature did the 
kamacite probably first separate from the taenite? What would have been the effect 
of high pressures on the phase diagram Figure 8.7, and hence on the meteorite 
structure? 
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8.5. It is reported that the 0.15 x 10-4cm aluminum skin on an artificial satellite 
is being destroyed at a rate less than 1 percent a year. Discuss whether this figure is 
consistent with the 0.5 x 10~®cm/yr of equation (8.4.7) inferred from chondrite 
(mainly hypersthene) cosmic-ray exposure ages. 


8.6. What solidification age is indicated by the following ruthenium-osmium ratios 
in a meteorite: 
Os!87/Os196 Re!87/Qs186 
Mineral A 0.842 0.200 
Mineral B 0.854 0.400 


8.7. In a xenon analysis by the neutron-irradiation technique, an I'*7/Xe!®8 ratio of 
2.75 x 104 was obtained from an iodide monitor. At higher temperatures, the Xe!2 
and Xe!8 driven off fit closely the equation 

Kel29 XKel28 


Kem = 25 + 2.1 yas 


What is the inferred interval between [229 formation and Xe!?° retention? 


8.8. The O'8/O"* ratios of carbonaceous I and II chondrites and of tektites are very 
similar. Discuss the possibilities of common origin. 


8.9. In theories of nucleosynthesis, the iodine isotopes [!?? and [}?° have about the 
same formation rate K. As stated in the text, I”? decays with a half-life of 16.9 x 106 
years. Assume a steady state of I’?° in the galaxy—i.e., decay equal to formation—for 
a duration 7. What will be the 11?9/I!’ ratio for a duration T of 2 x 10'° years? 
2 x 10° years? What effect will this time T have on the I”? formation—Xe retention 
interval deduced from a Xe!*® excess? 


8.10. Calculate the energy requirements for creation of the australites by a body 
hitting in the Antarctic Ocean; and for a body hitting the Antarctic ice sheet. What 
other evidences of such an event might still remain? 
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Chapter 9 


CONSTITUTION AND ORIGIN 
OF THE TERRESTRIAL PLANETS 


In the first eight chapters a great deal of information pertinent to the 
constitution of the planets has been discussed. In this chapter we wish to 
correlate this information plus such additional data as may be pertinent 
toward the goal of inferring the structure of the terrestrial planets, and thence 
their history. The task is somewhat similar to that carried out for the earth in 
Chapters | and 2. First we seek chemical boundary conditions from the 
terrestrial data in Chapter 1 and the meteorite data in Chapter 8, plus in- 
ferences drawn from the solar spectrum, cosmic rays, and so on, and the 
element and isotope ratios indicated by nuclear experiment and theory. 
Then we review the limitations, such as density, rotation rate, and so on, 
imposed by the physical observations and theory discussed in Chapters 2-7. 
The two sorts of data are then combined to deduce the most likely internal 
structures of the moon and planets. The final section uses the same information 
to attempt to discuss the origin and subsequent history of the planets. 


9.1 Chemical Evidences 


In addition to the geochemical data described in Chapter 1, the observa- 
tions of planetary surfaces described in Chapter 6, and the meteorite data 
described in Chapter 8, possible sources of information pertinent to the past 
and present chemical constitution of the terrestrial planets include: 


1. Spectroscopic observations (x-ray, ultraviolet, visible, infrared) of: the 
sun, stars and nebulae, comets, and planetary atmospheres. 

2. Energetic particle fluxes from: cosmic rays, the sun, and the moon. 

3. Elemental abundance ratios predicted by nuclear theory based on high- 
energy accelerator experiments and observations of certain stars. 


Spectroscopy 


As described in Section 6.2, a blackbody of temperature 7 will radiate 
energy proportionate to 7* with a wavelength distribution also temperature 
dependent, as shown in Figure 6.8. The observed spectra of the sun and 
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planets differ from the smooth curves of Figure 6.8 not only because of the 
absorption by the earth’s atmosphere, but also because of the absorption 
and emission characteristics of the radiating bodies. Since these character- 
istics depend on the chemical structure of their surfaces and atmospheres, 
we should expect that departures from the blackbody curve will furnish 
evidence as to chemical composition. 

The quantum theory of the atom states that its electrons may occupy only 
discrete energy states. On a shift of energy AE from one state to another, 
there will be emitted or absorbed radiation of frequency », where: 

a 9.01 
ae (O31 
in which A is the Planck constant, 6.6252 x 10 ®’ erg sec. In the simplest 
model of an atom, the Bohr orbital model of one proton of mass M and one 
electron of mass m revolving at an angular rate w about the center of mass, 
the angular momentum will be: 


27(mr? + MR*)o = nh (9.1.2) 


where v is an integer and r, R are the respective distances from the center of 
mass: 
mr = MR (971.3) 


Equate centripetal acceleration and electromagnetic attraction: 


2 e 


hn SS ae 
(r + R)° 


where e is the charge on each body (gravitational attraction being negligible). 
The total energy of the atom: 


(9.1.4) 


E=T+V 


2 
= tmr’w” + IMR°w? — 


r+R 
27*me* 


M 


using (9.1.2-4) to eliminate w, r, and R. Then for the frequency v of radiation 
generated by a transition from a level of integer n, to one of integer n,, from 


(9.1.1) and (9.1.5): 
y= —2zimet le =a =a (9.1.6) 
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For the hydrogen atom, the series n, = 1,n; = 2,3,..., 00 is the Lyman 
series; nN; = 2,n; = 3,4,..., ois the Balmer series; n, = 3,n, = 4,5,..., 
oo is the Paschen series, etc. Using the cgs values of 4.8029 x 10-!° for e, 
9.108 x 10 *§ for m, and 1836.12 for M/m, there are obtained wavelengths 
c/y of 0.1216 to 0.0192 w (ultraviolet) for the Lyman; 0.6563 to 0.3650 u 
(visible) for the Balmer; and 1.876 to 0.822 uw (infrared) for the Paschen series. 

In addition to the spectral series caused by the changes in energy level, 
there are other series arising from the quantization of the other action 
variables p; of the orbit, such as the G and H defined by equations (4.1.40-42): 


bp, dq; = n,h (9.1.7) 


The quantum mechanics of the atom differs from classical mechanics, 
however, in that the electron has an angular momentum and magnetic moment 
about its own axis which interacts with the field of the nucleus. The com- 
ponents of this electron spin can take only the discrete values +4h/27. The 
effect of this spin-orbit interaction on the spectra is to cause a fine line 
splitting. (In addition there is a nuclear spin which gives rise to a splitting too 
fine to be observed in spectra.) 

The refinement of the theory of the atom by the application of the 
Schrédinger equation yields solutions which confirm equation (9.1.5) in that 
there is a discrete set of permissible energy levels so long as the energy is 
negative. However, the same theory predicts a continuum of energy levels for 
positive energy. In the case of the hydrogen atom, the most obvious way to 
attain a positive energy level would be to attach another electron. Such an 
association would break up very quickly; however, given neutral hydrogen 
plus a sufficient supply of electrons, we should expect this “negative 1oniza- 
tion” of hydrogen and the reverse process of electron detachment to result in 
a continuous spectrum rising to a maximum intensity near 0.85 « wavelength. 

For atoms more complicated than hydrogen, the spectral series depend on 
the degree of ionization, the shell structure of the atom, and on exclusion 
rules as to the allowable states of the electrons within a shell. For a particular 
element and ionization, the minimum energy, or “ground” state, corresponds 
to certain specified energy levels, called subshells, for each shell. The allow- 
able one-jump transitions in energy level are only between different adjacent 
shells; however, under special excitation, such as may occur in a rarefied 
gas, certain “‘forbidden”’ transitions occur. 

The calculation of the energy jumps, and hence frequencies of radiation, 
of the more complex atoms is of considerably greater difficulty because of the 
noncentral mutual interactions between electrons. In addition, there are 
complexities arising from interactions between electron spins and from 
spin-orbit couplings. Hence the identification of spectral lines, and their 
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explanation, has proceeded by a combination of experiment, empirical rules, 
and theoretical derivation [6, 241]. 


Solar Abundances 


The use of spectroscopy to determine abundances we should expect to 
depend not only on the identification of spectral frequencies, or wavelengths, 
but also on some measure of intensity. Since various effects result in no 
spectral line being perfectly “sharp,” the measure of intensity most generally 
used is the equivalent width, which is essentially the energy-flux excess or 
deficiency integrated over the frequency bandwidth in which the emission or 
absorption is perceptible. For an absorption centering at wavelength A: 


1 oa -?) hs (9.1.8) 
Yo Jo I, 

where c is the velocity of light, 1) is the frequency at the center of the line, 
I, is the intensity at frequency » in the line profile, and /, is the intensity in the 
continuum. The equivalent width is very much dependent on the environment 
in which the excitation generating the spectrum occurs. The environment of 
most concern here is the sun. 

The visible zones of the sun are, from the innermost outward [6, 43]: 


1. The photosphere, about 350 km thick. Nearly all of the sun’s radiation 
comes from this layer. The density varies from about 2.5 x 10-§ gm/cm® at 
the base to about 4 x 10 ' gm/cm? at the top, while the temperature varies 
from about 7500°K to 4500°K. 

2. The chromosphere, a transition zone about 10,000 km thick. The 
structure is very inhomogeneous, with strata of differing density and tem- 
perature varying from about 4000°K to 20,000°K. 

3. The corona has a density of 10° particles per cubic centimeter at its base, 
but no clearly defined upper boundary. The temperature is higher than 2 x 
10®°K in parts. 


The principal difference of solar radiation from blackbody radiation arises 
from the continuous absorption by negatively ionized hydrogen. The main 
source of solar-abundance estimates is line absorption by the photosphere in 
the visible frequencies. These estimates are believed to be fairly good estimates 
of overall solar abundances relative to hydrogen because the outer part of the 
sun 1s in vigorous convection. 

An optimum spectral analysis of the sun utilizes a model atmosphere to 
take into account the variation in radiation and absorption with altitude. 
However, since values of the parameters for an atmospheric model depend on 
the spectrum, this analysis must be an iterative process. The starting point is 
to assume that the absorption all takes place in a single layer of atomic 
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number density N, known as the Schuster-Schwarzschild approximation. 
Equation (9.1.8) becomes: 


Wee sal SENET 1, (9.1.9) 
% Jo 1+ Na, 


where «, is an absorption coefficient dependent primarily on the probability 
of the transition (such as the n, to n, in equation (9.1.6)), and secondarily on 
lifetimes at the respective levels (radiation damping), collisional damping, 
and Doppler broadening arising from both thermal and turbulent motion [6, 
454]: 
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where f,,.,, the Ladenberg oscillator strength, is an atomic constant that 
expresses the probability of the transition between levels n’ and n; V is the 
combination of the gas kinetic and turbulent velocities; and I’ is the sum of the 
radiation and collisional damping. 

To correlate different lines obtained from different transitions of the same 
element, a plot of log W/A against log NfA, known as a curve of growth, is 
made. Further elaborations of such plots are made to determine the tem- 
perature 7 and electron pressure P, for an atmospheric model which in turn is 
used for more refined analyses. (See p. 100 in Aller [5] for a numerical 
example.) 

Spectroscopically determined abundances of elements in the sun are 
summarized in Table 9.2. The principal weakness in estimation of solar 
abundances is determination of the f values, or transition probabilities. 
Calculation of the f values is feasible only for the simplest atoms; most of 
them require difficult experimental determinations. Other difficulties are the 
great spreading of strong lines versus the faintness of weak lines. Some very 
common gaseous elements—He, Ne, F, Cl, A—have not been satisfactorily 
determined by observations of the sun from earth because their strong lines 
all fall in the ultraviolet [6, 454]. A possible objection to Table 9.2 is the use 
of silicon as a standard because of the relative weakness of the determination 
of its solar abundance; solar and stellar spectroscopists in fact use hydrogen 
as a standard. 

Ultraviolet observations from artificial satellites have been used to make 
new determinations of the abundances of some of the commonest elements, 
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mainly from emissions in the corona at wavelengths between 0.03 and 0.16 w. 
Some of the levels of ionization indicated are considerable—e.g., removal 
of 15 electrons from Fe—and require temperatures well in excess of 10°K. 
Because they pertain to a different part of the solar atmosphere and because 
they are relatively new, these determinations are shown in a different column 
of Table 9.2. 


Other Spectral Abundances 


Among other stars, those that are somewhat larger than the sun are of 
greatest interest because the burning rate is roughly proportional to the mass 
squared. Consequently the larger stars observable are rather new, and hence 
are likely to be better samples of the interstellar medium. Included in Table 
9.2 are the abundances determined from type B stars, which have surface 
temperatures of 18,000° to 24,000°K, compared to the 5780°K of the sun. 
The main conclusion is that the sun is not appreciably different in composition 
from the interstellar medium. 

Abundances pertinent to the constitutions and origin of the terrestrial 
planets are, if they could be determined, those of the planetary atmospheres 
and surfaces and of the comets. The comets are particularly interesting 
because they are the presently existing objects whose structure is most likely 
to be similar to that of the original condensations from the solar nebula. 
Because of their low temperature, however, comets have molecular spectra, 
that is, emissions arising from fluorescence, electron collision, proton 
collision, etc., of molecules such as NH, CN, C3, CH, C,, and NH. Such 
spectra are considerably more complex, and hence the interpretation of 
cometary spectra is more concerned with identification of the molecules 
involved, physical conditions in the comet, excitation mechanisms, etc., than 
with the refinement of abundance determination. In any case, comets appear 
to have abundances of the common volatiles closer to those of the sun and the 
major planet atmospheres than to those of the terrestrial planet atmos- 
pheres [43]. This fact suggests that the comets were formed and have spent 
most of their existence far from influence of solar radiation, well beyond 
Jupiter. 

Constituents spectroscopically identified in the atmosphere of Venus are 
CO,, CO, HF, and HCI [517]; in the atmosphere of Mars, CO, plus traces of 
reduced gases such as CH, [518]. 

CO, in the atmsophere of Mars is about 10 percent, and the total atmos- 
phere, as estimated from the Mariner IV occultation experiment, is about 
2 percent of the earth’s. The balance of the atmosphere is presumed to be the 
inert gas Nz [548]. 

The U.S.S.R. Venus probe determined an atmospheric pressure of 15 to 
22 atmospheres at altitudes of 16-26 km. The content of the atmosphere was 
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more than 90 percent CO}, 0.4 percent oxygen, and not more than 1.6 percent 
water and oxygen together. Nitrogen, for which the threshold sensitivity was 
7 percent, was not detected [534]. 

The predominance of carbon dioxide in the atmosphere of Venus is an 
unsolved problem. There are three hypotheses suggested. (1) Water was 
originally present in large quantities, but has been photodissociated in the 
upper atmosphere, resulting in loss of the hydrogen to space and fixing of the 
oxygen in the crust [520]. (2) The hydrogen was lost during formation by the 
material forming the solid planet, and hence CO, has been outgassed instead 
of H,O [379]. (3) Venus captured, or retained, its atmosphere from the solar 
nebula. Hence, the contents of the Venusian atmosphere may constitute 
significant boundary conditions on origin [548]. 

Spectroscopic observations of Jupiter in the red and near infrared (0.6 to 
0.9 uw) obtain CH, and H, abundances consistent with a C/H ratio of 0.63 x 
10-*, not significantly different from the sun. Observations in the ultraviolet 
(0.2 to 0.3 x) indicate deficiencies with respect to the sun for N (as NHs) and 
S(as H,S). The former is explicable as a consequence of clouds, but not the 
latter; possibly H,S is unstable. In addition, there are absorptions apparently 
due to some more complex hydrocarbons. For the present, the observations 
are not inconsistent with a solar composition for Jupiter [556]. 


Cosmic Rays 


By emulsion and counter measurements in high-altitude balloons, a very 
small fraction of cosmic rays have been identified as particles more massive 
than protons. Suggested abundances based on these results are given as 
galactic cosmic-ray abundances in Table 9.2. Their differences from other 
abundances in the table—particularly the greater amounts of Li, Be, B—are 
believed to be the consequence of spallation interactions in the interstellar 
medium between the supernovae at which the cosmic rays originated and 
the earth. It is estimated that only a few grams per square centimeter over the 
entire path are required to produce such a modification [306]. 

Abundances also have been estimated for the flux of particles received from 
the sun upon the occurrences of flares. These are listed in Table 9.2 as solar 
cosmic-ray abundances. 


Radiation from the Moon’s Surface 


Recently measurements have been made of the natural gamma radiation 
from the moon by the U.S.S.R. satellite Luna 10 and of induced alpha and 
proton radiation by the U.S.A. lunar landers Surveyor V, VI, and VII. 

The Luna 10 carried a 32-channel scintillation gamma spectrometer. The 
greater part of the radiation detected is induced by cosmic rays, both through 
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prompt reactions and decay of short-lived radio isotopes. Assuming that the 
spectra of cosmic-ray-induced ¥ radiation in the satellite vehicle and the lunar 
surface have the same form and differ only in intensity enables subtracting 
out of the induced spectrum, leaving about 10 percent to be ascribed to 
natural radioactivity from K, U, Th. The spectrum thus obtained indicated a 
level of activity not greater than that of basic rocks such as basalt [421]. 
The Surveyors carried a source of alpha particles consisting of 100 me of 
curium-242, which emits alpha radiation over a very narrow energy spectrum. 
The effect of this radiation on another element is to induce alpha and proton 


TABLE 9.1: ABUNDANCES OF ELEMENTS BY ALPHA SCATTERING 


Hyper- 

Ca-Rich  sthene 

Moon Tek- Achon- Chon- 
Element Dunite Basalt Granite Mare Mare Uplands tite drite drite 
Cc 0.00 0.00 0.01 <0.03 <0.02 <0.02 0.00 0.00 0.00 
O 0.58 0.59 0.62 0.58 0.57 0.58 0.60 0.59 0.53 
Na 0.00 0.02 0.02 0.02 0.02 0.03 0.01 0.01 0.01 
Mg 0.19 0.04 0.01 0.03 0.03 0.04 0.01 0.05 0.14 
Al 0.00 0.07 0.06 0.065 0.065 0.08 0.04 0.05 0.01 
Si 0.15 0.18 0.24 0.185 0.22 0.18 0.26 0.18 0.15 


IS << << Pil (WHO 0.05 0.04 0.13 0.06 0.06 0.03 0.05 0.03 
Pi) << PRK SY (OAD 0.03 <0.01 f 0.05 0.02 0.02 0.05 0.10 


Based on Turkevich et al. [508, 583]. 


emission over a range of energies up to a maximum cutoff characteristic of the 
particular element. The detector consisted of 128 energetic particle counters 
each corresponding to a particular energy band. After accumulating counts 
over a duration on the order of a day, the excess of the observed spectrum 
over background was least-squares fitted by a combination of spectra from 
eight elements or combinations thereof: C,O, Na, Mg, Al, Si, 28 < 4 < 45, 
and 45 < A < 65, where A is atomic mass. 

The results from the alpha-scattering experiment are given in Table 9.1, as 
well as 9.2. The agreement with basaltic rock and the ‘‘basaltic’’ Ca-rich 
achondrite is closer than with either the more basic dunite or hypersthene 
chondrite on the one hand, or the more acidic granite or tektite on the 
other. The high aluminum and low iron abundances found in the uplands 
by Surveyor VII are somewhat puzzling. In any case, it seems that the lunar 
surface material is the result of a differentiation similar to that of the basalts 
[508, 583]. 


Summary of Abundances 


Table 9.2 includes all elements whose logy, (abundance) is greater than 3.2. 
It therefore includes all data pertinent to the main question of the bulk 
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chemical composition of the terrestrial planets. Of most of the heavier 
elements, accurate determinations exist only for the earth’s crust and meteor- 
ites; estimates for about 20 have been made by solar spectroscopy. Some of 
these scarcer elements are nonetheless of interest for one or more of several 
reasons: 

1. Indicators of conditions of separation: fractionation in the gas phase, 
separation of gas from condensed matter, or differentiation in condensed 
phases. Particular groups of interest in this category are the rare gases and, 
roughly, the group of elements classified as chalcophile in Table 1.4. 

The heavy rare gases were discussed in Section 8.4 (see Figure 8.14). 
Unfortunately, they are not observable in the solar spectrum. The heaviest 
gas measureable in the hot B-star spectrum, argon, has a much higher stellar 
abundance than predicted by empirical rules for relative abundances of nearby 
elements. 

The chalcophile elements, especially Hg, Cd, Zn, and to a lesser extent 
As, S, Se, Te, are highly volatile in the presence of hydrogen, and thus 
abundance variations sould be suggestive of origin conditions. Of these, two 
are determined in the solar spectrum (see Table 9.3). The corresponding 
values for the earth’s crust are somewhat less than those given for most 
chondritic meteorites in Table 8.4. 

2. Indicators of differentiation without indicating conditions. Fairly 
pronounced differences of abundances between different classes of meteorites 


TABLE 9.3: ABUNDANCES OF SOME RARER HEAVY ELEMENTS 


(log,9 atomic abundances normalized to 10° for Si) 


Sun Chond. Chond. Chond.  Earth’s 

No. Z Symbol Photosphere Carb. I Ord, Enst. Crust 
29 Cu 2.20 3.00 2.35 2.69 125 
30 Zn 2.50 a8 2.46 3.24 2.04 
31 Ga 1.45 ia 1.48 1.86 1,35 
32 Ge ele) PAE) 1.34 1295 0.33 
48 Cd 0.36 0.32 0.48 0.87 —0.26 
49 In 0.15 0.20 =2.95 leith 
33 I —U.33 —().62 —0.03 —0.44 
80 Hg 1.06 —Os22 cell AY —1.38 
81 Tl —0.74 2.10) 0sce —0.60 
82 Pb , O34 0.58 —0.05 1:23 0.80 
83 Bi =0.77 =157/0 —0.30 —100 
90 Th Beas (ells) =I.47 0.60 
92 U | es =1:63 1-70 0.30 


Based on: Mason [265, pp. 45-46], Urey [409, pp. 9-11], Ringwood [339, pp. 
124-125], and Aller [7, p. 22]. 
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have been found without any clear explanation indicated. Such differences of 
abundance are of value, however, in indicating differences of location of 
origin. Among these abundances are those for the elements Ga, Ge, In, TI, 
Pb, and Bi. See Table 9.3. 

3. Heat sources. As discussed in Section 2.4, the only ones significant over 
an appreciable period of time are potassium, thorium, and uranium, all of 
which have considerable enrichments in the crust relative to meteorites 
indicated in Tables 9.2 and 9.3. The heat source possibly significant in the 
early stages of the solar system, Al**, decays by positron (8*) emission, but 
the product Mg”® could have been produced in other ways. Hence there is 
only the indirect Xe’* evidence discussed in Section 8.4 of possible significant 
Al** heating. 

4. Indicators of nuclear processes. The determinations of elemental 
abundances in Tables 9.2 and 9.3 are much affected by various chemical 
differentiations, as well as observational difficulties. Hence patterns indicative 
of the nuclear processes by which the elements were created are obscured. 
For this reason some of the more inert heavier elements are of interest: in 
particular, the rare earths (atomic numbers 57-71), which have chemical 
properties very similar to each other, most markedly exhibit relative abun- 
dances arising from nucleosynthetic processes. 

In addition, as discussed in Section 8.4, abundance ratios for isotopes of the 
same element should be more reliable indicators of primeval conditions. The 
firmest evidence for assuming that the solar system started from a cloud of 
rather uniform material composition is the similarity of isotope ratios in the 
earth, meteorites, and the sun (other than the cases discussed in Section 8.4 
attributable to radiogenic and cosmogenic causes). 


Abundance Tables 


The optimum combination of abundances from different determinations to 
constitute a “cosmic” model depends on the purpose for which the model is 
used. A model designed to study the chemical evolution of the galaxy, in 
which the sun would be a specimen of a middle-aged G star, would emphasize 
the solar abundances, and avoid obscuring any differences from B stars or 
nebulae. A model designed to test theories of nucleosynthesis would utilize 
as much of the data as possible in order to bring out any systematic patterns. 
Finally, a model designed to explain the origin and evolution of the solar 
system would in addition try to utilize the nucleosynthetic theory itself in 
arriving at the most probable abundances. 

The principal abundance table constructed in recent years is that of 
Suess and Urey [382]. They used principally chondritic meteorite averages 
for nonvolatiles and solar and stellar averages for volatiles, modified by 
simple empirical rules for the relative abundances of similar elements. 
Cameron [62] modified the Suess-Urey table by using some additional 
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nucleogenesis-based criteria, and made some other isolated changes. Twenty- 
one abundances were changed by a factor of 2 or more, but only one (lead) 
by a factor of more than 5. Aller [5] gave more weight to solar and stellar 
determinations, and obtained abundances closer to the Suess-Urey for most 
light elements and closer to the Cameron for most heavy elements. 

Although considerable new work has been done, particularly in meteorite 
analysis, since 1956, and greater emphasis has been placed on carbonaceous 
chondrites relative to other meteorites, the differences from the Suess-Urey 
abundances are quite moderate. In particular, determinations of heavy- 
element abundances remain closer to the empirical values than to the nucleo- 
synthesis theoretical predictions. These Suess-Urey abundances are given in 
Table 9.1 and Figure 9.1. 

The empirical rules used by Suess and Urey [382] relate to the atomic 
number Z, equal to the number of protons in the nucleus; the number of 
neutrons, NV; and the mass number A: 


A=Z+N (9.1.13) 


lron group 


Log of relative abundance (Si = 106) 


50 100 150 200 
Atomic weight 


Figure 9.1: Schematic curve of atomic abundances as a function of atomic weight based 
on data of Suess & Urey [382]. From Burbidge et al. [59]. 
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1. Except for hydrogen, elements of even Z are several times as abundant 
as are elements of adjacent odd Z (Harkin’s rule). (This effect is not shown in 
Figure 9.1.) 

2. Odd A, A > 50: the abundances change steadily with A. If isobars 
(i.e., Z, # Zz, Ay = Ag) occur, the sum of the abundances of the isobars 
must be used instead of the individual abundances. 

eo. Even A: 

(a) A > 90: the sums of abundances of the isobars change steadily 
with A. 
(b) A < 90: the abundances of nuclear species with equal (N — Z) 
change steadily with A. 
4, A, = A, and Z,; < Z,: 
(a) A < 70: the nuclide Z, is less abundant than the nuclide Z,. 
(b) A > 70: the nuclide Z, is more abundant than the nuclide Z,. 

5. The abundances according to the foregoing rules are considerably 
exceeded at mass numbers A where the number of neutrons N = 2, 8, 20, 28, 
50, 82, 126, ... : “magic numbers” corresponding to complete nuclear shells. 


We should expect the abundance of a nuclide, once created, to be affected 
by its stability against spontaneous decay. This stability is a function of the 
binding energy of the nucleus, expressed rather accurately by the quasi- 
empirical Weizsacker formula [241]: 


Ep = «A — BA*? — f(A)(N — Z)’ 


he! re Z 
eee Cele i ee ule 
in which the experimentally determined parameters are: 
Volume effect: « = 15.7 MeV 
Surface effect: 8 = 17.8 MeV 
Isotope effect: {= (23.6/A) MeV 
Coulomb effect: y = 0.712 MeV 
Odd-even effect: 6 = (132.0/A) MeV 
This binding energy is related to the rest mass M(Z, A) by: 
M(Z, A) = ZM,, + NM, — E, (9.1.15) 


where: 
Mass of neutral atomic H?: M,, = 1.008142 amu 


Mass of a neutron n?: M_,, = 1.008983 amu 
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The most general condition for stability is: if the rest mass of a given atom is 
smaller than, or equal to, the total rest mass of any combination of com- 
ponents into which it may be (conceptually) divided, the atom should be 
stable; if not, it should be unstable with respect to decay into such combina- 
tions as have smaller total rest mass. For example, there should occur: 


(1) Proton emission, if M(Z,A) > M(Z~-—1,A—1)+ My, 
(2) Neutron emission, if M(Z, A) > M(Z, A —1) + M, 

(3) Alpha emission, if M(Z, A) > M(Z —2,A—4)+ My, 
(4) Beta emission, if M(Z, A) > M(Z + 1, A) 

(5) Electron capture, if M(Z, A) > M(Z — 1, A) 

(6) Positron emission, if M(Z, A) > M(Z — 1, A) + 2m, 


where m, is the electron mass, 0.000548763 amu. 

Equations (9.1.14-15) and the general stability condition are in fairly good 
accord with the odd-even effect (empirical rule 1) and the relative abundances 
of isobars (empirical rule 4). They also predict an abundance peak at iron, 
Z = 26, because it has the maximum binding energy per particle, £,,/A. 
However, they do not predict the magic number peaks. Furthermore, when 
the stability criterion is close to being an equality, a decay may not occur 
because of barriers or selection rules, and, more generally, the stability 
criterion has only a rough correlation with the decay constant /. 


Nucleosynthesis Processes in Stars 


The passive stability rules can account only for the details of relative 
abundances in a given vicinity. To account for the general sweep of the 
abundance curve as given in Figure 9.1, as well as the trends expressed by 
Suess-Urey rules 2 and 3, more active processes are required. Such processes 
in turn require temperatures in excess of 2 x 10’ °K. Some stars have enough 
mass to attain the energy necessary for these temperatures by gravitational 
contraction. When a star has contracted sufficiently to raise its central tem- 
perature above 10’ °K, hydrogen atoms H? start interacting with each other 
to initiate a chain of interactions which has as a stable product helium, Het. 
The hydrogen burning develops internal pressures which halt gravitational 
contraction and the star attains a stable “main sequence” state with a burning 
rate roughly proportionate to the square of its mass. 

Because the energy release of hydrogen burning is so great, most stars 
spend about 90 percent of their lifetime at this stage. When exhaustion of 
hydrogen is imminent, further gravitational contraction occurs. If the star 
is sufficiently massive, this contraction raises the temperature above that 
required for helium burning, about 2 x 108 °K. In this cycle, the principal 
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reactions are summarized as: 
3He* > C® + » 


reggae (9.1.16) 


where the symbol («, y) denotes the absorption of an « particle and emission 
of a y particle. 

The hydrogen-burning phase of stellar evolution was first worked out by 
Bethe, von Weizsadcker, and others starting about 1939, and the helium- 
burning by Salpeter in 1952. These reactions have been fairly well confirmed 
experimentally: for example, the rate of the 3He* > C® reaction is known 
within 50 percent. However, the stages following helium burning summarized 
in Table 9.3 are considerably more complicated because of the larger size of 
the nuclides, the greater number of possible reactions, the increased tem- 
perature sensitivity, and uncertainties as to resonances, capture constants, 
decay rates, etc. 

The principal work on nucleosynthesis beyond O!* was by Burbridge 
et al. [59], who developed the models of process 4 through 8 in Table 9.4 to 
explain the Suess-Urey abundance curve. Process 3, carbon burning, was 
subsequently pointed out by Cameron [62] and others as a more likely 
producer of Ne”® than O1%(«, y)Ne?° as part of helium burning. In addition, 
oxygen and neon burning may be of significance comparable to the « process, 
although requiring temperatures 10-30 per cent higher. 

Principal features of the abundance curve which the nucleosynthesis model 
explains are: 


1. The greater abundances, relative to adjacent values, at A = 24, 28, 32, 
36, 40, and 44 (« process). 

2. The peak around the stability maximum A = 56 (e process). 

3. The peaks at N = 50, 82, 126, which have complete outer neutron 
shells, and hence small capture cross sections and long beta decay times: 

(a) a left peak, of high N — Z (r process), 

(b) a right peak, of low N — Z (s process). 


As indicated by the requirement of the s process for both lower-temperature 
and longer time scale on the one hand, and iron peak nuclei produced by the 
rapid high-temperature e process on the other, either a star must be able to 
be in different stages of nucleosynthesis at the same time and subsequently 
to mix the products, or there must be more than one generation of stars. The 
latter seems more likely: the type II supernova stars required to attain the 
temperatures required for the e process are very short-lived: on the order of 
2 x 10’ years. In turn, the red giants and super giants with sufficient tem- 
perature for the s process are continually ejecting material into space. 
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The principal observational confirmation of the s process is the detection 
of technetium Tc* with a half-life of 2 x 10° years, in the spectrum of a 
red giant. The principal observational evidence of the r process is decay of the 
light curves of a type I supernovae with a half-life near 55 days, the half-life 
of the principal radioactive product of the r process, Cf?**. It thus seems 
plausible that the synthesis of the elements took place in an environment 
similar to some which exist currently: the interiors of large stars. Hence there 
also exists the likelihood of further observational evidence [59, 124, 125]. 

The most evident inadequacy of the stellar synthesis model is that it produces 
much lower abundances than observed of the light elements H?, He‘, Li, 
Be®, B*°, and B". All of these elements except He‘ are rapidly destroyed in 
hydrogen burning in stellar interiors. He‘ is difficult to destroy in a star, but 
the amount of hydrogen burning indicated by the present overall luminosity of 
the galaxy is insufficient to account for more than a tenth of the observed 
abundance of helium. Hence the two inadequacies require environments 
differing from a stellar interior in opposite directions: the D Li Be B (D 
standing for deuterium, H*) production requires an appreciably lower tem- 
perature, while the He production requires higher temperatures—or, at least, 
a stage at which virtually all of the galactic material was concentrated in big 
O and B-type stars. 


Spallation Processes 


At temperatures lower than those associated with hydrogen burning—a few 
10°°K or less—the principal process by which elements can be created is 
spallation, which is the bombardment of nuclei by high-energy particles to 
produce nuclei of lower mass and particles of lower-energy. Spallation has 
already been discussed in Section 8.4 in connection with the effects of cosmic 
rays on meteorites. However, if spallation is to produce significant abun- 
dances of elements, the flux must be several orders-of-magnitude greater 
than observed in cosmic rays. Such a particle flux is consistent with current 
models of formation of stars like the sun, which in the final stage of contrac- 
tion undergo intensive convection in their outer layers, which in turn would 
result in greatly enhanced radiation, ejection of matter, and atmospheric 
activity. These phenomena are observed in T Tauri stars, whose luminosity 
versus spectral type and frequent closeness to interstellar dust and short-lived 
giant stars indicate that they are very young. T Tauri stars also have a very 
high lithium abundance, 80 to 400 times solar [524, 558]. 

A flux of sufficient energy will be dominated by protons. Experimental 
proton bombardment of the elements just above D Li Be B in mass, C N O 
Ne, obtains Li, Be, B as spallation products with isotope abundance ratios 
that vary relatively little for likely C N O Ne abundances and proton energy 


412 Constitution and Origin of the Terrestrial Planets 


spectra [540]: 


LigEie =) 2.5 ee 
BU/BY = 2 42.5 
(9.1.17) 
Li/Be = 25 +10 
B/Be = 45 + 30 
Ratios observed in the sun are: 
Li?/Li® ~ 10 + 5 
(9.1.18) 
Li/Be = 0.16 
and ratios observed in meteorites are: 
iyi — 12 54. 0.25 
Bt/B?? = 4.0 + 0.2 
Li/Be ~ 50 (9.1.19) 


B/Be ~ 10 


In the earth’s crust, the isotope ratios Li?/Li® and B"™/B! agree with those in 
meteorites, but the two ratios to Be abundance are lower by a factor of 5 or so. 
A final ratio which is rather constant in both earth and meteorites is 


D?/H? = 1.5 x 10+ (9.1.20) 


A model of D Li Be B formation should therefore include, in addition to 
spallation, explanations for: 


1, The increase in the Li?/Li® ratio over spallation in the meteorites and 
earth as well as the sun, while the B!4/B?° ratio is relatively unchanged. 

2. The great reduction of the Li/Be ratio in the sun only. 

3. The virtual constancy of the isotope ratios in the earth and meteorites. 

4. The D?/H! ratio. 


Two principal models have been proposed. In one, the target material is 
condensed into planetesimal bodies in the solar nebula. In the other, the 
target material is in the sun’s atmosphere. 


Planetesimal Model 


Fowler et al. [126] suggested that the proton-induced isotope ratios (9.1.17) 
were subsequently modified by neutron irradiation. Spallation also produces 
neutrons; among the possible interactions of neutrons with lithium and boron, 
Li§(n, «)H® and B!(17, «)Li? have the highest probability of occurring, 
providing the neutrons have been “thermalized’’—that is, reduced sufficiently 
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in energy so that they may be captured. The most efficient thermalizing agent 
is hydrogen. But if hydrogen is present, then the secondary neutron flux will 
also produce deuterium, by H!(n, y)H?. 

If all the hydrogen were as equally exposed to the neutron flux as the lithium 
and boron created by spallation, then the D/H! ratio would be about 3 x 107%, 
The observed ratio of 1.5 x 10~* suggests that most of the hydrogen was 
shielded from the energetic particle flux. The simplest way to shield hydrogen 
from flux is to combine it into lumps of ice, H,O. This combination also 
makes O'* more likely to be the principal target for spallation, since the 
oxygen will combine with the hydrogen more readily than will the carbon. 
Temperatures low enough to allow ice to freeze are not unlikely even at a dis- 
tance of | AU from the primeval sun because of the opacity of the sur- 
rounding dust cloud. An alternative possibility allowing higher temperatures 
is incorporation of the water in hydrated silicates. 

The “shielding ratio” 1.5 x 10~*/3 x 10-% of observed to calculated H?/H}! 
ratio was estimated by Fowler et al. [126] to be attainable by condensation 
of the ice into planetesimals of about 10 meters radius. In order that the 
hydrogen not absorb all the neutrons, it is also necessary that the hydrogen 
content be reduced greatly from solar to about H/Si = 1:1, that is, a lot 
more than the ratio for the earth’s crust (see Table 9.1), but fairly close to the 
ratio for carbonaceous | chondrites. 

The planetesimal model was proposed partly on the basis of older data 
indicating Li’/Li® and B4/B!° ratios much lower than (9.1.17). However, its 
main difficulty is the constancy of the isotope ratios in the earth and meteor- 
ites. The intensity of irradiation would depend on the distance of the 
planetesimal from the sun and the depth of the target material in the body. 
Hence to attain uniformity of isotope ratios the planetesimals would have to 
be broken up and thoroughly mixed before the earth and meteorite parent 
bodies were formed. 


Solar Atmosphere Model 


Since the planetesimal model was proposed, much better determinations of 
both the laboratory (9.1.17) and natural (9.1.18-19) isotope ratios have been 
obtained. The absence of variation in B!!/B!° now becomes, in fact, an argu- 
ment against any neutron irradiation. Bernas et al. [540] therefore proposed 
that the proton irradiation of C N O Ne occurred in the sun’s atmosphere dur- 
ing its contraction, perhaps even before it became luminous. Prior to 
separation of the planetary material the Li’/Li® ratio was reduced by (p, «) 
reactions at temperatures between 2 and 4 x 10°°K at the bottom of the 
surface convective zone of the young sun, a process which would not have 
altered the B"4/B?° ratio. Since the separation of the planetary material, the 
Li/Be ratio in the sun has been further reduced by (p, «) reactions. This 
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process is evidenced by an observed inverse correlation of Li abundance and 
age in stars [553]. 

In this solar atmosphere model, the deuterium will be destroyed at the 
10® °K temperatures of the convective zone. Hence the D/H ratio of 1.25 x 
10-* observed in meteorites must be created by a separate process, such as 
proton irradiation of helium in the preplanetary gaseous nebula: 


p + Het > He? + D (9.1.21) 


The proton flux required to produce D Li Be B will produce other isotopes 
of interest. C!® will result from spallation on O1*: the C#/C™ ratio in the 
earth and meteorites is about ten times the ratio obtained from the solar 
spectrum. This abundance is compatible with a reduction of the C1?/Si ratio 
from solar by a factor of about 2 x 10 4. Al?® will result from spallation on 
Si?* (plus possibly Mg®* and Al?’) in sufficient abundance to constitute an 
appreciable heat source in any body of kilometer or greater dimension 
forming within a few 107 years after the spallation. Finally, the I??° formation 
indicated by the Xe!?® content of meteorites is plausible either from spallation 
of barium or from neturon capture by Te??®. 


Cosmological Element Production 


The principal explanation for the helium abundance is that it is the conse- 
quence of an initial fireball stage of an expanding universe. The evidences for 
an expanding universe (red shift, darkness of the night sky, density of visible 
matter, 3°K microwave background radiation) are consistent with a range of 
model universes which pass through temperatures on the order of 10° °K 
at densities and expansion rates which cause the formation of the required 
amount of He’, plus significant abundances of D, He*, and Li’. However, 
these models do not create sufficient Li®, Be, or B to account for the observed 
abundances. At present, the greatest difficulty of these models is explaining 
the anomalously low concentration of helium in some old stars [423]. 


Summary 


In summary, the chemical mix of the solar nebula from which the planets 
formed appears to be attainable by processes all partially observable in stars 
today, except for the helium abundance. This mix is intermediate between the 
sun and the earth’s crust in composition, closer to the type I carbonaceous 
chondrites than anything else known to exist today. 


9.2 Planetary Models 
Central Models of the Terrestrial Planets 


From the masses in Section 5.1 and the radii in Section 6.1, we can cal- 
culate the mean densities of the planets. These densities evidently differ 
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appreciably from each other. However, to make significant comparisions and 
to deduce possible compositions, we need to correct the densities to what they 
would be if all the material were at the same pressure [197]. This correction 
in turn depends upon the structure of the planet: that is, the degree to which 
the iron-nickel (zero-pressure density about 7.9 gm/cm*) has separated from 
the silicates (zero-pressure density about 3.3 gm/cm) between the one 
extreme of homogeneity and the other of a silicate mantle and iron-nickel 
core. If the mean moment-of-inertia / is known for the planet, then there is an 
additional integral condition on this separation. However, as discussed in 
Sections 4.12, the measurable quantities are A//M R? and AJ/I, where AI is 
the difference of polar and equatorial moments of inertia. To obtain A//M R? 
requires perturbations of an orbiting body; AJ//, observable responses of the 
planet to torque. Among the terrestrial planets, the former is available only 
for the earth, the moon, and Mars; the latter, for the earth and moon. But 
Mars is rotating rapidly enough that we should be able to get a fair estimate 
of the moment of inertia by assuming hydrostatic equilibrium: that is, using 
equations (2.1.40) and (2.1.65). 

Assuming that each planet is composed of a mixture of olivine-pyroxene 
(such as the “‘pyrolite” used in Section 2.5) and iron-nickel, then if M, R, and 
T are all known, we could solve for both (1) the percent iron-nickel content 
and (2) the extent to which this iron-nickel has separated into a core. This 
solution could be made by numerically integrating equation (2.1.47) to obtain 
pressure and using Figure 1.16 to obtain densities as functions of pressure. 
If only M and R are known, however, an assumption must be made for one of 
the unknowns, such as, for (1) the same overall content as the earth, or for (2) 
either homogeneity or complete separation of the iron-nickel into a core. 

Table 9.5 gives a set of solutions based on the assumption that all the iron- 
nickel has separated into a core. 


TABLE 9.5: MEAN DENSITIES OF TERRESTRIAL PLANETS AT 10 KB 


Mean Density Mean Density * Portion Iron—Nickel 

Planet (gm/cm?) (10 kb, gm/cm?) Phase 
Mercury 5.44 Se! 0.65 
Venus 5.16 By, 0.265 
Earth SS 4.03 0.315 
Moon 3.34 3.41 0.06 
Mars 4.03 Sof 0.19 
Chondritic 2.20-3.7 2.45—3.95 0.00-0.30 


* Using densities of 3.3 gm/cm’ for silicates and 7.9 gm/cm* for iron nickel at 10 kb, 
Based on Ringwood [338, p. 46]. 
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The effect of distributing some of the iron-nickel through a mantle instead 
of concentrating it all in a core is to increase the portion of iron-nickel, 
because of its greater compressibility times density. In the case of Mars, a 
small core is indicated by the relatively large ratio 0.383 for J/MR? deduced 
from the oblateness J, and the assumption of hydrostatic equilibrium (see 
problem 9.1). If the radius of Mars is reduced from 3367 km to 3310 km 
(see Section 6.1), the density is further increased so that the iron-nickel content 
for a nearly homogeneous Mars is about equal to the earth’s. 

The discussion thus far has neglected the effect of temperature on density 
through thermal expansion and contraction. As discussed in Section 2.4, the 
thermal state of a planet depends on its temperature of formation, the 
amount and distribution of radiogenic heat sources, and its size. In general 
a smaller planet is more effective in getting rid of its heat because of its 
larger area-to-mass ratio. On the other hand, the lower pressures result in 
lower melting temperatures. The consequence of these two effects is that the 
depth at which melting of silicates is most likely to occur is inversely correlated 
with the size of the planet. The same chondritic-conductive heat models 
which obtain the highest temperature relative to silicate melting at depths of 
about 150 km (pressure 50 kb) in earth models attain it at about 1000 km 
(pressure 40 kb) in moon models and about 500 km (pressure 65 kb) in Mars 
models. These figures suggest that pressure is the independent variable most 
appropriate for extrapolation from conditions in the earth’s interior to those 
in other terrestrial planets. The densities obtained in the moon from such an 
extrapolation are shown in Figure 9.2, together with those from a theoretical 
model of the thermal regime and compression in the moon [16, 223]. 

These homogeneous chondritic models of the moon and Mars are self- 
contradictory, however, in that the melting point of iron is appreciably 
exceeded, so that the formation of a core would be expected. In any case, 
it appears that Mercury has much more iron than the earth; Venus, about the 
same; and Mars, probably less than the earth. Both Venus and Mars could 
easily have total iron contents in the middle of the range for chondritic 
meteorites. There remains the possibility of some error in the equations of 
state from shock compression (Figure 1.16). Also there have been attempts to 
explain core formation as the consequence of a silicate phase transition [567], 
but the idea has not yet had any experimental substantiation. 

The moon is small enough, and hence possibly of low enough initial tem- 
perature, that its low density may be due to retention of volatiles rather than 
loss of iron. This fact is manifestly true for the parent bodies of the carbona- 
ceous chondrites, which were apparently small enough to radiate most 
radiogenic heat. But for the same process to apply to the moon it would have 
had to form while volatiles were still prevalent but after significant heating by 
Al”® or solar-wind induced currents was possible, and with preferably a low 
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Figure 9.2: Density versus depth in the moon. From Anderson & Kovach [16, p. 88]. 


K, U, Th content. This hypothesis of volatile retention is also difficult to 
reconcile with the differentiated surface composition found by the Surveyors 
(Table 9.1). 


Departures from Equilibrium 


Also of interest in the planets are any indicators of departures from hydro- 
static equilibrium: either variations of the external surface or of the gravita- 
tional field. The essential limitation on the magnitude of these variations is 
the shearing stresses they necessarily entail. These stresses arise from the 
attraction of the rest of the planet for the density variations implied by the 
variations in the external field or form. Thus, if the stress state is comparable, 
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we should expect the absolute magnitude of departures from equilibrium to be 
inversely proportional to g, the gravitational acceleration. For example, the 
mountains on the moon should be about six times as high as those on the 
earth. If we compare dimensionless parameters, such as the gravitational 
eootivients Gy 5), ineequatdan (21-17), there should be an inverse pro- 
portionality to g”. 

By this equal-stress implication rule both the gravitational field and the 
topographic irregularities indicate that the moon is appreciably closer to 
hydrostatic equilibrium than is the earth. This is perhaps to be expected from 
the thermal considerations discussed above: the approach to melting tem- 
perature, and hence any zone of minimum strength and maximum convective 
activity, etc., 1s probably somewhat deeper in the moon. 

For Mercury and Venus, the sole present indicators of departures from 
hydrostatic equilibrium are their states of synchronous rotation (see Section 
5.2), which require certain minimum moment-of-inertia differences A//J to 
be stable. These synchronizations require a relatively small \/// for Mercury, 
by the g® rule, but an unreasonably large A/// for Venus. It is hoped that the 
mapping of the topography by radar will yield further information on the 
nonhydrostatic properties of these planets. 

For Mars, the principal indicator of nonhydrostaticity is the discrepancy 
between the dynamic flattening, 1/194, obtained from the motions of Phobos 
and Deimos, and the geometric flattening, 1/135, obtained from measurements 
of photos of Mars. If there is no error in either of these determinations, then 
the part of the geometric bulge that is in excess of the dynamic bulge must be 
compensated by some mass deficiency below it. This excess is considerably 
larger in its stress implication than any that exist on earth; perhaps the mea- 
surements may be biased by localized lowlands at the poles or a ring of 
highlands around the equator. Some further information on the external 
form of Mars has been deduced recently from radar reflections (354, 355]. 
These topographic variations are not extraordinarily great in their stress 
implications. 


Summary 


In summary, it can be said that the terrestrial planets show pronounced 
differences in the zero-order property of mean density. These differences 
indicate different ratios of iron-nickel to silicates (except perhaps the moon), 
Which must be explained in any hypothesis of planet origin. The situation is less 
clear for the first-order properties of moment of inertia and departures from 
hydrostatic equilibrium, which bear on the questions of thermal regime and 
radial differentiation. The principal unknown quantity is the content of heat 
sources, the radioactive elements K, U, Th. The moon is clearly closer to 
hydrostatic equilibrium than the earth, but is bv no means quiescent. Mars 
has a high moment of inertia and a magnetic field too weak to be detected by 
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Mariner IV, both indicating a relatively small core. However, the absence of 
any significant magnetic field for Venus indicates that the lack of precessional 
torques may be a more significant factor. The surface features of Mars— 
meteorite craters, slight atmosphere, no oceans—indicate a lower level of 
activity than the earth. However, the excess bulge in the geometric surface 
shape is too big to be supported statically. Venus would be expected to be 
more active than the earth, since it appears to have about the same bulk 
composition plus a higher surface temperature. For Mercury, there is no 
first-order information other than the weak lower bound on the moment of 
inertia difference AJ from the synchronous rotation. 


The Major Planets 


The densities and masses of the major planets given in Table 5.1 immedi- 
ately suggest two additional classes of planets: (1) high mass, low density 
(Jupiter, Saturn); and (2) moderate mass, moderate density (Uranus, 
Neptune). Within each class, there is the expected correlation of density 
with pressure. These planetary classes, together with the terrestrial planets, 
in turn suggest a three-part classification of chemical substances according to 
volatility [54]: 

1. High: H,, He 

2. Intermediate: HO, NH,, CH, 

3. Low? Fe; MeO, Si0,, etc. 


The principal problem in constructing models of the major planets is the 
equation of state of the materials: their change of density with pressure. 
The equation for hydrogen is well enough understood, however, that models 
of Jupiter and Saturn can be calculated which show they have retained 
essentially a solar abundance of the high-volatility class of elements, H and 
He. On the other hand, Uranus and Neptune must be predominantly 
composed of class 2 substances [480, 578]. Hence a theory of solar system 
origin must explain the loss of H, and He from the outer parts as well as the 
loss of nearly all volatiles from the inner parts. 


9.3 Theories of Origin and Evolution 

The difficulty in deducing the origin of the terrestrial planets per se is that 
it evidently was a process secondary to the formation of the sun and the major 
planets. To limit the possible circumstances of formation, then, it is desirable 
to outline the principal ideas of the origin of the solar system as a whole. 
The main steps in this origin process were: 


1. Contraction from an interstellar gas cloud. 
2. Formation of the solar nebula. 

3. Formation of the sun. 

4. Condensation in the solar nebula. 
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5. Formation of the planets. 
6. Dissipation of the excess gas of the solar nebula. 


All of these steps necessarily took place, although it is possible that there 
was no distinct dividing line between 4 and 5, or that step 6 took place before 
step 5. 


Starting Conditions 


As with nucleosynthesis, the theories of formation that are most persuasive 
are those that are to the greatest extent corroborated by observations of 
processes taking place now. The most important observations are of clusters 
of stars (see, e.g., Figure 9.3) which have a distribution of luminosity versus 
color indicating recent formation: large stars (mass > 10M.) whose total life 
is less than 50 million years—a few already past the “‘main-sequence” 
hydrogen-burning stage; medium-sized stars (1 — 10M.) on or just entering 
the main sequence; and a dearth of small stars (M < M,), indicating that 
they have not yet contracted to the main sequence. These clusters are char- 
acterized by a great amount of interstellar gas (1000M, or more), which is 
Juminous because of ionization of the hydrogen by the ultraviolet radiation 
of the giant O-type stars in the cluster. The density of this gas near the center 
is on the order of 10°?! gm/cm3, fading out to the 10 25 gm/cm* average for 
interstellar (and intercloud) space. There are also considerable localized 
intensifications of gas density by a factor of 10 or more. Evidence for these 
intensifications is discrepancies of optical spectrum “forbidden” line intensities 
(dependent on collisions) from radio intensities (dependent only on ionization). 

There are many clouds of interstellar matter of density on the order of 
10-28 gm/cm?. For such a cloud to be in equilibrium, there must be a balance 
between thermal expansion and gravitational contraction; magnetic pressure 
(3.2.17) is also significant. An instability tending toward contraction will 
occur if a part of the cloud 1s of less than average temperature or greater than 
average density. Calculations based on a typical temperature of about 100°K. 
indicate that the mass required for an instability to lead to star formation is 
rather large. However, once sufficient mass (about 40M) has contracted to 
form an O star, then the resultant heating of the gas to ionization temperature 
of 10*°K will disrupt the cloud, causing an overall expansion, but also 
possibly triggering the collapse of many other ‘‘protostars’’ as a consequence 
of nonuniform heating, etc. It is not clear whether a star such as the sun would 
be formed as a subcondensation from a larger mass in the initial contraction 
phase, or as a collapse triggered at the subsequent heating stage. Further- 
more, calculations taking into account turbulence and irregularities of the 


magnetic field may appreciably reduce the mass required for star formation 
[492]. 
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Figure 9.3: The Orion nebula. Interstellar gas and dust 1s iNuminated by bright young 
giant stars. Photo by Mount Wilson and Palomar Observatories. 
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Contraction from Gas Cloud 


In any case, we can take the sun as starting from a much more massive 
concentration of gas colder than the surrounding cloud. This cooler con- 
centration would have a mean density of about 10~*! gm/cm*. Two other 
important properties are the angular momentum and the magnetic-field 
intensity. Both of these can be estimated from galactic properties: the cloud 
should have a rotation rate on the order of the galactic average, 10-1 sec? 
(although the correlation in direction of stellar and galactic rotation is low 
[185]) while the magnetic intensity should be a little less than 10~* gauss, 
allowing for an increase with density from the interstellar average of about 
2 x 10~® gauss. 

As discussed in Section 3.2, the effect of a magnetic field is to inhibit 
instability, that is, to make the motion more laminar, or more connected, 
and less turbulent. In the problem of star formation this effect operates 
to increase the size of the critical mass for instability. It also operates on a 
contracting mass to increase the size of subfragments that may coalesce, 
and, as first pointed out by Alfven, to transfer angular momentum from 
the more dense to the less dense parts: the denser inner parts carry along 
the field lines with them; the less dense outer parts resist the motion of the 
field lines across them, hence a torque is developed and angular momentum 
transferred [277]. 

For a magnetic field to interact with matter, the matter must have an electric 
charge. In the dispersed interstellar medium, starlight causes sufficient ioniza- 
tion to create this charge. Because of collisions between ions and neutral 
particles, the degree of ionization necessary to effectively fix the magnetic field 
in the material medium is rather low. However, one of the most significant 
differences between various theories has been the density of the protosolar 
cloud at the time the ionization dropped Jow enough to permit material to 
slip easily across field lines; or, alternatively, the magnetic and thermal 
pressures or turbulent mixing became great enough to break off magnetic 
lines between the more dense and less dense material. Thus Mestel and 
Spitzer [278] and Hoyle [184] hypothesized that the ionization became low 
enough to permit the slipping when the density was still quite low: onthe order 
of 10 '* gm/cm?. This effective elimination of the magnetic field permitted 
fragmentation of the cloud so that the protosun itself could separate. On the 
other hand, Cameron [63] maintained that, because of internal sources of 
ionization such as K* radioactive decay, the magnetic field never separated 
from the cloud. Hence the original field had to be extremely weak, and the 
development ofa central condensation was prevented until the cloud had con- 
tracted to about the size of the present solar system. 

If the initial cloud is nonspherical, the gravitational acceleration parallel to 
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the minor axis of the cloud will be more than at right angles thereto. Hence 
the cloud will tend to become more and more elliptical. Conservation of 
angular momentum and the existence of a magnetic field parallel to the minor 
axis will further enhance this tendency of a cloud to flatten. Finally, if 
considerable contraction has taken place without loss of angular momentum 
then instability (i.e., the attainment of Keplerian orbit velocity) will first 
occur at the equator. Thus the nearly coplanar character of motions in the 
solar system is probably the consequence of a disc-like form of the solar 
nebula. 


The Solar Nebula 


The gravitational energy lost during contraction is converted into thermal 
energy. However, during most of the process the cloud is quite transparent so 
that the energy is radiated away and the contraction is isothermal. When the 
cloud has contracted to the size of the solar system, or less, it becomes 
sufficiently opaque for the temperature to rise. This opacity is a consequence 
mainly of solid grains, which constitute about | percent of the mass of inter- 
stellar matter, plus probably molecular absorption. The density at which the 
temperature starts to rise is variously estimated from 1078 to 10°12 gm/cm*. 

When the temperature rises, the ionization rises, so that the magnetic 
field is once again attached to the matter, and the outward transfer of angular 
momentum again becomes possible. At this stage, the size of the solar nebula 
is significant. Estimates of the amount of matter in the nebula outside the sun 
vary from 0.01M, to 1.0M,. 

A nebula mass of 0.01 M,, is the minimum necessary to make up the volatiles 
missing in the planets compared to solar composition. Such a small nebula has 
the advantage of minimizing the problem of dissipating the excess gas. On the 
other hand, it requires the hydromagnetic transfer of angular momentum to 
be very efficient, and makes condensation and planet formation more 
difficult both in the sense of low probability of collision and of insufficient 
opacity to reduce the temperature enough to form ice [184]. 

A nebula mass of 1.0M,, reduces the needs for off-and-on ionization in the 
contracting cloud, as mentioned, and provides greater opacity and probability 
of collision for condensation. It also enables the attainment by the means of 
gaseous accumulations of the pressures and temperatures for the formation of 
iron meteorites, differentiation of achondrites, etc. Collisions of such gas 
spheres also may help to blow off the excess material. However, the overriding 
difficulty of a massive nebula is finding a mechanism of disposing of the excess 
gas. Furthermore, the considerably greater complications of other processes 
make the massive nebula an hypothesis to be adopted only if the sparse 
nebula is demonstrated to be inadequate [63]. 
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In any case, we have as the likely model of the solar system as a primeval 
separate entity an appreciably flattened nebula of mass 2 to 4 x 10°° gm 
(1 to 2M,), radius 4 to 8 x 10cm (Neptune orbit to Pluto aphelion), 
angular momentum 4 to 16 x 10°! gmcm™sec™ (present plus that of 
material to be ejected), and principal moment of inertia 10° to 10° gm/cm? 
(very little central densification as yet), and magnetic-field intensity 10~° 
(interstellar) to 10-! gauss (10-4 conserved on contraction from 10~** to 
10-22 gm/cm*). 

The nebula contracts as long as the magnetic and thermal pressure do 
not overcome the gravitational attraction (equation (3.2.2)). From 40 to 
0.5 AU radius this contraction is rapid, taking only about half a year. Both the 
magnetic-field intensity and the angular velocity willincrease ata rate inversely 
proportionate to the radius squared. Eventually a gravitational instability 
(i.e., angular velocity equal to Kepler orbit velocity) develops at the equator 
and material is shed. If the nebula contracts further, the magnetic field will 
transfer angular momentum outward from the central cloud to the shed 
material, causing the latter to move out farther. In the sparse nebula model of 
Hoyle [184], this instability occurs at a radius of about 3 x 10!2cm, or 
0.2 AU, half the radius of Mercury’s orbit at which the Keplerian angular 
motion approximately equals the present rotation rate of the sun. In the 
massive nebula model of Cameron [63], it occurs almost at the onset. 


Formation of the Sun 


At a radius of about 0.5 AU (or 100 R,), heat and pressure build up 
enough that the sun becomes luminous. The luminosity is about 100 times 
that of the present sun, and the surface temperature about 3500°K, as a 
consequence of convective transfer. The source of energy is still gravitational, 
and hence there is further collapse at a rate supplying gravitational energy 
(~GM ,?/R) sufficient to equal that radiated (~oT*R?). The duration of the 
collapse in the stage where significant instability occurs in the Hoyle model is 
about 5 x 10° years [167, 560]. 

The observational evidence which is most important for any model of solar 
formation to satisfy is that of T Tauri stars, previously mentioned in connec- 
tion with DLiBeB formation. T Tauri stars are defined by a spectrum which 
contains strong emission lines, indicating an extremely active chromosphere. 
They are always located in regions of high nebulosity and obscurity, indi- 
cating dust, such as the Orion nebula. They undergo considerable oscillations 
in brightness. Lines in their absorption spectra have Doppler shifts and 
broadening indicating outward velocities on the order of 100 km/sec. The 
intensity of this absorption times the surface area of the star and the velocity 
implies mass loss at the rate of about 10-7 M,/year [524, 558]. 
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Solar 


Figure 9.4: Schematic side view of solar condensation and inner edge of disc after Hoyle 
[184]. 


Angular-Momentum Transfer 


The convection in the contracting sun is important in connection with the 
hydromagnetic transfer of angular momentum, because the entangling of the 
magnetic-field lines by the convection will attach them more securely to the 
sun. Hoyle’s diagram of his model is given in Figures 9.4-5. The magnetic field 
will also be wound up in the planetary disc. Ionization enough for the con- 
ductivity to maintain the magnetic field is not a problem; however, there must 
be a sheet of material between the solar condensation and the disc to resist 
the pressure of the magnetic field normal to the equatorial plane. 

The ability of the magnetic field to exert a torque depends on the field lines 


Figure 9.5: Schematic plan view of upper half of Figure 9.4. The lines of force eventually 
cross the equator and return inward along similar paths. 
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in Figure 9.5 being twisted to an appreciable angle, say 45°. Then, since 
stress is B?/4aru from (3.2.16), the torque exerted at a radius R will be on the 
order of 47R®(B2/47)R, or R°B?. The angular momentum transferred in a 
time z will be R°B?t. Using 2 x 1012. cm for R, we obtain that a field strength 
on the order of 100I is required to transfer 4 x 10°! gm cm™ sec”? angular 
momentum in 5000 years [510]. As was the case in the tidal friction of the 
earth-moon system (Section 4.5), when angular momentum is transferred 
from rotation of a primary to an orbit revolution of a much smaller secondary, 
nearly all the energy of the rotation is left in the primary in a form dependent 
on the manner of exerting torque. In the present case, this form initially 
would be magnetic: an intensification of the field intensity, which would 
be effected by a “winding up” of the field around the sun. Taking the 
starting moment of inertia as MR?/10—that is, a considerable degree of 
central densification—the total energy to be lost is: 


eee 
AE = A(T?) = a(S 2 ) 


20 


2oano 12 —6\2 10 —6)2 
= ———— [(3 x 10°° x 2.23 x 10°") — (7 x 10” x 2.7 x 10°")*] 


= 5 x 10" ergs (9.3.1) 
Of which only 


hE GMo ——— 


e667 x 10% x 1040 x 10a 


ROE = 0.5 « 10” engeu (9.3) 


goes to the orbiting matter. The remaining energy will severely distort the 
outer convecting zone of the sun, leading to sporadic outbursts of radiation 
and energetic particles, and thereby providing mechanisms for spallation 
effects, chondrule formation, heating the excess gas to escape velocity, etc. 

A probiem is obtaining low enough temperatures to permit condensation 
at the distances of the terrestrial planets. The generally accepted contracting 
solar model of Hayashi et al. {167] has a surface temperature of about 
3500°K when the radius is 3 x 10!2cm. However, more than half the 
3 x 10°-year contraction time is spent when the solar radius is less than 1.5R,. 
If most of the severe wrapping-up of the magnetic field which provides the 
torque to drive out the major planet material occurred at this later stage, then 
there could be sufficient solids left in the inner parts of the solar system to 
constitute a smoke providing the necessary opacity. 
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Condensation in the Nebula 


Given time and density enough for sufficient encounters to occur, the 
process of condensation is still imperfectly understood. If there were con- 
siderable inhomogeneities in the gas density—a possibility inhibited by the 
intense magnetic field—then supersaturation could occur and material would 
crystallize from the cloud. If the condensation is started by collision of solid 
particles, then the presence of water or ice would still help them a lot to stick 
to each other. The structure and apparent chemical composition of comets 
suggest ice is important for condensation. 

Once centers of agglomeration of about 100 km had formed, then gravi- 
tational attraction would become significant—that is, the capture velocity 
[2(GM/R)}'”? of the bodies would be greater than a statistically perceptible 
fraction of the relative velocities. Another critical size of agglomeration is the 
minimum body that would resist being swept away with the excess gas that 
has manifestly been lost from the inner parts of the solar system. For such 
sweeping along to occur, the zas would have to be dense enough that the 
effect is expressible as viscous drag, using Stokes’ formula for the acceleration 
A on the body: 

_ 3a , 


a (9.3.3) 


2m 


where 7 is the viscosity of the gas, R and m are the radius and mass of the 
body (assumed spherical), and v is the relative velocity. Hoyle [184] applied 
(9.3.3) taking v to be the increment in velocity acquired in a single revolution 
due to the acceleration of the gas by energy transferred from the sun. If the 
outward rate of motion is da/dt then the resulting along-track acceleration, 
and hence the velocity increment, can be calculated by differentiating Kepler’s 
law (4.1.21): 


2a 27a?! 
a be ay pe 9.3.4) 
v G G ; ? (GM)? ( 
Then for Ap «K Ag, 
3ayR 2na*? 
a I 9.3.5) 
2m (GM)? ( 
or 
1/2, 3 \1/4 
R»> ion (eg) ~ 15 om (9.3.6) 
Ap GM 


substituting 8.7 x 10->gmcm™sec! for 7, the viscosity of hydrogen; 
3 gm/cm! for p, the density; 6 x 10¥ cm, the orbital radius of Mercury, for 
a; and 2 x 103 gm for M. 
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Extrapolated 
from planets 


Angular-momentum density (cm?/sec) 


1032 1033 1034 103° 
Mass (gm) 


Figure 9.6: Angular-momentum density of stars by spectral type. Based on Allen [4, p. 
204). 


Stellar Rotation 


Some mild corroboration that formation of a nebula, and hence possibly of 
a planetary system, is characteristic of stars like the sun is furnished by their 
rotation rates, observed by Doppler broadening of spectral lines. If the graph 
of angular-momentum density, Figure 5.2, is extended to heavier bodies, the 
sun falls much farther below the line extrapolated from the planets than do 
the more massive stars, as indicated in Figure 9.6. The most obvious property 
relevant is the strong convection of the outer zones of the less massive stars 
in their contracting stage, which would increase the torque transmittable by the 
magnetic field. Exceptions to the general rule of slow rotation are binary 
stars, which are much closer together than are the planets to the sun: sug- 
gestive of an agglomeration of the disc into a second star at an early stage of 
the shedding of the nebula and a consequent breakdown of hydromagnetic 
angular-momentum transfer. About a third of star systems observed near the 
sun are double, triple, or quadruple. In addition, there are seven stars 


observed to have periodic motions indicating an invisible companion of mass 
less than 0.02M, [54]. 


Resistive Heating of Protoplanets 


A consequence of a rapidly rotating sun with a strong magnetic field 
may be the generation of appreciable electrical currents in a conducting 
planet with no insulating atmosphere, through the cutting of the body by 
the magnetic lines of force. These currents would have resistive losses which 
would generate heat, in turn affecting the conductivity. Numerical calcula- 
tions have obtained several 100°C temperature increase in 10° years [581]. 
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Interim Summary 


The ideas of solar system origin outlined here—essentially those of 
Hoyle [184] and Cameron [63]—are generally accepted nowadays as satisfying 
the necessary characteristic of hydromagnetic transfer of angular momentum 
from the central condensation to the outer parts; and having the desirable 
characteristics of making the solar nebula a subfragment of the much larger 
cloud which has a higher probability of formation from the interstellar 
medium; of not requiring the extremely improbable (even in a cluster) events 
of close approach of two stars, or explosion of one member of a binary 
system; of keeping the ionization at the low levels needed for maintenance of 
a sufficient magnetic field, and hence making it easier to obtain temperatures 
low enough to permit condensation; and of not requiring the sun to acquire 
material from the interstellar medium after it has already formed. 

There are several other theories of solar system formation which do not 
meet one or more of these desiderata; see Jastrow and Cameron [195, pp. 
4-37]. 


Problems of Planetary Formation 


The balance of a theory of solar-system formation taking into account the 
main features is concerned, first, with the differing densities of the major 
planets, and the related question of loss of hydrogen and helium by the solar 
system; second, with the large satellite systems of Jupiter, Saturn, and 
Uranus; third, with the direct rotation of nearly all the major bodies; and 
fourth, with the asteroid belt. 

As mentioned, model calculations indicate that Jupiter and Saturn are of 
virtually solar composition, but that Uranus and Neptune evidently lost 
most of the hydrogen and helium [91]. Although sufficient energy was 
available from the early sun to push these gases out of the solar system, the 
detailed process by which this “blowing off” took place is unsure. 

The extensive satellite systems have a somewhat smaller portion of mass in 
the secondaries than does the solar system, but drastically less of angular 
momentum, as shown in Table 9.6 (despite transfers by tidal friction). The 


TABLE 9.6: COMPARISON OF PLANETARY AND SATELLITE SYSTEMS 


Total Mass Portion in Angular Momentum Portion in 
Primary (gm) Secondaries (gm cm? sec) Secondaries 
Sun 1.94 x10%* 0.0013 8 2) lan Oz 0.9947 
Jupiter 1.90 x 10% 0.00019 4.43 x 10% 0.0096 
Saturn 0.57 x 10% 0.00025 0.79 x 10% 0.0123 


Uranus 0.087 x 10%° 0.000096 0.019 x 10% 0.0075 
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formation of the major planet satellite systems thus appears to have been 
the consequence of a similar instability in the primary, but lacking in 
sufficient magnetic field to cause any significant hydromagnetic transfer of 
angular momentum. 

The direct rotation of the planets follows as a consequence of angular- 
momentum conservation (problem 5.3), but the actual mechanism of the 
momentum transfer takes some attention to arrive at the same conclusion: 
see problem 9.5 [19]. 

The existence of the asteroid belt in place of a planet suggests that Jupiter 
had already formed and exerted a disruptive effect inhibiting condensation 
in the belt, similar to the effect of Saturn’s satellites on the rings. As discussed 
in Chapter 5, the asteroid belt is still undergoing significant evolution. 


Formation of the Terrestrial Planets 


For the main subject of this book, the terrestrial planets, we thus can start 
from an inner solar system in which the sun contracting onto the main 
sequence was surrounded by a well-mixed gas and dust cloud which is in large 
part at a temperature below 300°K. The mixing is evidenced by the uniformity 
of primeval isotope ratios in the meteorites and the earth’s crust. The low 
temperature appears essential not only to provide the ice to facilitate con- 
densation and to permit the formation of hydrocarbons in the carbonaceous 
chondrites, but also to account for the considerable degree of oxidation of 
metals in all the planets (except Mercury) and in most chondritic meteorites. 
As first emphasized by Latimer [237], for the cosmic-abundance ratio of 
oxygen to hydrogen, 

H,O 


2 


K= ~ 0.002 (9.3.7) 


the reaction 
+Fe,O, + H, = 3Fe + H,O (9.3.8) 


goes completely to the left below 390°K, and completely to the right above 
1120°K. Similarly, 


FeO + H, = Fe + H,O (9.3.9) 


goes completely to the left below 590°K. 

A low temperature also generally is held necessary for the formation of the 
earth in order to account for the extent to which active volatiles—C, N, O, F, 
Na, Cl, Hg, etc.—have been retained in the earth, as well as to avoid ex- 
tensive melting in the subsequent thermal evolution. 

The essential features of any theory of the origin of the terrestrial planets 
are the hypotheses as to the conditions affecting reactions involving the com- 


mon active elements H, C, N, O, Mg, Si, S, and Fe [381]. The important 
conditions are: 
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1. The temperature, which depends primarily on the luminosity of the sun, 
secondarily on the opacity of the nebula, thirdly on the gravitational energy 
from the contraction of the planet, plus possibly short-lived radioactivity or 
induced current dissipation. 

2. The pressure, any significant variation of which requires an appreciable 
degree of local condensation. 

3. The abundance of hydrogen, which is the element by far the most 
sensitive to any process expelling gas from the solar system. 


To calculate the equilibrium proportions of different compounds given 
these three conditions, we further require: 


4. The elemental abundances, given in Table 9.2. 

5. The compounds that might conceivably exist. 

6. For each of these compounds, either the free energy AG® or the equilib- 
rium constant K for formation from its constituent elements as a function of 
temperature. 


In Table 9.7 are given the free energies of formation AG° at 1 atm pressure 
and several temperatures for the 28 substances which are most likely to form 
from the eight elements. An alternative representation is in the form of poly- 
nomial coefficients [566]. By free energy of formation of a substance of the 
form X,Y,,Z,, we mean the free energy change as defined by (8.2.3) for a 
reaction of the form 


X, OY +E Nev Ze (9.3.10) 


where i, j, k are the number of atoms per molecule in the reference state: 
usually 1 for solids and 2 for gases. 

All but one line of Table 9.7 is experimental data, although for iron com- 
pounds the free energy must be calculated rather awkwardly as 


AG,” = AH bos. 15 ag (H7° Pans Hos, 15) — 1|(S2° aa Stes. 15) 


+ Soea.15 — > a Hse. il (925eth) 
reactants ‘8 

in order to utilize the data as published [564]. The quantity (G° — H,, ,,)/T; 
called the free energy function, or fef, is used because it varies slowly with 
temperature. The free energies in Table 9.7 for FeSiO, (which is virtually 
nonexistent in nature) were calculated on the assumptions that up to 1400°K 
it has a virtually constant A(fef), like MgSiO, and Fe,SiO,, and above 
1400°K., a moderately increasing A(fef), like MgSiOs. 

For a given temperature 7, the pressure P dependence of the free energy 
AG of a gas is given accurately by (8.2.6); the free energy of a solid can be 
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assumed unvarying. The simplest quantity calculable from Table 9.7 is the 
vapor pressure of an element. The vapor pressure is the pressure P(7) at which 
the condensed phase is in equilibrium with its vapor. The appropriate equation 
for an element X is then 

X(s) = X(g) (9342) 


The insensitivity of the free energy AG of a solid substance to changes in 
pressure means that its effective pressure, or fugacity, in reaction (9.3.12) is 
unity, and hence that by (8.2.10) the vapor pressure equals the equilibrium 
constant K. For example, the vapor pressure of iron Fe at 1100°K is, apply- 
ing (8.2.11) to AG7° from Table 9.7, 8 x 10-1! atmospheres. 

If in a primordial gaseous nebula the partial pressure of an element rises 
above its vapor pressure, then, assuming no chemical reactions, the element 
will condense. Since such a nebula would have been almost entirely hydrogen 
H,, the ratio of the partial pressure P(X) of any other element (in the form of 
a monatomic gas) to the total pressure P7 will be approximately twice the 
ratio of its atomic abundance A(X) to that of hydrogen 

FCO) aie (9.3.13) 
A(H) 
Figure 9.7 1s a summary of vapor pressure as a function of temperature for 
several elements. 

Differences of elemental abundances from “cosmic’’ thus might be used in 
conjunction with Figure 9.7 to deduce pressures and temperatures of con- 
densation of planets and meteorite parent bodies. However, the actual vapor 
pressures in the solar nebula may be displaced orders-of-magnitude by alloy 
formation; diffusion in grains; and the formation of compounds. 

To take compound formation into account while still assuming thermo- 
dynamic equilibrium, it is necessary first to specify the abundances of the 
elements, and second to select from Table 9.7 the substances likely to form. 
For example, with solar or cosmic abundances a likely set would be C(s), 
CH,, CO, CO,, COS, Fe(s), FeS, FegSiO,,°H,. HjO, H3S, MiggSiQ,, No, 
NHs, O:, S(s), S2(g), SO., and SO, (see Problem 9.8). On these twenty 
quantities are imposed eight relations by the total elemental abundances 
plus twelve relations by the free energies of formation or equilibrium con- 
stants of reactions forming the compounds. 

An example is given by the subsystem comprising elements C, O, H and 
compounds CO, CO,, CH,, H., and H,O, for which it is assumed that the 
significant reactions are: 


CO, + H,= CO +H.G 


(9.3.14) 
CO, + 4H, = CH, + 2H,O 


400 
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Figure 9.7: Vapor pressures of elements as a function of temperature. From Larimer [485]. 


The three abundance relations: 
> C = [CO,] + [CO] + [CH4) 


> O = 2(CO,] + [CO] + [H,0] (9.3.15) 
> H = 2[H,] + 2[H,0] + 4[CH,] 
plus the two equilibrium functions: 
_ [CO][H,0] 
* [CO,][H2] 
(9.3.16) 
__ [(CH,][H.0]” 
“~~ [CO,][H,]! 


constitute five relations for the five quantities [CO], [CO,], [CH,], [H.], and 
[H,O]. Since two of the relations are nonlinear the solution must be approxi- 


mated by series expansion or iteration [379]. 


An alternative technique more manageable for the larger system is to 
distribute the eight elements into the twenty substances so as to minimize the 
total free energy, subject to the abundance and reaction balance restraints. 
Shimazu [360] carried out this calculation for temperatures 300°K, 1000°K, 
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and 2000°K; pressures 10°, 1, and 10? atm; and hydrogen abundances 
logy) & H (normalized to 6.00 for logy) & Si) of 10.5, 8.0, 7.477, 7.00, 6.00, 
and 5.00. The main conclusions were: 


1. Transition from reduced state to oxidized state (i.e., from CH,, NHg, 
H.S to CO,, CO, SOx, etc.) occurs at about [H,O]/[H,] ~ 1, regardless of 
temperature or pressure. 

2. As the temperature increases, the reduction-oxidation transition 
requires higher elemental abundance of hydrogen, % H, because of the 
increasing instability of hydrogen compounds. 

3. As the temperature increases, CO becomes more stable relative to COg, 
so that the [CO,]/[CO] ratio decreases. 

4. At 300°K, Fe,SiO, is more stable than Fe at both low and high H 
abundances, but not in between; the range of Fe stability decreases with 
increasing pressure; at 1000°K, Fe,SiO, is more stable than Fe only for 
logig & H < 6.00; at 2000°K, Fe is more stable than Fe,SiO, at all hydrogen 
abundances. 

5. FeS is stable only at low temperatures at intermediate H abundances 
corresponding to Fe,SiO, instability. 


Any theory of origin of the terrestrial planets attempts to permit 
reactions between these compounds to go as far as possible to equilibriam. 


Two-Stage Theory 


The principal respect in which various theories of the origin of the earth 
differ is whether there existed any protoplanets (or heating and turbulence in 
the nebula) as an intervening stage between the initial cold nebula and the 
final formation of the planets. 

A two-stage theory is advocated by Urey [405-408]. Considerable tem- 
peratures (and, for some processes, pressures) in a planetary environment are 
needed to drive off the inert gases while retaining some of the chemically 
active volatiles; to account for the fractionation processes that produced 
iron, stony-iron, and achondritic meteorites; and to account for diamonds in 
meteorites. The means to attain these conditions proposed by Urey are 
lunar-sized protoplanets (based to some extent on a previous model of 
Kuiper [229]). These protoplanets are hypothesized to have condensed in a 
dense solar nebula, and to have been surrounded by great accumulations of 
gas. 

The pressure at the interior of a gas sphere is calculated from the equation 
of hydrostatic equilibrium (2.1.47); Poisson’s equation; and an equation 
of state of the form: 

P= kp" (9.3.17) 
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where « and y are constants, called the polytropic gas equation. For ideal 
gases, the parameter y is the ratio of specific heats. The temperature is 
obtained using the ideal gas law, equation (8.2.4). The integration of the 
equations for realistic values of y is necessarily numerical, but was carried 
out and tabulated long ago by Emden. For a given mass of gas, the tempera- 
ture and pressure at the center depends on the radius. The results of the 
numerical integration for an Emden hydrogen gas sphere (y = 3) give for the 
central temperature 7, and pressure Py of a mass M and radius R: 


Ty ~ 0.94 x a (9.3.18) 


Py © 0.5 x 107° — (9.3.19) 


4 


for cgs units and °K. If the mass of the solar nebula was 1.0M,, then a lunar- 
sized body presumably would have associated with it about 1000 times as 
much mass in gas, 7.5 x 10°8 gm. To attain temperatures high enough to 
volatilize silicates and melt iron—say 2000°K—the radius of the mass would 
have to contract to about 300,000 km, by (9.3.18). The degree of densification 
over the solar nebula average would have to be about 10*, but the gas sphere 
would still have been much easier to break up than any solid body. However, 
to attain sufficient pressures for static formation of diamonds, compression 
in a dense lunar-sized body is still required. 

Numerous lunar-sized protoplanets also were favored by Urey to account 
for the low density of the moon and to make the moon’s capture by the 
earth a not too improbable event. They also help explain the various indications 
of distinct parent bodies evidenced by meteorites. 

The Urey cosmogonical model is thus: (1) a cold («300°K) nebula; 
(2) accumulation of protoplanets at temperatures on the order of 300°K; 
(3) development of high temperatures (~2200°K) upon the contraction of 
protoplanets, with consequent reduction of iron and volatilization of some 
silicates; (4) collision and breakup of the protoplanets, with loss of most of 
the gas and varying loss of silicates due to radiation pressure and a strong 
solar wind; and (5) accumulation of the present planets at temperatures 
on the order of 270°K. 


Single-Stage Theory 


A single-stage theory would, of course, be more satisfying esthetically. 
Ringwood [336-338] has attempted to construct such a theory. In Ringwood’s 
theory, much of the hydrogen is lost prior to the condensation of the planets, 
so that the reduction of iron and other metals is largely done by carbon 
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instead. Evidence of this process in meteorites is the occurrence of minerals 
such as troilite (FeS), cohenite (Fe,C), schreibersite (Fe3P), and oldhamite 
(CaS). Ringwood’s nebula is rather sparse, so that the small parent bodies 
of meteorites must have an electromagentic or short-lived radioactive source of 
heat. In the case of the larger planets, such as the earth, there will be appreci- 
able gravitational heat. When the initial material accreted it was quite cold, so 
that the volatiles were retained. Material falling in the later part of the ac- 
cretion added much more gravitational energy and hence generated more heat, 
resulting in the evaporation of considerable material forming a dense, opaque 
atmosphere which further accelerated the heating process. This heating 
reduced the outer material, so there resulted the unstable situation of a hot 
dense exterior and a cooler light interior. Eventually there was a catastrophic 
overturn in which the reduced metal, principally iron, fell into the center. 
Conservation of angular momentum with this infalling of denser material 
resulted in an increased rotation rate and instability, throwing off volatilized 
silicates. These silicates combined with other infalling material to form the 
moon, thus accounting for its lower density. At the same time the dense 
atmosphere was blown off. 

Ringwood emphasizes that the earth is manifestly in disequilibrium 
chemically. As discussed in Section 2.5, the density of the core is inconsistent 
with pure iron, but is compatible with an admixture of about 15-20 percent 
silicon. Such metallic silicon coexistent with oxidized iron in the mantle, 
despite several 100°K difference in reduction temperature, indicates dis- 
equilibrium and thus catastrophic formation of the core. In this situation it 
should not be surprising that some small portions of certain volatiles—e.g., 
Hg, Cd, Zn—have been retained, and that the terrestrial deficiencies of other 
metals are not precisely ordered according to volatility (Si, Na, Mg, Ca, Al, 
decreasingly). 


Origin of the Moon 


The origin of the moon is still an unsolved problem. As discussed in 
Section 4.5, there is a time-scale difficulty; extrapolation backward of the 
orbit with the present phase lag brings the moon back into the earth less than 
1.7 A ago. Theories of lunar origin are customarily sorted into four 
categories: binary system; capture; fission; and coagulation. The separate 
formation of the earth and moon at the same time as a binary system is, of 
course, implausible because of their considerable density difference; further- 
more, to keep two bodies of such different mass from either falling together 
or falling completely apart requires tricky conditions on the addition of 
orbital angular momentum in the accretion process. However, the other three 
categories are still the object of serious consideration. 
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The capture of the moon is desirable for chemical reasons, as discussed in 
connection with Urey’s theory of planetary origin. Two mechanisms of 
capture have been proposed. In the theory of Gerstenkorn [133] the moon 
approaches the earth in a retrograde orbit. Tidal interactions cause the orbital 
inclination to change so that it becomes direct, and the moon moves outward. 
Conservation of angular momentum requires an initial rotation period of the 
earth just barely above stability, 2.6 hours, and the dissipation of enough 
energy in the earth to melt much of it. In the theory of Singer [371], the moon 
is captured from a direct hyperbolic orbit, such that the perigee comes within 
the radius of a synchronous orbit. The reduction of the eccentricity of such an 
orbit requires a particular dependence of the dissipation factor Q on frequency, 
however. The interaction with solar perturbations is also important. See 
Lyttleton [251] for a discussion of conditions affecting capture. 

Modern theories of the fission origin of the moon couple it with the forma- 
tion of the core producing instability, as in the Ringwood theory [337]. 
Other recent theories are those of Wise [445], who assumed a fluid earth which 
elongated in a pear-shaped Poincaré figure far enough to push the moon to 
where the orbital velocity was less than synchronous; and Cameron [64], 
who assumed shedding at the equator of fragments that later collected. 
Cameron also associated the origin of the moon with the loss of the earth’s 
atmosphere, in order to carry away that part of the angular momentum re- 
quired for instability which is in excess of that now in the earth-moon system. 
Fission theories are difficult to reconcile with the impossibility of getting an 
inclination of the orbit to the equator less than 10° (Section 4.5), as well as 
requiring an initial angular-momentum density considerably in excess of that 
indicated by Figure 5.2. 

The coagulation, or many moon, theory of Ruskol [351] and MacDonald 
[254] alleviates the time-scale difficulty of the tidal-friction calculations, since 
the rates of orbital evolution of the several small moons will be much less than 
the rate of the single moon. We are then left with the problem as to which of 
these several small moons originated by fission, as proposed by Ringwood 
[338], and which by capture, just as in the case of the single moon. The fact 
that integration back in time of the moon’s orbit obtains an appreciable 
inclination regardless of dissipation mechanism [142] requires that at least 
part of the moon be captured. 

Entirely aside from the question of fission of the moon, analyses of core 
formation which take into account the energetics of the problem, plus the 
strong temperature dependence of viscosity, conclude that it was an unstable 
process which, once started, carried itself rapidly to conclusion [32, 400]. In 
this respect it differs from the processes of fractionation of the crust and 
outgassing of the oceans and atmosphere, which are all believed to have 


evolved gradually. 
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Origin of Variations between Planets 


The differences in uniform pressure density of the planets given in Table 9.5 
are most simply explained as different degrees of reduction, plus possibly loss 
of silicates, consequent on different degrees of heating. An iron-silicon 
mixture which has a density of 3.72 gm/cm? when completely oxidized will 
increase in density of 3.94 gm/cm* with complete reduction of the iron (about 
850°C), and to 4.16 gm/cm? with 40 percent reduction of the silica (requiring 
about 1500°C). This range of density covers Mars, Venus, and the earth, 
and suggests that reduction is positively correlated with the size of the 
planet—as would be expected if the source of heat was largely gravitational 
contraction. The anomalously high density of Mercury, however, is explicable 
only as a consequence of the active early sun volatilizing most of its silicates 
and blowing them away with Mercury’s atmosphere. 

As mentioned previously, Venus has an atmosphere much different from 
the earth’s: almost entirely CO,; surface temperature 700°K ; surface pressure 
60-100 atm. Cameron [64] suggested that, unlike the earth, Venus retained 
some of its primeval atmosphere because it was too small to develop an 
instability and eject its atmosphere and a moon. However, this theory fails to 
explain why Mars, farther from the sun, failed to retain any perceptible 
atmosphere. A more plausible explanation was given by Suess [379], who 
calculated equilibrium concentrations of H,, CH,, CO, CO,, and H,O as a 
function of total H (Equations 9.3.14-16), and showed that for a C/O ratio 
comparable to solar (1.0: see Table 9.2) and sufficiently low temperatures, 
a surface of low-volatility carbon compounds could form. With loss of hydro- 
gen due to subsequent heating, the atmosphere would be dominated by 
CO,. 


Evolution since Origin 


The concordance of many meteorite ages and the comparison of terrestrial 
and meteorite lead and uranium ratios (Sections 1.3, 8.4) indicate that the 
major events of solar-system formation were concluded about 4.5 A ago, and 
that subsequent interaction between parts of the solar system has been con- 
fined to tidal friction and asteroid and comet collisions. There also are some 
planetary evolution problems dependent on the sun itself, however. 

After the sun settles down on the main sequence, it gradually heats up so 
that the luminosity is about 30 percent higher after 5.0 AZ [358]. Assuming 
constant albedo and greenhouse effect, the resulting change in temperature 
at the earth is an increase of about 20°C. A temperature 20 deg lower early in 
the earth’s history creates considerable difficulty in accounting for the 
extensive erosion more than 3.5 A ago evidenced by the oldest rocks, since 
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the earth would have been largely frozen [99]. Some primordial atmosphere 
or very early stage of extra outgassing seems necessary to put enough CO, in 
the atmosphere to create a sufficient greenhouse effect. The C/H ratio could 
be somewhat less than on Venus, so that eventually nearly all the primordial 
CO, is fixed in the crust. As demonstrated by Rubey [348], for the most of 
geologic history the CO,/H,O ratio in the oceans and atmosphere has re- 
mained relatively constant, indicating replenishment of the CO, by outgassing. 

Another aspect in which continued solar activity may have had an evolu- 
tionary effect is in transmission of angular momentum through the solar 
wind. Estimates of the mean solar-wind density and velocity yield a torque 
of about 7 x 10°° gm cm sec”, which suggests that the rotation rate of the 
sun could have been reduced by about 50 percent in 5.0 A [42]. 


Summary 


In summary, it appears highly probable that the terrestrial planets originated 
by condensation from a cold cloud of dust and gas with an average chemical 
composition between solar and type I carbonaceous chondritic. This cloud, 
the solar nebula, was shed by the unstable contracting sun, and then moved 
outward because it was magnetically coupled to the rotating sun. The opacity 
of the nebula must have been considerable to permit the temperature to drop 
sufficiently to facilitate condensation of solid bodies. The relationship between 
the sweeping away of the excess gas, and possibly dust, and the stages of 
planet formation is unsure. Certainly there was ample energy wrapped up 
in the outer parts of the sun by the hydromagnetic-momentum transfer 
process, and there is evidence from observations of T Tauri stars that 
part of this energy was expended in energetic particle outbursts. Whether 
the sun was also the source of heat to accomplish reduction and volatilization 
of the material in the planets and meteorites is dubious; the various dis- 
equilibria suggest that the reductions took place in condensed environments, 
where the heat may have been supplied by gravitational contraction of the 
planet or short-lived Al?* radioactivity or the pressure of accumulation gas. 

The great question is the extent to which these condensed environments 
either have been destroyed or have evolved into a present environment. As 
more of the pertinent facts are taken into account, it becomes more difficult 
not to complicate the answers with ad hoc mechanisms. Certainly there are 
a number of phenomena which suggest significantly different environments, 
some of them not only at different distances from the sun, but also necessarily 
at different stages anywhere from 10 to 108 years apart: the different densities 
of the earth and the moon; the loss of volatiles of the earth with respect to 
chondritic meteorites; the differing iron contents of meteorite classes; the 
groupings in reduction of chondrites; the groupings in trace-element content 
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and isotope ratios of meteorites; the formation and inclusion of chondrules ; 
the juxtaposition of gas-rich and gas-deficient matter in some meteorites; the 
varying Xe!29 excesses relative to the earth; the greatly different CO,/H,O 
ratios in the earth and Venus atmospheres; the uniquely high moon/earth 
mass ratio; etc. 

This account, like any that attempts to be comprehensive, is unavoidably 
superficial. The narrowing down of the possible explanations (i.e., mainly 
number, size, and composition of protoplanets; size and composition of 
protoatmospheres; etc.) will depend not only on new data, but also on the 
more detailed solution of some physical problems, such as: 


1. How does material condense and accrete from a dust cloud in the solar 
nebula: what are the relative influences of temperature, gas pressure, tur- 
bulence, gravitational instability, electromagnetic effects ? To what extent are 
comets pertinent to this problem? 

2. What are the conditions of the hydromagnetic transfer of angular 
momentum in the nebula: the allowable ionization levels and the manner in 
which they are maintained; what is the time scale, and its relation to the time 
scale of solar contraction; the extent to which the field can be “wound up” in 
the sun before it breaks down; the necessary gas pressure to resist breakdown 
of the field in the nebula; the extent to which dust can be carried along with 
the gas; the influence of the magnetic field on condensation; etc. ? 

3. What happens when two objects collide at high-energy levels: the effects 
of irregularities in allowing small solid pieces to be broken off; the cushioning 
effect of a large protoatmosphere; the extent of melting and vaporization in 
complete fragmentation; the extent of gas loss; etc.? 

4. How can gas escape by mechanisms other than diffusion or evaporation: 
the extent to which an explosive blowing off is required; the possibility of 
making the mechanism selective other than by condensation? Do these 
mechanisms explain the loss of primordial atmosphere by the earth and the 
loss of hydrogen by the outer parts of the solar system? 

5. What environments will significantly change the C/H ratio: non- 
equilibrium effects, as well as temperature, pressure, gravity, and the amounts 
of oxygen, nitrogen, and silicates present? 


It must be that in time 
The real will from its crude compoundings come,.... 


Wallace Stevens 
Notes Toward a Supreme Fiction 
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PROBLEMS 


9.1. Given the following observational data for Mars: 


Rotation period: 24n 27" 238 

Grav. const. x mass: 4.29 x 10!9 cm?/sec? 
Equatorial radius: 3375 km 

Polar radius: 3350 km 

Oblateness J: 0.001972 


How much does the flattening obtained from the oblateness (J,) differ from that 
obtained from the apparent equatorial and polar radii? If this difference is due to an 
isostatically supported crust with a zero minimum thickness and a crust-mantle 
density difference Ap = 0.6 gm/cm®, what must be the maximum thickness of the 
crust? 

Assuming that the dynamical flattening of Mars is that of fluid equilibrium, derive 
the moment of inertia of Mars. 


9.2. Given a large number of particles of mass m,, derive the relationship (known 
as the virial theorem): 
: é ( ) 2T+V 
=> mmr," | = 
2 mM; dt? Fi teed 


a 


where r;; is the distance between the ‘th and /th particles, Tis the total kinetic energy 
of the system, and V is the total potential energy. What is a necessary condition for 
stability of the system, i.e., that it not fly apart ? What effect would the existence of a 
magnetic field or of internal heat energy in the system have on this condition? 


9.3. Derive the Roche density: 


i.e., the minimum density sufficient for material to hold itself together by mutual 
gravitational attraction at a distance R from a sun of mass Mo. 


9.4. Using the information from Section 4.5 that extrapolation backward of the 
moon’s orbit with the present dissipation factor 1/Q brings the moon back into the 
earth 1.6 AE ago, deduce how many smaller moons of equal mass brought 
together 1.0 ZZ ago to form the present moon are required in order that their orbits 
extrapolated backward at the same 1/Q do not fall back into the earth less than 
5.0 4 ago. 


9.5. Given a planet in a circular orbit about the sun and considering that it will 
overtake particles in the sector B on the diagram and be overtaken by particles in the 
sector A, derive the sense of rotation about its own axis which will be acquired by the 
planet, neglecting eccentricity of particle orbits. 
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9.6. In which part of the solid earth —crust, mantle, or core—is each of the following 
elements most likely to have its high proportionate abundance: O, Na, Mg, Al, Si, 
S, Ar, K, Ca, Fe, Ni, Th, U? State the reasons for each answer (either in the form 
of a brief reason for each element, or a general discussion). 


9.7. Write the reaction equations similar to (9.3.8, 9, 14) involving some of the 
other compounds in Table 9.7. What will be the equilibrium constants for these 
reactions ? How will they change with increase in temperature? 


9.8. Discuss the justification for the selection of 20 substances for the thermo- 
dynamical calculations based on the data in Table 9.7. Why were FeO, MgO, 
SiO,, and MgsiO, not included? 
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Iodine (I), 16, 354, 374-378, 383-384, 
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Magnetization, remanent (TRM, CRM, 
DRM, VRM), 149-150, 352 
Magnitudes, astronomic (my), 257—259 
Mantle, earth’s, 1, 3, 12-14, 22—23, 75, 
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chemistry, 341, 343—366, 380—381, 389, 
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220, 227, 438-439 
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403 
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171, 197, 206 
artificial satellite, 172—176 
elements, 161—163, 167 
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energy, 165—166, 171, 176, 196—202, 
205 
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osculating, 164 
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see also: Earth, Meteorites, Moon, Planet, 
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443 
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electromagnetic, 253—256, 287-292 
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48, 59, 373-374, 386 
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393 
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thorium-lead (Th232—Pb25), 39, 41 
uranium-lead (U238_ pp206, U235_ 
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373-374 
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yuh, Sail 
Rayleigh-Jeans law, 278 
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Reflectivity, 259-261, 281-283, 290-297 


Refraction, electromagnetic, 254—256 
Rigidity (u), 79, 121 
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igneous, 2—3, 9, 54, 56, 358, 389 
sedimentary, 2—3, 387-389 
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414, 429-430 
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361, 381, 438 
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body, 80-85, 93-94, 99, 124-125 
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surface, 81, 85-87, 99 
velocities, 93-96, 115, 119, 123 
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pentinite, 9, 26, 344-345, 351 
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384 
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439, 444 
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386 
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119, 369, 386, 389, 402—403, 410, 
430, 438, 444 
Solar constant (£), 257-271 
Solar nebula, 382, 413, 419, 423—429 
Solar system, origin, 382—384, 419—443 
Solar wind, 266, 423—424, 427, 437, 441 
Spallation, 366—369, 374-375, 378, 382, 
411-414, 426 
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368-384 

Stony-iron meteorites, 341—342, 345, 360, 
379-383, 436 

Sulfur (S, S2, H2S), 13-16, 347-348, 354, 
360, 380, 401-403, 430—436 
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360-362, 392 
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Tektites, 341, 372, 385-393, 402 

Tellurium (Te), 16, 354, 376, 403, 414, 435 
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Thermal conductivity (K), 105, 121, 126, 
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373-374, 382, 402—404, 416, 418, 
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